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ABsTRACT. Flag manifolds of a classical compact Lie group GG considered up to a
diffeomorphism are described in terms of painted Dynkin diagrams. The explicit
decomposition of the isotropy representation into irreducible components is given.

1. FLAG MANIFOLDS AND PAINTED DYNKIN GRAPHS

We describe flag manifold of a compact semisimple Lie group G up to some
equivalence relation in terms of painted Dynkin graph .

Definition.

(1) Flag manifold of a compact semisimple Lie group G is a quotient M =
G/K of G over a subgroup K which is the centralizer of an one-parametric
subgroup expth of G, or, in other words, the homogeneous manifold G/ K
which 1s G-diffeomorphic to the adjoint orbit Ad Gh of an element h of the
Lie algebra g = Lie .

(2) Two flag manifold M = G/K, M' = G'/K' are called to be equivalent if
there exists an automorphism ¢ of G such that ¢(K) = K'.

Remark. The automorphism ¢ induces a diffeomorphism

¢:M— M gK — ¢(9)K’.

However, if ¢ is an outer automorphism, then ¢ is not a G-equivariant diffeomor-
phism, but only Aut(G)-equivariant diffeomorphism, where Aut(G) is the group of
all automorphisms of G.
Let g = (Lie G)(C be the complex Lie algebra associated with a compact
semisimple Lie group G and b its Cartan subalgebra. We have the following root
decomposition of g
g=h+> CE,

a€ER
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where R C h* is the root system and F, is the root vector of a root « with
the standard normalization , such that B(E., Ey) = 2/B7!(a,a) , where B is
the Killing form. Denote by h(R) = B~!spang R the real form of the Cartan
subalgebra and by 7 the canonical antiinvolution

Tlh = —1, TE,=FE_,.

Then
o" =LieG = ih(R)+ > _R(E,, L))

where B, = B+ F_,, El =i(Fy— E_,) is the compact real form of g.

Any adjoint orbit Ad Gh has a non trivial intersection with h7 = ih(R), since
any element h of the compact Lie algebra g7 belongs to some Cartan subalgebra
and all Cartan subalgebras are conjugated. Hence, without loss of generality, we
may assume that the stabilizer K of a flag manifold M = G/K is the centralizer
of an element ¢ € h7. The corresponding complex Lie algebra ¢ = (Lie K)(Chas the
root decomposition

t=h+ Y CE,=j3®0(Rk)=3®V
a€ERk

where Rg = {& € R, a(t) = 0} C R is the root system of ¢ | 3 is the center of £ and
g(Rg) is the semisimple subalgebra of g generated by the root vectors Fy, o € R .

Now we fix a basis IIx of the root system Rg. Denote by II its extension to
a basis of R. ( It is always exist , but is not unique, in general). We associate
with the pair (IT, TIx) a painted Dynkin graph T' as follows. It is the Dynkin graph
associated with the basis Il whose vertices corresponding to Il are painted in
black. We call it a graph and not a diagram, because we do not assume that the
correspondence between vertices and simple roots is fixed. If such correspondence
is fixed, we say that we have an equipment of painted Dynkin graph ( by simple
roots).

Definition. We say that a painted Dynkin graph has type (g,%t) if the underlining
graph s the Dynkin graph of a semisimple Lie algebra g and deleting the black
vertices we get the Dynkin graph of the semisimple Lie algebra t.

Remark. It the Lie algebra g has roots of different length | and € has a simple
summand of the type Aj , one has to indicate also wheather it corresponds to long
roots ( then we write AL) or short roots ( Ay = A,‘Zh ).

We associate with a painted Dynkin graph T of type (g,¥) a flag manifold
Fr = G/K as follows. Choose the standard equipment of T' by simple roots
IT = {a1,...,a;} of the Lie algebra g and denote by Iy, resp., llg = I \ I
the subset of II which corresponds to white , reps., black, verticies. The set Iy
generate a root subsystem

Ri = [w] = spany, Iy N R

of the root system R of g. Denote by &; the fundamental weight associated to a
simple root a; € I, such that (a;, o) = d;;.
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Then
t= > CB™'3+g([lw)

Bellp

is a subalgebra of g which is the centralizer of the element ¢ = ZﬁeHB B~ '3, The
flag manifold associated with T' is defined as the flag manifold Fr = G"/K™ =
Ad Gt | where G7 is the adjoint group of the compact Lie algebra g” and K7 is
the connected subgroup , generating by the compact subalgebra £7.

