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ISOTROPY REPRESENTATION OF FLAG MANIFOLDSD.V.AlekseevskyCenter " Sophus Lie ", Moscow, Russia .January 9, 1998Abstract. Flag manifolds of a classical compact Lie group G considered up to adi�eomorphism are described in terms of painted Dynkin diagrams. The explicitdecomposition of the isotropy representation into irreducible components is given.1. Flag manifolds and painted Dynkin graphsWe describe ag manifold of a compact semisimple Lie group G up to someequivalence relation in terms of painted Dynkin graph .De�nition.(1) Flag manifold of a compact semisimple Lie group G is a quotient M =G=K of G over a subgroup K which is the centralizer of an one-parametricsubgroup exp th of G, or, in other words, the homogeneous manifold G=Kwhich is G-di�eomorphic to the adjoint orbit AdGh of an element h of theLie algebra g = LieG.(2) Two ag manifold M = G=K; M 0 = G0=K0 are called to be equivalent ifthere exists an automorphism � of G such that �(K) = K 0.Remark. The automorphism � induces a di�eomorphism�� :M �!M 0; gK 7! �(g)K 0:However, if � is an outer automorphism, then �� is not a G-equivariant di�eomor-phism, but only Aut(G)-equivariant di�eomorphism, where Aut(G) is the group ofall automorphisms of G.Let g = (LieG)C be the complex Lie algebra associated with a compactsemisimple Lie group G and h its Cartan subalgebra. We have the following rootdecomposition of g g = h+X�2R CE�Key words and phrases. ag manifolds, adjoint orbits, isotropy representation, parabolic sub-groups, Dynkin diagrams. Typeset by AMS-TEX1



2 D.V.ALEKSEEVSKYwhere R � h� is the root system and E� is the root vector of a root � withthe standard normalization , such that B(E�; E�) = 2=B�1(�; �) , where B isthe Killing form. Denote by h(R) = B�1 spanRR the real form of the Cartansubalgebra and by � the canonical antiinvolution� jh = �1; �E� = E��:Then g� = LieG = ih(R)+XR(E0�; E00�)where E0� = E� + E��; E00� = i(E� �E��) is the compact real form of g.Any adjoint orbit AdGh has a non trivial intersection with h� = ih(R), sinceany element h of the compact Lie algebra g� belongs to some Cartan subalgebraand all Cartan subalgebras are conjugated. Hence, without loss of generality, wemay assume that the stabilizer K of a ag manifold M = G=K is the centralizerof an element t 2 h� . The corresponding complex Lie algebra k = (LieK)Chas theroot decomposition k = h+ X�2RK CE� = z� g(RK) = z� k0where RK = f� 2 R; �(t) = 0g � R is the root system of k , z is the center of k andg(RK) is the semisimple subalgebra of g generated by the root vectors E�; � 2 RK .Now we �x a basis �K of the root system RK . Denote by � its extension toa basis of R. ( It is always exist , but is not unique, in general). We associatewith the pair (�;�K) a painted Dynkin graph � as follows. It is the Dynkin graphassociated with the basis � whose vertices corresponding to �K are painted inblack. We call it a graph and not a diagram, because we do not assume that thecorrespondence between vertices and simple roots is �xed. If such correspondenceis �xed, we say that we have an equipment of painted Dynkin graph ( by simpleroots).De�nition. We say that a painted Dynkin graph has type (g; k) if the underlininggraph is the Dynkin graph of a semisimple Lie algebra g and deleting the blackvertices we get the Dynkin graph of the semisimple Lie algebra k.Remark. It the Lie algebra g has roots of di�erent length , and k has a simplesummand of the type Ak , one has to indicate also wheather it corresponds to longroots ( then we write Alk) or short roots ( Ak = Ashk ).We associate with a painted Dynkin graph � of type (g; k0) a ag manifoldF� = G=K as follows. Choose the standard equipment of � by simple roots� = f�1; : : : ; �lg of the Lie algebra g and denote by �W , resp., �B = � n �Wthe subset of � which corresponds to white , reps., black, verticies. The set �Wgenerate a root subsystemRK = [�W ] = spanZ�W \Rof the root system R of g. Denote by ��i the fundamental weight associated to asimple root �i 2 � , such that (��i; �j) = �ij.



