
ESI The Erwin Schr�odinger International Boltzmanngasse 9Institute for Mathematical Physics A-1090 Wien, Austria
Conformally Symplectic Dynamics and Symmetryof the Lyapunov SpectrumMaciej P. WojtkowskiCarlangelo Liverani

Vienna, Preprint ESI 427 (1997) March 5, 1997Supported by Federal Ministry of Science and Research, AustriaAvailable via http://www.esi.ac.at



CONFORMALLY SYMPLECTIC DYNAMICS ANDSYMMETRY OF THE LYAPUNOV SPECTRUMMaciej P. Wojtkowski and Carlangelo LiveraniUniversity of Arizona, University of Rome Tor VergataFebruary 10, 1997Abstract. A generalization of the Hamiltonian formalism is studied and the sym-metry of the Lyapunov spectrum established for the resulting systems. The formalismis applied to the Gausssian isokinetic dynamics of interacting particles with hard corecollisions and other systems.x0. Introduction.We study the symmetry of the Lyapunov spectrum in systems more general thanHamiltonian but closely related to the symplectic formalism. We call these systemsconformally Hamiltonian. They are determined by a non-degenerate 2-form � onthe phase space and a function H, called again a Hamiltonian. The form � is notassumed to be closed but it satis�es the following basic condition d� =  ^ �, forsome closed 1-form . This condition guarantees that, at least locally, the form �can be multiplied by a nonzero function to give a bona �de symplectic structure.The skew-orthogonality of tangent vectors is preserved under multiplication of theform by any nonzero function, hence the name conformally symplectic structure.These ideas were known to geometers for a long time, see for example the paper ofVaisman [V].The conformally Hamiltonian (with respect to the form �) vector �eld r�H isde�ned by the usual relation � (�; r�H) = dH(�):The Hamiltonian function H is again a �rst integral of the system. In Section 2 weprove that for any conformally Hamiltonian system restricted to a smooth level setWe thank Dmitri Alexeevski, Federico Bonetto and Philippe Choquard for manyenlightening discussions during our stay at the ESI in December of 1996. In addition,we thank David Ruelle for valuable comments. We are also grateful for the opportu-nities provided by the hospitality of the Erwin Schr�odinger Institute in Vienna wherethis work was done. M.P.Wojtkowski has been partially supported by NSF GrantDMS-9404420. Typeset by AMS-TEX1



2 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANIof the Hamiltonian the Lyapunov spectrum is symmetric, with symmetric exponentsadding up to a constant. More precisely the direction of the ow has to be factoredout. In Section 3 we extend this formalism to ows with collisions.In Section 1 we give an independent proof of the fact that for any conformallysymplectic cocycle we have the symmetry of the Lyapunov spectrum. The �rstproof of this fact in the symplectic case goes back to Benettin et al. [B-G-G-S]. Ourproof is based on an alternative description of Lyapunov exponents and it borrowsan idea from [W1] (Lemma 1.2).In Section 4 we present examples which were recently the subject of several pa-pers. We show that the Gaussian isokinetic dynamics can be viewed as a conformallyHamiltonian system, by which we immediately recover the results of Dettmann andMorriss [D-M 1], [D-M 2], on the symmetry of the Lyapunov spectrum and theHamiltonian character of the dynamics. We extend these results to systems withcollisions, taking advantage of the fact that our formalism works equally well forcollisions as it does for ows. Such systems were studied in the paper by Del-lago, Posch and Hoover, [D-P-H], and the symmetry of the Lyapunov spectra wasdemonstrated numerically. Chernov et al, [Ch-E-L-S] studied rigorously the Lorentzgas of periodic scatterers with an electric external �eld in dimension 2. Latz, vanBeijeren and Dorfman, [L-B-D], considered thermostated random Lorentz gas in 3-dimensions and found the symmetry there. Let us note that we prove the symmetryof the Lyapunov spectrum for any invariant (ergodic) measure and not only for theSRB measure, which is the easiest to access numerically.We also show that the Gaussian isokinetic dynamics on a Riemannian manifoldcan be given the same treatment.The last application is to Nos�e{Hoover dynamics. We show that the Hooverequations can be naturally viewed as a conformally Hamiltonian system, thus givinganother proof of the symmetry of Lyapunov spectra for this system. It was originallyproven by Dettmann and Morriss, [D-M 3].Finally let us note that our approach is one of several possible. Recently Choquard,[Ch], showed that the isokinetic and Nos�e-Hoover dynamics can be considered as La-grangian systems. Even in the conformally symplectic framework one can keep theHamiltonian unchanged and modify the form �, or keep the form unchanged andmodify the Hamiltonian, or keep both the form and the Hamiltonian unchanged,but change time on a level set of the Hamiltonian. We elaborate on that in Remark2.1. We believe that our approach sheds new light on these issues.x1. Conformally symplectic group.Let ! =Pni=1 dpi ^ dqi be the standard linear symplectic form in Rn�Rn.Proposition 1.1. For an invertible linear mapping S acting on R2n = Rn � Rnthe following are equivalent(a) !(Su; Sv) = �!(u; v) for some scalar � and all u; v 2 R2n;(b) !(Su; Sv) = 0 if and only if !(u; v) = 0;i.e., S preserves skew-orthogonality of vectors;(c) S takes Lagrangian subspaces of R2n into Lagrangian subspaces.