Definition. We say that a painted Dynkin graph of the type (D;,t) has class B
(resp., WWB, or WWW) if at least one of the two end right vertices is black (resp.,
both these vertices are white , but connected with them vertex is black, or all these
last three vertices are white).

Theorem.

(1) Any flag manifold F = G/K of a compact semisimple Lie group G is equiv-
alent to the flag manifold Fr associated to a painted Dynkin graph T of type
(g,¥) where g = Lie(G) and ¥ is the semisimple part of the reductive Lie
algebra t = Lie(K).

(2) Two connected painted Dynkin graph T, T define equivalent flag manifolds
if and only if they have the same type (g,8) and , in the case g = Dy , the
same class.

Proof. This is an other version of the theorem from [Ale].

1.1. The standard painted Dynkin graph associated with a flag manifold
of a classical group. To get 1-1 correspondence between equivalent classes of
flag manifolds and painted Dynkin graphs, we choose a canonical representative of
the set of painted Dynkin graphs of given type and class for classical Lie algebras
g = Ay, B;,Cy, D;. We will consider painted Dynkin graph as oriented graph with
the standard orientation for B;, Cj, D;.

Definition. An oriented painted Dynkin graph T of a type (g,t) , where g =
Ay, By, Gy, Dy, different from the graph of the type (Dam, mA1) , class B, is called
standard if all black vertices are 1solated , with the exception , may be, one chain of
black verticies, starting from the left vertex , and the length of white chains forms
a non increasing sequence. The standard painted Dynkin graph of type (Dam, mA;)
and class B s defined as

Py Py Py /

& & & A 4

Using simple combinatoric consideration of painted Dynkin graphs ; we derive
from the theorem the following corollary.

Corollary. There exist a natural bijection between flag manifolds G/ K of a classi-
cal compact Lie group G ( up to equivalency ) and standard painted Dynkin graphs
of the type (g = Lie G, ¥') wheret =Tie K =3P t'.



4 D.V.ALEKSEEVSKY

2. T-ROOTS AND DECOMPOSITION OF THE ISOTROPY
REPRESENTATION INTO IRREDUCIBLE COMPONENTS

Let
g=h+> CE,

a€ER

be the root decomposition of a complex semisimple Lie algebra g and

t=h+ Y CH,=j3@g(Rk)=3®Y
a€ERk

the corresponding decomposition of the subalgebra ¢ which is the centralizer of an
element ¢t € h7, where Rg = {a € R, a(t) = 0} C R is the root system of £, 3 is
the centre of ¢ and ¥/ = g(Rg) is the semisimple part of ¢ .

Denote by t = 3(R) = h(R) N 3 the real form of the center 3.

Definition. The restriction k : o = & = a|t of a root o« € Ryy = R\ R to the
subspace t C h(R) is called a T-root .

We denote the set of T-roots by Rp. We fix a basis I of the root system Ry
and denote by II its extension to a basis of R and by R}}, Rt the corresponding
systems of positive roots.

Definition. A root « € R' = R\ Rk is called K-simple, if « — ¢ & R for any
¢ € RE.

Let g” = ¥ + m" be the reductive decomposition of g”, where m” is the B-
orthogonal complement to €7 in g” and g = €4 m its complexification.

We identify m” with the tangent space of the corresponding flag manifold F' =
GT/KT™ at the point 0 = eK™ and m with its complexification. Then the isotropy
representation of the stabilizer K7 and its Lie algebra €7 is identified with the re-
striction of the adjoint representation to m” and the complexification of the isotropy
representation of €7 is identified with the restriction of the adjoint representation
to m. We will consider m as complex -module.

Proposition.