ISOTROPY REPRESENTATION OF FLAG MANIFOLDS 3Then k = X�2�B CB�1 �� + g([�W ])is a subalgebra of g which is the centralizer of the element t =P�2�B B�1 ��. Theag manifold associated with � is de�ned as the ag manifold F� = G�=K� =AdG� t , where G� is the adjoint group of the compact Lie algebra g� and K� isthe connected subgroup , generating by the compact subalgebra k� .De�nition. We say that a painted Dynkin graph of the type (Dl ; k) has class B(resp., WWB, or WWW) if at least one of the two end right vertices is black (resp.,both these vertices are white , but connected with them vertex is black, or all theselast three vertices are white).Theorem.(1) Any ag manifold F = G=K of a compact semisimple Lie group G is equiv-alent to the ag manifold F� associated to a painted Dynkin graph � of type(g; k0) where g = Lie(G) and k0 is the semisimple part of the reductive Liealgebra k = Lie(K).(2) Two connected painted Dynkin graph �;�0 de�ne equivalent ag manifoldsif and only if they have the same type (g; k) and , in the case g = Dl , thesame class.Proof. This is an other version of the theorem from [Ale].1.1. The standard painted Dynkin graph associated with a ag manifoldof a classical group. To get 1-1 correspondence between equivalent classes ofag manifolds and painted Dynkin graphs, we choose a canonical representative ofthe set of painted Dynkin graphs of given type and class for classical Lie algebrasg = Al; Bl; Cl; Dl. We will consider painted Dynkin graph as oriented graph withthe standard orientation for Bl ; Cl; Dl.De�nition. An oriented painted Dynkin graph � of a type (g; k) , where g =Al; Bl; Cl; Dl , di�erent from the graph of the type (D2m;mA1) , class B, is calledstandard if all black vertices are isolated , with the exception , may be, one chain ofblack verticies, starting from the left vertex , and the length of white chains formsa non increasing sequence. The standard painted Dynkin graph of type (D2m;mA1)and class B is de�ned as� � � � � � � � � � � ��� �Using simple combinatoric consideration of painted Dynkin graphs , we derivefrom the theorem the following corollary.Corollary. There exist a natural bijection between ag manifolds G=K of a classi-cal compact Lie group G ( up to equivalency ) and standard painted Dynkin graphsof the type (g = LieG; k0) where k = LieK = z� k0.



4 D.V.ALEKSEEVSKY2. T -roots and decomposition of the isotropyrepresentation into irreducible componentsLet g = h+X�2R CE�be the root decomposition of a complex semisimple Lie algebra g andk = h+ X�2RK CE� = z� g(RK) = z� k0the corresponding decomposition of the subalgebra k which is the centralizer of anelement t 2 h� , where RK = f� 2 R; �(t) = 0g � R is the root system of k , z isthe centre of k and k0 = g(RK) is the semisimple part of k .Denote by t = z(R) = h(R)\ z the real form of the center z.De�nition. The restriction � : � 7! ~� = �jt of a root � 2 RM = R n RK to thesubspace t � h(R) is called a T -root .We denote the set of T -roots by RT . We �x a basis �K of the root system RKand denote by � its extension to a basis of R and by R+K; R+ the correspondingsystems of positive roots.De�nition. A root � 2 R0 = R n RK is called K-simple, if � � � 62 R for any� 2 R+K .Let g� = k� + m� be the reductive decomposition of g� , where m� is the B-orthogonal complement to k� in g� and g = k+ m its complexi�cation.We identify m� with the tangent space of the corresponding ag manifold F =G�=K� at the point o = eK� and m with its complexi�cation. Then the isotropyrepresentation of the stabilizer K� and its Lie algebra k� is identi�ed with the re-striction of the adjoint representation to m� and the complexi�cation of the isotropyrepresentation of k� is identi�ed with the restriction of the adjoint representationto m. We will consider m as complex k-module.Proposition.(1) There exist natural one-to-one correspondence between T -roots, irreduciblek-submodules of the complexi�ed tangent space m = P�2RM CE� = (m� )Cof the ag manifold G�=K� and the set of K-simple roots from RM =R nRK , given byRT 3 ~�() m(~�) = X�2RM ;�jt=~�CE� () (~�)�;where (~�)� is the lowest weight of irreducible k-module m(~�).(2) The irreducible k-modules m(~�) and m(�~�) are conjugated : m(�~�) =m(~�)� and the real form (m(~�) + m(�~�))� of m(~�) + m(�~�) is an irre-ducible k� -module.For proof see [Sieb], [Al-Per], [G-O-V].