CONFORMALLY SYMPLECTIC DYNAMICS 3Proof. It is apparent that (a) implies (b) and that (b) is equivalent to (c). It remainsto prove that (c) implies (a). By composing S with an appropriate linear symplecticmap we can assume without loss of generality that S preserves the Lagrangiansubspaces Rn � f0g and f0g � Rn, i.e., S is block diagonal. Moreover, again bymultiplying by an appropriate linear symplectic map, we can assume that S is equalto identity on Rn � f0g. By (b) we conclude that S is diagonal on f0g � Rn. Asimple calculation shows that to satisfy (b) this diagonal matrix must be a multipleof identity, which gives us (a). �We will call a linear map from GL(R2n) conformally symplectic if it satis�es oneof the properties in the Proposition 1.1. The group of all conformally symplecticmaps will be denoted by CSp(R2n).Let X be a measurable space with probabilistic measure � and let T : X ! Xbe an ergodic map. Let further A : X ! GL(R2n) be a measurable map such that(1.1) ZX log+ kA(x)kd�(x) < +1:We de�ne the matrix valued cocycleAm(x) = A(Tm�1x) : : : A(x):By the Oseledets Multiplicative Ergodic Theorem, [O], which in this generality was�rst proven by Ruelle, [R], there are numbers �1 < � � � < �s, called the Lyapunovexponents of the measurable cocycle A(x); x 2 X, and for almost all x a ag ofsubspaces f0g = V0 � V1(x) � � � � � Vs�1(x) � Vs = R2n;such that for all vectors v 2 Vk(x) nVk�1(x)limm!+1 1m log kAm(x)vk := �(v) = �k:In addition, denoting by dk the di�erence between the dimensions of Vk and Vk�1(dk is called the multiplicity of the k-th Lyapunov exponent), the following holds:(1.2) sXk=1dk�k = ZX log jdet(A(x))jd�(x);i.e., the sum of all Lyapunov exponents is equal to the average exponential rate ofvolume growth.Given a measurable cocycle A(x); x 2 X, satisfying (1.1) and with values in theconformally symplectic group CSp(R2n) we obtain a measurable function � = �(x)such that(1.3) !(A(x)u;A(x)v) = �(x)!(u; v);for all vectors u; v 2 R2n. Let us de�ne(1.4) b := ZX log j�(x)jd�(x):



4 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANILemma 1.1. If a measurable cocycle A(x); x 2 X, satis�es (1.1) and it has valuesin the conformally symplectic group CSp(R2n), thensXk=1 dk�k = nb:Proof. Since !n is the volume form it follows from (1.3) that the determinant ofA(x) is detA(x) = �(x)n:The lemma follows by applying (1.2). �Lemma 1.2. Given a measurable cocycle A(x); x 2 X, satisfying (1.1) and withvalues in the conformally symplectic group CSp(R2n), for each two non skew-orthogonal vectors u; v 2 R2n, i.e., !(u; v) 6= 0, we have�(u) + �(v) � b:Proof. For the standard Euclidean norm k � k we have j!(u; v)j � kukkvk.From (1.3) we obtain!(Am(x)u;Am(x)v) = !(u; v) mYi=0�(T ix):Therefore,log j!(Am(x)u;Am(x)v)j = log j!(u; v)j+ mXi=0 log j�(T ix)j;and 1m log j!(Am(x)u;Am(x)v)j � 1m log kAm(x)uk + 1m log kAm(x)vk:Putting these relations together and using the Birkho� Ergodic Theorem we con-clude that b = ZX log j�(x)jd�(x) � �(u) + �(v):�The following Lemma is obvious. We formulate it to streamline the proof ofTheorem 1.4 where it is used twice.For a linear subspaceX � R2n we denote byX\ the skew-orthogonal complementof X, i.e, X\ � R2n is the linear subspace containing all vectors v such that!(u; v) = 0 for all u 2 X. Since ! is assumed to be nondegenerate we havedimX +dimX\ = 2n and (X\)\ = X:



CONFORMALLY SYMPLECTIC DYNAMICS 5Lemma 1.3. Let U; V � R2n be two linear subspaces. If !(u; v) = 0 for all u 2 Uand v 2 V , thenU � V \; V � U\ and dimU + dimV � 2n:�Theorem 1.4. If a measurable cocycle A(x); x 2 X, satis�es (1.1) and it hasvalues in the conformally symplectic group CSp(R2n) then we have the followingsymmetry of the Lyapunov spectrum:�k + �s�k+1 = b;where b is given by (1.4), and the multiplicities of �k and �s�k+1 are equal, fork = 1; 2; : : : ; s. Moreover the subspace Vs�k is the skew-orthogonal complement ofVk.Proof. Let �1 � �2 � � � � � �2n be the Lyapunov exponents taken with repetitionsaccording to their multiplicities. By Lemma 1.1 �1 + �2 + � � �+ �2n = nb.We can choose a ag of subspacesf0g =W0 � W1(x) � � � � �W2n�1(x) � W2n = R2n;such that dimWl = l and for all vectors v 2 Wl(x)nW l�1 (x) the Lyapunov exponent�(v) = �l, for l = 1; 2; : : : ; 2n. (Note that except in the case of all multiplicitiesequal to 1 there is a continuum of such ags.)Since for any l � n, dimWl + dimW2n�l+1 = 2n + 1, by Lemma 1.3 there arevectors u 2 Wl and v 2 W2n�l+1 such that !(u; v) 6= 0. By continuity there mustbe also vectors ~u 2 Wl nWl�1 and ~v 2 W2n�l+1 nW2n�l such that !(~u; ~v) 6= 0. Itfollows from Lemma 1.2 that �l + �2n�l+1 � b;for l = 1; 2; : : : ; n. Adding these inequalities together, we getnb = nXl=1(�l + �2n�l+1) � nb;which shows that all the inequalities must be actually equalities. It follows imme-diately that for any k = 1; : : : ; s; the multiplicities of �k and �s�k+1 are equal and�k + �s�k+1 = b.To show that the subspace Vs�k is the skew-orthogonal complement of the sub-space Vk we observe that !(u; v) = 0 for any u 2 Vk and v 2 Vs�k. Indeed, if thisis not the case we could use Lemma 1.2 to claim that �k + �s�k � b, which leadsto the contradiction b = �k + �s�k+1 > �k + �s�k � b:We can now apply Lemma 1.3 and we obtain Vs�k � V\k. Since the dimensions ofthese subspaces are equal we must have Vs�k = V\k. �



6 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANIx2. Conformally symplectic manifolds and conformal Hamiltonian ows.LetM be a smooth manifold of even dimension. A conformally symplectic struc-ture onM is a di�erentiable 2-form � which is non-degenerate and has the followingbasic property(2.1) d� =  ^�;for some closed 1-form . A manifold with such a form � is called conformallysymplectic. The origin of this name becomes clear when one observes that locally = dU for some smooth function U andd(e�U�) = 0;i.e. e�U� de�nes a bona �de symplectic structure.For a given function H :M ! R, called a Hamiltonian, let us consider a vector�eld r�H de�ned by the usual relation(2.2) �(�; r�H) = dH:We will call it the conformally Hamiltonian vector �eld, or conformally symplectic,or simply a Hamiltonian vector �eld when the conformally symplectic structure isclearly chosen. Note that our de�nition does not coincide with the de�nition of aHamiltonian vector �eld from [V].Let �t denote the ow de�ned by the vector �eld F = r�H. The Hamiltonianfunction H is a �rst integral of the system. Indeed we haveddtH = dH(r�H) = �(r�H; r�H) = 0:Let us consider the Lie derivative of the form � in the direction of vector �eldF , i.e., (LF�) (�; �) := ddu�(D�u�;D�u�)ju=0:Theorem 2.1. For a Hamiltonian vector �eld F = r�H we have(2.3) LF� = (F )� +  ^ dH:Proof. We will use the Cartan formula ([A-M-R])LF = iF d+ diF ;where iF is the interior and d the exterior derivative. (For a di�erential m-form �the interior derivative iF � is the di�erential (m� 1)-form obtained by substitutingF as the �rst vector argument of �.) We have iF� = �dH and we get immediatelyLF� = iF d�� d2H = iF ( ^�) = (F )� +  ^ dH:



CONFORMALLY SYMPLECTIC DYNAMICS 7�Let us restrict the ow �t to one smooth level set of the Hamiltonian, Mc =fz 2 M jH(z) = cg. In particular we assume that on Mc the di�erential dH andthe vector �eld F do not vanish. For two vectors �; � from the tangent space TzMc,we introduce w(t) = �(Dz�t�;Dz�t�):By (2.3) we get ddtw(t) = (F (�tz))w(t);since dH vanishes on the tangent space TzMc. We conclude that(2.4) �(Dz�t�;Dz�t�) = �(t)�(�; �);for every �; �; from TzMc and(2.5) �(t) = exp�Z t0 (F (�uz))du� :Remark 2.1Let us note that under a non-degenerate time change a conformally Hamiltonianvector �eld is still conformally Hamiltonian with the same Hamiltonian function butwith respect to a modi�ed conformally symplectic form. More precisely if F = r�His a Hamiltonian vector �eld, then if the new time � is related to the original timet by d�dt = f;for some function f of the phase point, we get that the vector �eld 1f F is conformallysymplectic with respect to the form e� = f�. Indeedde� = (d ln f + ) ^ e� and e�(�; 1f F ) = dH:Alternatively we can keep the same conformally symplectic form and modify theHamiltonian separately on each level set. Indeed we have�(�; 1f F ) = 1f dH = d� 1f (H � c)� ;where the last equality is valid only on the level set fH = cg.Finally, let us consider the symplectic form e�U�. On the level set fH = cg wehave d(e�U (H � c)) = e�UdH:It follows that on this level sete�U�(�; F ) = d �e�U (H � c)� ;



8 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANIand, as a result, the vector �eld F coincides locally with the Hamiltonian vector�eld given by the Hamiltonian e�U (H � c) (with respect to the symplectic forme�U�). This observation provides an alternate way to derive (2.4) by using thepreservation of the symplectic form e�U� by any Hamiltonian ow (with respectto this symplectic form).For a �xed level set Mc we introduce the quotient of the tangent bundle TMcof Mc by the vector �eld F = r�H, i.e., by the one dimensional subspace spannedby F . Let us denote the quotient bundle by bTMc. The form � factors naturallyfrom TMc to bTMc, in view of (2.2). The factor form de�nes in each of the quotienttangent spaces bTzMc; z 2 Mc, a linear symplectic form.The derivative of the ow preserves the vector �eld F , i.e.,Dz�t(F (z)) = F (�tz):As a result the derivative can be also factored on the quotient bundle and we callit the transversal derivative cocyle and denote it byAt(z) : bTzMc ! bT�tzMc:It follows immediately from (2.4) that the transversal derivative cocycle is confor-mally symplectic with respect to � (or more precisely the linear symplectic form itde�nes in the quotient tangent spaces). We �x an invariant probability measure �con Mc and assume that ZMc kDz�tkd�c(z) < +1:Under this assumption the derivative cocycle has well de�ned Lyapunov exponents,cf. [O],[R]. Then the transversal derivative cocycle has also well de�ned Lyapunovexponents which coincide with the former except that one zero Lyapunov exponentis skipped. We can immediately apply Theorem 1.4 to the transversal derivativecocycle and we get the following.Theorem 2.2. For a Hamiltonian ow �t, de�ned by the vector �eld F = r�H,restricted to one level set Mc we have the following symmetry of the Lyapunovspectrum of the transversal derivative cocyle with respect to an invariant ergodicprobability measure �. Letf0g � V0(z) � V1(z) � � � � � Vs�1(z) � Vs = bTzMcbe the ag of subspaces at z associated with the Lyapunov spectrum �1 < �2 <� � � < �s�1 < �s of the transversal derivative cocycle At(z); z 2 Mc. Then themultiplicities of �k and �s�k+1 are equal and�k + �s�k+1 = a; for k = 1; 2; : : : ; s;where a = RMc (F (z))d�c(z). Moreover the subspace Vs�k is the skew-orthogonalcomplement of the subspace Vk.�



CONFORMALLY SYMPLECTIC DYNAMICS 9Note that the invariant measure �c can be supported on a single periodic orbit,so that Theorem 2.2 applies as well to the real parts of the Floquet exponents.To apply Theorem 1.4 it is enough to have linear symplectic forms in each of thequotient tangent spaces (to the level set), not necessarily coming from a conformallysymplectic structure on the phase space. But then one needs to check directly howthe transversal derivative cocycle acts on these forms, because we do not have theadvantage of Theorem 2.1. This is essentially the line of argument in [D-M 1] and[D-M 3].x3. Conformally symplectic ows with collisions.Let M be a smooth manifold with piecewise smooth boundary @M . We as-sume that the manifold M is equipped with a conformally symplectic structure�, as de�ned in Section 2. Given a smooth function H on M with non vanish-ing di�erential we obtain the non vanishing conformally Hamiltonian vector �eldF = r�H on M . The vector �eld F is tangent to the level sets of the HamiltonianMc = fz 2M jH(z) = cg.We distinguish in the boundary @M the regular part, @Mr , consisting of thepoints which do not belong to more than one smooth piece of the boundary andwhere the vector �eld F is transversal to the boundary. The regular part of theboundary is further split into \outgoing" part, @M�, where the vector �eld F pointsoutside the manifold M and the \incoming" part, @M+, where the vector �eld isdirected inside the manifold. Suppose that additionally we have a piecewise smoothmapping � : @M� ! @M+, called the collision map. We assume that the mapping� preserves the Hamiltonian, H � � = H, and so it can be restricted to each levelset of the Hamiltonian.We assume that all the integral curves of the vector �eld F that end (or begin)in the singular part of the boundary lie in a codimension 1 submanifold of M .We can now de�ne a ow 	t : M ! M , called a ow with collisions, which isa concatenation of the continuous time dynamics �t given by the vector �eld F ,and the collision map �. More precisely a trajectory of the ow with collisions,	t(x); x 2 M , coincides with the trajectory of the ow �t until it gets to theboundary of M at time tc(x), the collision time. If the point on the boundary liesin the singular part then the ow is not de�ned for times t > tc(x) (the trajectory\dies" there). Otherwise the trajectory is continued at the point �(	tcx) until thenext collision time, i.e., for 0 � t � tc ��(	tc(x)x)�	tc+tx = �t�	tcx:We de�ne a ow with collisions to be conformally symplectic, if for the collisionmap � restricted to any level set Mc of the Hamiltonian we have(3.1) ��� = ��;for some non vanishing function � de�ned on the boundary. More explicitly weassume that for every vectors � and � from the tangent space Tz@Mc to the boundaryof the level set Mc we have�(Dz��;Dz��) = ��(�; �):