(1) There exist natural one-to-one correspondence between T-roots, irreducible
t-submodules of the complexified tangent space m = ) p CE, = (mT)(C
of the flag manifold GT/K™ and the set of K-simple rools from Ry =
R\ Rg, given by

Rr3a<m@)= >  CH, < (),

a€Rp o t=a

where (&)_ is the lowest weight of irreducible ¢-module m(&).

(2) The irreducible t-modules m(&) and m(—&) are conjugated : m(—a&) =
m(&)* and the real form (m(&) + m(—a&))” of m(&) + m(—a) is an irre-
ducible ¥” -module.

For proof see [Sieb], [Al-Per], [G-O-V].
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Corollary. The decomposition of the tangent space m™ of a flag manifold F =
GT /KT into irreducible real 7 submodules is given by

m’= )" (m(a) +m(-a))",
GERF
where RE = k(RT) is the set of positive T-roots.

3. FLAG MANIFOLDS OF THE GROUP 4; = SU(l + 1)

Let V = C'*t'be the standard vector space of dimension [ + 1 with the standard
basis e; and dual basis e of V* . The standard Cartan subalgebra h of the Lie
algebra A; = sl(V') consists of all diagonal endomorphisms

h:{h:ZEiei(}be;‘, ZEZ' :0}

We will consider the coordinates ¢;,2 = 1,...,l+ 1 as linear forms on .
A standard painted Dynkin diagram I' = T'A(p, nt, - -, n9*!) for A; has the form

where p is the length of the chain of black vertices and n', .-, n?t! are lengths of
chains of white vertices.
It 1s convenient to denote the vectors of the standard basis of V' as follows

1 p. o1 1 . g+1 g+1
d’...’d’el’...’enl-l—l’... 61 ’...’en4+1+1'

Then any element of h can be written as

h=> 6% (d*) + ) elel @ (

In terms of 1-forms 62, £% € h* the root system of A, is given by

R ={6%" =3 - 6% £(0* — &); Ebc—Eb—E t

K3

We choose the natural basis of the root system R as
M= {g"=6"*, " =" —ef, " = ey — et af =f — iy}
where
a=1,....,.p—1Lb=1,....,¢;c=1,...,¢+ 1.
It defines the following standard equipment of T’

1 2 1 1 +1 2 q +q,9+1 q+1
ﬁ ﬁ ﬁp Ay afnlﬁp g O‘nqﬁp qal nﬂ+1
—eo— .. —e—o— ... * ce- *
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with
HB:{ﬁla"'aﬁp-l—q} HW:{QZC}

Since the diagram I is determined by the type A; and the numbers

p,nt - nIt we will write T' = T A(p; n', -, n9t1) and we will denote by F(T) =
FA(p;nt, ... ,n?*l) the corresponding flag manifold.

The systems of positive roots R}} and Rt = R}} U RJ‘I\} are given by

+ + _ b d
RK - {62?_65}a RM - {6(1 ’6(1 _622 62?]' :

The Weyl group Wi of ¢ acting on RJ‘I\} permutes low indices. Hence, dropping
these indices, we get the set R"T' of positive T-roots :

R-lT—:{(5ab,(5a—66,66d:66—6d,a<b;c<d},

Here £¢ = k(c§) = £¢|t and we write k(67°) = §9° since §9° € t*.
The stability subalgebra of the flag manifold F/(T') = G7 /K7 is the compact real
form €7 of the complex subalgebra

_ 1,1 1 +1/ g+1 q+1
t=30a (e, @e ;) ® - ®al (e ©ell7)

of g , where
3= span@{H@a = [E@a,E_ﬁa] , 4= 1a T ap+q}

and
a’(ef @el;) = a° ~ Ape

is a simple summand of £ with the root system R® = {¢f—¢f}. From this description
of T-roots and the proposition of section 2 we easily derive the following

Proposition. The isotropy representation of the Lie algebra ¥ on the
complezified tangent space T Fr = m is the direct sum of the following ( non
equivalent) irreducible ¢-modules:

m(6%%) = CEysar, m(e) = m(a) @ 7} (a?)

m(6¢ —e°) = wi(a®), m(e®—3) =mi(a)
where a,b € {1,...,p};e,de {1,... ¢+ 1}.