ISOTROPY REPRESENTATION OF FLAG MANIFOLDS 5Corollary. The decomposition of the tangent space m� of a ag manifold F =G�=K� into irreducible real k� submodules is given bym� = X~�2R+T (m(~�) + m(�~�))� ;where R+T = �(R+) is the set of positive T -roots.3. Flag manifolds of the group Al = SU (l + 1)Let V = C l+1be the standard vector space of dimension l+ 1 with the standardbasis ei and dual basis e�i of V � . The standard Cartan subalgebra h of the Liealgebra Al = sl(V ) consists of all diagonal endomorphismsh = fh =X "iei 
 e�i ;X "i = 0g:We will consider the coordinates "i; i = 1; : : : ; l+ 1 as linear forms on h.A standard painted Dynkin diagram� = �A(p; n1; � � � ; nq+1) for Al has the form� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �where p is the length of the chain of black vertices and n1; � � � ; nq+1 are lengths ofchains of white vertices.It is convenient to denote the vectors of the standard basis of V as followsd1; � � � ; dp; e11; � � � ; e1n1+1; � � � ; eq+11 ; � � � ; eq+1nq+1+1:Then any element of h can be written ash =X �ada 
 (da)� +X "biebi 
 (ebi )�:In terms of 1-forms �a; "bi 2 h� the root system of Al is given byR = f�ab = �a � �b; �(�a � "bi ); "bcij = "bi � "cjg:We choose the natural basis of the root system R as� = f�a = �aa+1; �p = �p � "11; �p+b = "bnb+1 � "b+11 ; �ci = "ci � "ci+1gwhere a = 1; : : : ; p� 1; b = 1; : : : ; q; c = 1; : : : ; q + 1:It de�nes the following standard equipment of ��1� �2� � � � �p� �11� � � � �1n1� �p+1� �21� � � � �qnq� �p+q� �q+11� � � � �q+1nq+1�



6 D.V.ALEKSEEVSKYwith �B = f�1; � � � ; �p+qg �W = f�cig:Since the diagram � is determined by the type Al and the numbersp; n1; � � � ; nq+1, we will write � = �A(p;n1; �; nq+1) and we will denote by F (�) =FA(p;n1; : : : ; nq+1) the corresponding ag manifold.The systems of positive roots R+K and R+ = R+K [R+M are given byR+K = f"ci � "cjg; R+M = f�ab; �a � "ci ; "cdij g:The Weyl group WK of k acting on R+M permutes low indices. Hence, droppingthese indices, we get the set R+T of positive T -roots :R+T = f�ab; �a � "c; "cd = "c � "d; a < b; c < dg:Here "c = �("ci ) = "ci jt and we write �(�ab) = �ab since �ab 2 t�.The stability subalgebra of the ag manifold F (�) = G�=K� is the compact realform k� of the complex subalgebrak = z � a1(e1i 
 e1�j)� � � � � aq+1(eq+1i 
 eq+1�j )of g , where z = spanCfH�a = [E�a ; E��a ] ; a = 1; � � � ; p+ qgand ac(eci 