10 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANIWe restrict the ow with collisions to one level setMc of the Hamiltonian and wedenote the resulting ow by 	tc. This ow is very likely to be badly discontinuousbut we can expect that for a �xed time t the mapping 	tc is piecewise smooth, sothat the derivative D	tc is well de�ned except for a �nite union of codimension onesubmanifolds of Mc. We will consider only such cases. We choose an invariantmeasure in our system which satis�es the condition that all the trajectories thatbegin (or end) in the singular part of the boundary have measure zero. Usuallythere are many natural invariant measures satisfying this property. For instance weget one by taking a Lebesgue measure � inMc and averaging it over increasing timeintervals ( 1T R T0 	tc��dt as T ! +1). Let us denote the chosen invariant measureby �c. This measure �c de�nes the measure �cb on the boundary @Mc, which isan invariant measure for the section of the ow (Poincar�e map of the ow). Withrespect to the measure �c the ow 	tc is a measurable ow in the sense of the ErgodicTheory and we obtain a measurable derivative cocycle D	tc : TxMc ! T	tcxMc.We can de�ne Lyapunov exponents of the ow 	tc with respect to the measure �c,if we assume thatZMc log+ jjDx	tcjjd�c(x) < +1 and Z@Mc� log+ jjDy�jjd�cb(y) < +1(cf.[O],[R]).The derivative of the ow with collisions can be also naturally factored onto thequotient of the tangent bundle TMc of Mc by the vector �eld F , which we denoteby bTMc. Note that for a point z 2 @Mc the tangent to the boundary at z can benaturally identi�ed with the quotient space.We will again denote the factor of the derivative cocycle byAt(x) : bTxMc ! bT	tcxMc:We will call it the transversal derivative cocycle. If the derivative cocycle has wellde�ned Lyapunov exponents then the transversal derivative cocycle has also wellde�ned Lyapunov exponents which coincide with the former ones except that onezero Lyapunov exponent is skipped.For a conformally symplectic ow with collisions the factor At(x) of the derivativecocycle on one level set changes the form � by a scalar, (2.3) and (3.1), so that wecan immediately apply Theorem 1.4 and we getTheorem 3.1. For a conformally symplectic ow with collisions 	tc we have the fol-lowing symmetry of the Lyapunov exponents for a given ergodic invariant probabilitymeasure �c. Let f0g � V0 � V1 � : : :Vs�1 � Vs = bTxMc be the ag of subspacesat x associated with the Lyapunov spectrum �1(x) < �2(x) < � � � < �s�1(x) < �s(x)of the transversal derivative cocycle At(x); x 2 Mc. Then the multiplicities of �kand �s�k+1 are equal and�k + �s�k+1 = a+ b; for k = 1; 2; : : : ; s;where a = RMc (F )d�c and b = 1� R@Mc� log j�(y)jd�cb(y). � = R@Mc� tc(y)d�cb(y) isthe average collision time on the section of the ow. Moreover the subspace Vs�kis the skew-orthogonal complement to Vk.



CONFORMALLY SYMPLECTIC DYNAMICS 11x4. Applications.A. Gaussian isokinetic dynamics.The equations of the system are (cf. [D-M 1])(4.1) _q = p;_p = E � �p; where � = hE; pihp; pi :In these equations q describes a point in the multidimensional con�guration spaceRN, p is the momentum (velocity) also in RN and h�; �i is the arithmetic scalarproduct in RN. The �eld of force E = E(q) is assumed to be irrotational, i.e., ithas locally a potential function U = U(q), E = �@U@q .Let us denote by � = P pdq the 1-form which de�nes the standard symplecticstructure ! = d� =P dp ^ dq. We introduce the following 2-form� = ! + hE; dqihp; pi ^ �:We choose the Hamiltonian to be H = 12 hp; pi and we denote the vector �eld de�nedby (4.1) by F . We have(4.2) �(�; F ) = dH;but the form � does not give us a conformally symplectic structure because therelation (2.1) fails. To correct this setback we �x one level set of the HamiltonianMc = fH = 12 hp; pi = cg and de�ne another 2-form�c = ! + hE; dqi2c ^ �:Now we get a conformally symplectic structure. Indeedd�c = �hE; dqi2c ^�c; and locally hE; dqi2c = d��U2c � :Moreover on Mc we still have �c(�; F ) = dH so that the restriction of (4.1) to Mccoincides with a conformally Hamiltonian system with respect to the 2-form �c andwith the Hamiltonian H = 12 hp; pi. We can immediately apply Theorem 2.1 and weobtain that for any invariant ergodic probability measure �c on Mc the Lyapunovexponents �1 < � � � < �s satisfy�k + �s�k+1 = � 12c ZMchE; pid�c = ZMc �d�c:Note that if the vector �eld of force has a global potential, E = �@U@q , then bythe Birkho� Ergodic Theorem the integral � 12c RMchE; pid�c = 12c RMc dU(F )d�cis equal to the time average of dUdt and so it must vanish. Another way to see it is