Corollary. The decomposition of the isotropy ¥ -module m” of the flag manifold
into wrreducible submodules is given by

m” = R(Fju, Bfa) + Y _ (3% — &) + m(e° = 59)7 + Y _(m(e*) + m(e®))".

a<b c<d

In particular there is p(p — 1)/2 + (¢ + 1)(2p + q)/2 irreducible (non equivalent )
" -submodules in m” .
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4. FLAG MANIFOLDS OF THE GROUP B;

We identify the Lie algebra B, = so(V) C gl(V), where V = C*! is the
Euclidean vector space, with the space A2V of bivectors by means of the Euclidean
metric < -, - >.

We describe the stability subgroup and stability subalgebra of the flag manifold
F(T) = G7 /KT associated to a standard painted Dynkin graph

[ =TB(p,nt,...,n% n):

Here the length of the first black chain is p and the lengths of the white chains

are n! n? - n? nitl =n and

l=p+q+znb,n12n2,~~~,2nq>0,n20.

Remark that if n = 0 the last root 1s black.
We choose a basis of V' in the form

R 75 ebﬂ, i=1,....n°4+1,b=1,...,q;er, [ =0,%1,...,+n
such that only non zero scalar products are
<d* d7 >=<eb et >=<ep 0 >=<ese_; >=1.

The natural Cartan subalgebra h of B; is defined by
h={h= Zéada AdTT 4 ZE?@? Aeb i+ Z&'Q’ ANe_it.

The coordinates §%,¢% ¢; of a vector h € b form a basis of the dual space h* .

Denote by a® = g(e?/\eb_j) the Lie subalgebra of B; generated by the root vectors
e? Ae” . with the roots ef — 6?. It is isomorphic to A,». Similar, the Lie subalgebra
b = g(erAey) of g, generated by the root vectors with roots ¢; £¢;, ¢; is isomorphic

to Bp. Denote by 3 = span{H 4} the subalgebra of h, spaned by elements
Huypy=[d"“Ad™d*ANd | =d* Nd™*+d° Ad™".

Then €= 3+al +---+a?+b is a regular reductive subalgebra of B; with the center
3 which is the centerlizer of some element from . Denote by

n = span{d® A d*°, d° /\ebﬂ,da /\ebﬂ,e?/\e?,e? /\eij,e? Aex;}

the nilpotent subalgebra of B; generated by indicated root vectors and by n_ the
subalgebra generated by opposite root vectors. Then

Bi=n_+t+n
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is the generalized Gauss decomposition of B; and p = n_ + ¢ is a parabolic subal-
gebra.
The set
= {3" =6 0" 8 =& —ep; P =epuyy — el af = &f — el
Of = & — €415 A =€) — Ej41; On = En}
a=1,....,p;b=1,....¢;i=1,....n% j=1,....n—1,

is a basis of the root system R of the Lie algebra B; with respect to h. It defines
the standard equipment of I B(p,n', ..., n9 n) such that

HB:{ﬁla"' aﬁp-l—q}’ HW:{a?aai}'
The positive roots R}} of the root system Rg = [IIyy] generated by Iy is given by

RE={e}=el —c}, eij =ei —¢j; ef =i +¢5, (1 <j), i}
The root system Rk generates the semisimple Lie subalgebra
¥=g(Rk)=a'(ej Nel;) 4+ +a(ef Nel ) +bler Neg) &
A A+ + Ape + By
where a®(eb A eb_j) = a® ~ A, is the Lie subalgebra of g generated by elements

ef V eb_j and b(er Aey) = b & B, is the Lie subalgebra generated by elements
ernNey, I,J€{0,£1,... &n}.
The positive roots RJ'I\} = Rt\ R}} are given by
RY = {3% 6%+ 469, (a < a')6% 606" £ o568 60 + ehiel e (b<c) el kej}.
Dropping the low indices, we get the system of positive T-roots :
RE = {6%4° + 6V 6% £ el 26l e £ o0 et £ e}
As for the case A;, we get the following proposition.