 ec�j) = ac ' Ancis a simple summand of k with the root system Rc = f"ci�"cjg. From this descriptionof T -roots and the proposition of section 2 we easily derive the followingProposition. The isotropy representation of the Lie algebra k on thecomplexi�ed tangent space TC0 F� = m is the direct sum of the following ( nonequivalent) irreducible k-modules:m(�ab) = CE�ab ; m("cd) = �1(ac) 
 ��1(ad)m(�a � "c) = ��1(ac); m("c � �a) = �1(ac)where a; b 2 f1; : : : ; pg; c; d 2 f1; : : : ; q + 1g.Corollary. The decomposition of the isotropy k� -module m� of the ag manifoldinto irreducible submodules is given bym� =Xa<bR(E0�ab; E00�ab) +X(m(�a � "c) + m("c � �a))� +Xc<d(m("cd) +m("dc))� :In particular there is p(p � 1)=2 + (q + 1)(2p + q)=2 irreducible (non equivalent )k� -submodules in m� .



ISOTROPY REPRESENTATION OF FLAG MANIFOLDS 74. Flag manifolds of the group BlWe identify the Lie algebra Bl = so(V ) � gl(V ); where V = C 2l+1 is theEuclidean vector space, with the space ^2V of bivectors by means of the Euclideanmetric < �; � >.We describe the stability subgroup and stability subalgebra of the ag manifoldF (�) = G�=K� associated to a standard painted Dynkin graph� = �B(p; n1; : : : ; nq; n) :� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �>�Here the length of the �rst black chain is p and the lengths of the white chainsare n1; n2; � � � ; nq; nq+1 = n andl = p+ q +Xnb; n1 � n2; � � � ;� nq > 0; n � 0:Remark that if n = 0 the last root is black.We choose a basis of V in the formd�a; a = 1; : : : ; p; eb�i; i = 1; : : : ; nb + 1; b = 1; : : : ; q; eI ; I = 0;�1; : : : ;�nsuch that only non zero scalar products are< da; d�a >=< ebi ; eb�i >=< e0; e0 >=< ei; e�i >= 1:The natural Cartan subalgebra h of Bl is de�ned byh = fh =X �ada ^ d�a +X "biebi ^ eb�i +X "iei ^ e�ig:The coordinates �a; "bi ; "i of a vector h 2 h form a basis of the dual space h� .Denote by ab = g(ebi^eb�j) the Lie subalgebra of Bl generated by the root vectorsebi ^ eb�j with the roots "bi � "bj . It is isomorphic to Anb . Similar, the Lie subalgebrab = g(eI^eJ ) of g, generated by the root vectors with roots "i�"j ;�"i is isomorphicto Bn. Denote by z = spanfHabg the subalgebra of h, spaned by elementsHab = [d�a ^ d�b; da ^ db] = da ^ d�a + db ^ d�b:Then k = z+a1+ � � �+aq+b is a regular reductive subalgebra of Bl with the centerz which is the centerlizer of some element from h. Denote byn = spanfda ^ d�b; da ^ eb�i; da ^ eb�i; ebi ^ ebj ; ebi ^ ec�j; ebi ^ e�jgthe nilpotent subalgebra of Bl generated by indicated root vectors and by n� thesubalgebra generated by opposite root vectors. ThenBl = n� + k+ n



8 D.V.ALEKSEEVSKYis the generalized Gauss decomposition of Bl and p = n� + k is a parabolic subal-gebra.The set� = f�a = �a � �a+1; �p = �p � "11; �p+b = "bnb+1 � "b+11 ; �bi = "bi � "bi+1;�bi = "bi � "bi+1; �i = "j � "j+1; �n = "nga = 1; : : : ; p; b = 1; : : : ; q; i = 1; : : : ; nb; j = 1; : : : ; n� 1;is a basis of the root system R of the Lie algebra Bl with respect to h. It de�nesthe standard equipment of �B(p; n1; : : : ; nq; n) such that�B = f�1; � � � ; �p+qg; �W = f�bi ; �ig:The positive roots R+K of the root system RK = [�W ] generated by �W is given byR+K = f"bij = "bi � "bj ; "ij = "i � "j ; "+ij = "i + "j ; (i < j); "ig:The root system RK generates the semisimple Lie subalgebrak0 = g(RK) = a1(e1i ^ e1�j) + � � �+ aq(eqi ^ eq�j)) + b(eI ^ eJ ) �� An1 + � � �+ Anq +Bnwhere ab(ebi ^ eb�j) = ab � Anb is the Lie subalgebra of g generated by elementsebi _ eb�j and b(eI ^ eJ ) = b � Bn is the Lie subalgebra generated by elementseI ^ eJ ; I; J 2 f0;�1; : : : ;�ng.The positive roots R+M = R+ nR+K are given byR+M = f�a; �a � �a0 ; (a < a0) �a � "bi ; �a � "i; "bi ; "bi + "bj ; "bi � "cj (b < c); "bi � "jg:Dropping the low indices, we get the system of positive T -roots :R+T = f�a; �a � �a0 ; �a � "b; "b; 2"b; "b � "c; "b � "g:As for the case Al, we get the following proposition.Proposition. The complexi�ed tangent space m of the ag manifoldF = FB(p; n1; : : : ; nq; n) of the group Bl = SO2l+1 has the formm = m+ +m�; m� � m�+;where m+ =P~�2R+T m(~�) is the sum of the following irreducible k0-modules:m(2�a) = CE�a ; m(�a � �b) = CE�a��bm(�a + "b) = �1(ab); m(�a � "b) = �1(ab)�m(�a + "b) = �1(ab); m(�a � "b) = �1(ab)�m(�a + ") = �1(b); m(�a � ") = �1(b)� � �1(b)m("b) = �1(ab); m(2"b) = �21(ab)m("b + "c) = �1(ab)
 �1(ac); m("b � "c) = �1(ab) 
 �1(ac)�m("b + ") = �1(ab) 
 �1(b); m("b � ") = �1(ab)
 �1(b)�Here �21(ab) denotes the irreducible ab-module with the highest weight equal twicethe highest weight of �1(ab) and �1(b) is the tautological representation of b = Bn.



ISOTROPY REPRESENTATION OF FLAG MANIFOLDS 9Corollary. The isotropy representation of the ag manifoldFB(p; n1; : : : ; nq; n) = SO2l+1=K has p2 + 2p(q + 1) + q(q + 3) non equivalentirreducible components, between them p2 2-dimensional , which are trivial as k0-modules. 5. Flag manifolds of the group ClLet now (V = C 2l ; !) be the standard complex symplectic vector space. We iden-tify the symplectic Lie algebra Cl = sp(V ) with the space S2V of symmetric tensorsby means of the symplectic form ! such that a tensor x_y = x
y+y
x is identi�edwith the endomorphism x
!(y; :)+y