Proposition. The complexified tangent space m of the flag manifold
F = FB(p,n',...,n% n) of the group B; = SOs41 has the form

m=my +m_, m_ A~ my,

where my = 2&63; m(&) is the sum of the following irreducible ¥ -modules:

m(26¢

I
o
o

m(0% 4 6°) = CElsa 150
+el)=m(a’), m@* &) =m(a")
8+ =m(a®), m(® —eb) =m(a®)”
m(d* 4 ¢) = m(b), m(d* —¢) = m(b)" ~ mi(b)
m(e®) = m(a®), m(2) = 7))
m(e® + %) = m(a?) @ mi(a9), m(e® — &%) = mi(a’) @ w1 (a%)*
m(e® + &) = m(a®) @ 71 (b), m(e® — &) = 71 (a®) @ 71 (b)

Here w3(a®) denotes the irreducible a®-module with the highest weight equal twice
the highest weight of 1 (a®) and m1(b) is the tautological representation of b = By,.
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Corollary. The isotropy representation of the flag manifold

FB(p,nt,...,n%n) = SOs41/K has p? + 2p(¢ + 1) + q(q + 3) non equivalent
irreducible components, between them p? 2-dimensional , which are trivial as ¥'-
modules.

5. FLAG MANIFOLDS OF THE GROUP (]

Let now (V = C% w) be the standard complex symplectic vector space. We iden-
tify the symplectic Lie algebra C; = sp(V') with the space S?V of symmetric tensors
by means of the symplectic form w such that a tensor zVy = x®@y+y® e is identified
with the endomorphism z @ w(y,.) + y@w(x,.). We describe the stability subgroup
and stability subalgebra of the flag manifold F/(I') = FC(p,n',...,n% n) = G" /K"
associated to a standard painted Dynkin graph I' = I'(p,n!,... n? n):

Here the length of the first black chain is p and the lengths of the white chains
are nt n? . ndnitl =pandl=p+qg+ > nlnt >n? ... >n?>0,n>0.
Remark that if n = 0 the last root is black.

We choose a basis of V' in the form

dia’(azl’...’p); el:)tz(bzlaaQalzlaanb—i—l)’ eI(I:ila"'ain)
such that the only non zero products are

w(d® d=) =w(el, e”;) =w(es,e_y) = 1.

» =1

Then a Cartan subalgebra of €} can be choosen as
h= {h = Z(Sda vd —1—26?6? \/eb_l» —I—ZEiei \/6_2'}

where 1-forms §¢, 612», e4; form a basis of h*.
The set

1 1 b b b+1
H:{ﬁa:(sa_(sa-l- ;6p:5p_61;ﬁp+ :6nb+1_61+;

bbb o
af =& —&iy1; 0 =& —Ej41; O = 26}

b

a=1,....,.p—Lb=1,....¢;i=1,...,n%5=1,...,n—1,

is a basis of the root system R of the Lie algebra C; with respect to h. It defines
the standard equipment of I' such that

HB :{61’“.’6174'(1}’ HW :{OZ?,O[Z'}.

The positive roots R}} of the root system Rg = [IIyy] generated by Iy is given by
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Rf = {E?j =} —62, Eij =& — &5, 6;} =g +¢;, (1 <j), 2¢}.
The root system Rk generates the semisimple Lie subalgebra
V=g(Ri)=a'(e Ve _j)+ - +al(ef Vel ) +clexi Vex;) =

N Api 4+ Aps + O

where a®(e? v eb_j) = a® &~ A, is the Lie subalgebra of g generated by elements
et v eb_j and similar for c(e4; Vex;) = ¢~ Cy.

The positive roots RJ‘I\} = Rt\ R}} are given by
R, = {20% 6% £6%; (a < d') 6% £eb; 6% £ ey; 20 & +ebiel kel (b<c)e e}
Dropping the low indices, we get the system of positive T-roots :
Ry = {2§%6% £+ 6‘1’;6‘1 +e% 0%+ 6;20 b+ + )

We get the following proposition.

Proposition. The complexified tangent space m of the flag manifold
F = FC(p,n',...,n9n) of the group C; = Spy, has the form

m=m, +m_, m_ A~ my,
where my = 2&63; m(&) is the sum of the following irreducible ¥ -modules
m(20%) = CEasa, m(3% +6°) = CEsaps
m(d% 4 &%) = m(a®), m(6? —eb) = m (ab)*
m(d% 4 &%) = m(a®), m(6? —eb) = m (ab)*
m(6® +¢) =m(c), m(0%—¢e)=m(c)* ~ m(c)
m(e® + %) = m(a?) @ mi(a9), m(e® — &%) = mi(a’) @ w1 (a%)*
m(e +e) =m(a®) @m(c), mE® —¢) =m(a®)@m(c)
m(2e%) = 77 (a’).
Corollary. The isotropy representation of the flag manifold

FC(p,nt,...,n9n) has p* + 2p(q + 1) + q(q + 2) non equivalent irreducible
components, between them p? 2-dimensional , which are trivial as ¥ -modules.
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6. FLAG MANIFOLDS OF THE GROUP [

As for B, we identify the Lie algebra D; = so(V) , where V = C% with the
space A2V of bivectors.

A standard painted Dynkin graph for D; has one of the following forms I' =
L(psnt, - nn)

ﬁl ﬁ2 8P ﬁp+1 ﬁp+q ’/D
or I = T'(p;nt, -+ n;n)
ﬁl 52 8 ﬁp+1 ﬁp+q /ﬁp+q+1

where p+¢ <1—2, p >0 is the length of the first black chain , 0 < n! < n? <
.-+ < n? are the lengths of the white chains and n > 2 for ' and n — 1 > 1 for I"
are the number of white vertices on the right from FFF¢ .

As for B; we denote the vectors of the standard basis of V by

dte a:1,~~~,p;ebﬂ,i:1,~~~,nb+1,b:1,~~~,q;eI,I::I:l,~~~,:I:n.

bl

The natural Cartan subalgebra h of B; is defined by
h={h= Zéada ANd™4+ ZE?@? Aeb, + Z&'Q’ ANe_it.

The coordinates 6%, %, &; of a vector h € h form a basis of the dual space h* .

We consider the standard equipment of painted Dynkin graph I and I by the
elements of the basis Il = IIg U Il , where for I’

Mp = p(T) = {§° = 0~ (a < p), FF = & —}, #+ = oy —4P (6 < 0))

My =y (D) ={af =& —cfy,, (b<q) 05 =¢; — 541, (j < 1), 0n = Enc1 +&n}

and
Ip(l") = Up(T) U{ant Hw (') =TIy (D) \ {an}

Then we have

RED)={e}; =l =<5, (b=1,...,q),ci £ ¢;}

for I and
RE() = {6%, (b=1,...,q9),ei—¢;}
for IV.

The semisimple part ¢ of the stability subalgebra ¢ , associated with the root
system Ry is given for the case I by

¥(T) = g(Re (1)) = a'(ef A el_j) + -+ al(el A e;]») +0o(erAey)
where a®(e A e?) =a% & Ape and (e; Aey) =0 & Dy, and for T’ by
V(') =g(Rx(I")) = a'(ej Aelj)+ - +al(ef A el ) +ale; Ne—j) ~
N A+ Ape + Ayl
We get the following proposition.
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Proposition. The complexified tangent space m of the flag manifold
FD(p,nt,....,n% n) of the group D; = SO3, has the form

m=my +m_, m_Ami,
where my = 2&63; m(&) is the sum of the following irreducible ¥ -modules

m(éa + (Sb) = CE(;a:t(;b

m(e® +¢°) = 71 (a®) @ 7y (a°

(
( 1(a

m(® +¢) =m(?) m(d*—¢) =m(0)" ~ (D)
(

m(e® + &) =m(a®) @ 7 (0 (

m(2e%) = ri(a?).

For the flag manifold F' = F'D(p,n*,...,n% n) in all formulas the d-module

71(0) have to change for a-module mi(a) and one new irreducible module m(2¢) =
2

ni(a) appears.
Corollary. The isotropy representation of the flag manifold

F = FD(p,n',....;n%n) has p(p — 1) + 2p(q + 1) + q(q¢ + 2) non equivalent
irreducible components, between them p(p — 1) 2-dimensional , which are trivial
as ¥'-modules. For the manifold F' = F'D(p,n',... n% n) the number irreducible

components 1s increased by one .
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