!(x; :). We describe the stability subgroupand stability subalgebra of the ag manifoldF (�) = FC(p; n1; : : : ; nq; n) = G�=K�associated to a standard painted Dynkin graph � = �(p; n1; : : : ; nq; n) :� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �<�Here the length of the �rst black chain is p and the lengths of the white chainsare n1; n2; � � � ; nq; nq+1 = n and l = p + q +Pnb; n1 � n2; � � � ;� nq > 0; n � 0.Remark that if n = 0 the last root is black.We choose a basis of V in the formd�a; (a = 1; � � � ; p); eb�i(b = 1; � � � ; q; i = 1; � � � ; nb + 1); eI (I = �1; � � � ;�n)such that the only non zero products are!(da; d�a) = !(ebi ; eb�i) = !(ei; e�i) = 1:Then a Cartan subalgebra of Cl can be choosen ash = fh =X �da _ d�a +X "biebi _ eb�i +X "iei _ e�igwhere 1-forms �a; "b�i; "�i form a basis of h�.The set � = f�a = �a � �a+1; �p = �p � "11; �p+b = "bnb+1 � "b+11 ;�bi = "bi � "bi+1; �j = "j � "j+1; �n = 2"nga = 1; : : : ; p� 1; b = 1; : : : ; q; i = 1; : : : ; nb; j = 1; : : : ; n� 1;is a basis of the root system R of the Lie algebra Cl with respect to h. It de�nesthe standard equipment of � such that�B = f�1; � � � ; �p+qg; �W = f�bi ; �ig:The positive roots R+K of the root system RK = [�W ] generated by �W is given by



10 D.V.ALEKSEEVSKYR+K = f"bij = "bi � "bj ; "ij = "i � "j ; "+ij = "i + "j ; (i < j); 2"ig:The root system RK generates the semisimple Lie subalgebrak0 = g(RK) = a1(e1i _ e1�j) + � � �+ aq(eqi _ eq�j)) + c(e�i _ e�j) =� An1 + � � �+Anq +Cnwhere ab(ebi _ eb�j) = ab � Anb is the Lie subalgebra of g generated by elementsebi _ eb�j and similar for c(e�i _ e�j) = c � Cn.The positive roots R+M = R+ nR+K are given byR+M = f2�a; �a � �a0 ; (a < a0) �a � "bi ; �a � "i; 2"bi ; "bi + "bj ; "bi � "cj (b < c); "bi � "jg:Dropping the low indices, we get the system of positive T -roots :RT = f2�a; �a � �a0 ; �a � "b; �a � "; 2"b; "b � "c; "b � "g:We get the following proposition.Proposition. The complexi�ed tangent space m of the ag manifoldF = FC(p; n1; : : : ; nq; n) of the group Cl = Spn has the formm = m+ +m�; m� � m�+;where m+ =P~�2R+T m(~�) is the sum of the following irreducible k0-modulesm(2�a) = CE2�a ; m(�a � �b) = CE�a��bm(�a + "b) = �1(ab); m(�a � "b) = �1(ab)�m(�a + "b) = �1(ab); m(�a � "b) = �1(ab)�m(�a + ") = �1(c); m(�a � ") = �1(c)� � �1(c)m("b + "c) = �1(ab)
 �1(ac); m("b � "c) = �1(ab) 
 �1(ac)�m("b + ") = �1(ab)
 �1(c); m("b � ") = �1(ab)
 �1(c)�m(2"b) = �21(ab):Corollary. The isotropy representation of the ag manifoldFC(p; n1; : : : ; nq; n) has p2 + 2p(q + 1) + q(q + 2) non equivalent irreduciblecomponents, between them p2 2-dimensional , which are trivial as k0-modules.



ISOTROPY REPRESENTATION OF FLAG MANIFOLDS 116. Flag manifolds of the group DlAs for Bl we identify the Lie algebra Dl = so(V ) , where V = C 2l , with thespace ^2V of bivectors.A standard painted Dynkin graph for Dl has one of the following forms � =�(p;n1; � � � ; nq;n)�1� �2� � � � �p� � � � � � �p+1� � � � � � � � � �p+q� � � � � � ��� �or �0 = �0(p;n1; � � � ; nq;n)�1� �2� � � � �p� � � � � � �p+1� � � � � � � � � �p+q� � � � � � ��� �p+q+1�where p+ q � l� 2 , p � 0 is the length of the �rst black chain , 0 < n1 � n2 �� � � � nq are the lengths of the white chains and n � 2 for � and n� 1 � 1 for �0are the number of white vertices on the right from �p+q .As for Bl we denote the vectors of the standard basis of V byd�a; a = 1; � � � ; p; eb�i; i = 1; � � � ; nb + 1; b = 1; � � � ; q; eI ; I = �1; � � � ;�n:The natural Cartan subalgebra h of Bl is de�ned byh = fh =X �ada ^ d�a +X "biebi ^ eb�i +X "iei ^ e�ig:The coordinates �a; "bi ; "i of a vector h 2 h form a basis of the dual space h� .We consider the standard equipment of painted Dynkin graph � and �0 by theelements of the basis � = �B [�W , where for ��B = �B(�) = f�a = �a��a+1; (a < p); �p = �p�"11; �p+b = "bnb+1�"b+11 ; (b � q)g�W = �W (�) = f�bi = "bi � "bi+1; (b � q); �j = "j � "j+1; (j < n); �n = "n�1 + "ngand �B(�0) = �B(�) [ f�ng �W (�0) = �W (�) n f�ng:Then we have R+K(�) = f"bij = "bi � "bj ; (b = 1; : : : ; q); "i � "jgfor � and R+K(�0) = f"bij ; (b = 1; : : : ; q); "i � "jgfor �0.The semisimple part k0 of the stability subalgebra k , associated with the rootsystem RK is given for the case � byk0(�) = g(RK(�)) = a1(e1i ^ e1�j) + � � �+ aq(eqi ^ eqj) + d(eI ^ eJ )where aa(eai ^ eaj ) = aa � Ana and d(eI ^ eJ ) = d � Dn, and for �0 byk0(�0) = g(RK(�0)) = a1(e1i ^ e1�j) + � � �+ aq(eqi ^ eq�j) + a(ei ^ e�j) �� An1 + � � �+ Anq + An:We get the following proposition.



12 D.V.ALEKSEEVSKYProposition. The complexi�ed tangent space m of the ag manifoldFD(p; n1; : : : ; nq; n) of the group Dl = SO2n has the formm = m+ +m�; m� � m�+;where m+ =P~�2R+T m(~�) is the sum of the following irreducible k0-modulesm(�a � �b) = CE�a��bm(�a + "b) = �1(ab); m(�a � "b) = �1(ab)�m(�a + "b) = �1(ab); m(�a � "b) = �1(ab)�m(�a + ") = �1(d) m(�a � ") = �1(d)� � �1(d)m("b + "c) = �1(ab)
 �1(ac); m("b � "c) = �1(ab)
 �1(ac)�m("b + ") = �1(ab)
 �1(d); m("b � ") = �1(ab)
 �1(d)�m(2"b) = �21(ab):For the ag manifold F 0 = F 0D(p; n1; : : : ; nq; n) in all formulas the d-module�1(d) have to change for a-module �1(a) and one new irreducible module m(2") =�21(a) appears.Corollary. The isotropy representation of the ag manifoldF = FD(p; n1; : : : ; nq; n) has p(p � 1) + 2p(q + 1) + q(q + 2) non equivalentirreducible components, between them p(p � 1) 2-dimensional , which are trivialas k0-modules. For the manifold F 0 = F 0D(p; n1; : : : ; nq; n) the number irreduciblecomponents is increased by one . References1. Alekseevsky D.V., Flag manifolds, Preprint ESI 415 (1997), 32 p.2. Alekseevsky D.V., Perelomov A.M., Invariant K�ahler -Einstein metrics on compact homoge-neous spaces, Funct. Anal. and Appl. 22 (1986), 1-14.3. Besse A., Einstein manifolds (1987).4. Gorbatzevich V.V., Onishchik A.L., Vinberg E.B., Structure of Lie groups and Lie algebras,Encycl. Math. Sci. 41 (1992).5. Siebenthal J., Sur certains modules dans une algebre de Lie semi-simple, Comment. Math.Helv. 44 (1969), 1-44.E-mail address: daleksee.esi.ac.at