12 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANIthat e�U�c de�nes a global symplectic structure and onMc our ow is Hamiltonianwith respect to this symplectic structure and a modi�ed HamiltonianeH = e�U (12 hp; pi � c):Indeed as discussed in the Remark 2.1 on Mc we havee�U�c(�; F ) = d eH:For a Hamiltonian ow the symmetric Lyapunov exponents must add up to zero.B. Gaussian isokinetic dynamics on a Riemannian manifold.For a given Riemannian manifold N with the metric tensor ds2 = P gijdqidqjwe can naturally generalize the form � to the cotangent bundle T �N . Indeed the1-form � =P pdq is independent of the coordinate system, cf. [A], and for a givenclosed 1-form  we put �c = d�� 1c ^ �:We get d�c = �1c^�c. Taking  = dU for some potential function (single or multi-valued) and the Hamiltonian H = 12P gijpipj we obtain the Gaussian isokineticdynamics, [Ch], on the level set H = c by the relation (4.2). We can repeat thediscussion in part A and we conclude again that the Lyapunov exponents must besymmetric and they add up to zero, if the potential U is single-valued.C. The Gaussian isokinetic dynamics with collisions.Let us consider n spherical particles in a �nite box B contained in Rd or thetorus Td. We assume that the particles interact with each other by the poten-tial V (q1; q2; : : : ; qn) (qk 2 B; k = 1; : : : ; n denote the positions of the parti-cles) and that they are subjected to the external �elds given by the potentialsVk(qk); k = 1; : : : ; n. Further we assume that the particles have the radii r1; : : : ; rn,the masses m1; : : : ;mn, and that they collide elastically with each other and thesides of the box, which can be at or curved. The last element in the descriptionof the system is the Gaussian isokinetic thermostat. As described in part A andB the Gaussian isokinetic thermostat gives rise to a conformally Hamiltonian owwith the Hamiltonian H = Pnk=1 p2k2mk and an appropriate conformally symplecticstructure. We will check below that the collisions in this system preserve the form�c giving rise to a conformally symplectic ow with collisions. Theorem 3.1 can bethus applied to our system giving us the symmetry of the Lyapunov spectrum.We introduce the canonical change of variables which bring the kinetic energyinto the standard form, xk = pmkqkvk = pkpmk :The advantage of these coordinates is that although the collision manifolds in thecon�guration space become less natural, the collisions between particles (and the



CONFORMALLY SYMPLECTIC DYNAMICS 13walls of the box) are given by the billiard rule in the con�guration space. Theequations of motions in the (x; v) coordinates are(4.4) _x = v_v = �@U@x + �v;where U = U(x) = V +Pnk=1 Vk is the total potential of the system and � = �dU(v)hv;vi .We introduce the di�erential 2-form�c =X dv ^ dx� 12cdU ^ hv; dxiAs in part A we conclude that the form satis�es (2.1) and the system (4.4) restrictedto Mc coincides with the conformally Hamiltonian system de�ned by this form andthe Hamiltonian H = 12 hv; vi.Proposition 4.1. The collision maps preserve the form �c.Proof. A collision manifold is locally given by an equation of the form g(x) = 0,where g is some di�erentiable Rnd valued map. Note that the general form of thecollision map is the same for collisions of particles and the collisions with the sidesof the box. Let n(x), for x 2 fx 2 Rndjg(x) = 0g, denote the unit normal vector tothe collision manifold in the con�guration space. The collision map is de�ned as(4.4) x+ = x�;v+ = v� � 2hv�; n(x�)in(x�):where the index + corresponds to the values of x and v after the collision and theindex � to the values before the collision. As a result of these formulas we getimmediately that(4.5) �x+ = �x�:It is well known, [W1],[W2], that in an elastic collision the symplectic form ! ispreserved. It remains to show the preservation of the second term in �c. It followsimmediately from (4.4) and (4.5), becausehv+; �x+i = hv�; �x�i � 2hv�; n(x�)ihn(x�); �x�i;and the last term is zero since we only take the variations (�x�; �v�) tangent tothe collision manifold, i.e., �x� is orthogonal to n(x).The Proposition is proven.�It follows from Proposition 4.1 that also the form e�U�c is preserved undercollisions. Hence, as remarked in parts A and B, if the potential U is singlevaluedthen the system restricted to one energy level coincides with a globally Hamiltonian



14 MACIEJ P. WOJTKOWSKI AND CARLANGELO LIVERANIsystem (with collisions) with respect to the symplectic form e�U�c with the Hamil-tonian function equal to eH = e�U (12 hp; pi � c). We conclude that the occurrenceof dissipation in such systems is related to the topology of the con�guration space(the multivaluedness of the potential U).D. Nos�e-Hoover dynamicsThe Nos�e Hamiltonian is, cf. [D-M 3]H(q; s;�; ps) = NXi=1 �2i2mis2 + '(q) + p2s2 +C ln s;with a non-physical time denoted by � and some constant C. The symplectic formis ! = P d� ^ dq + dps ^ ds. Changing the variables as � = sp and � = ln s theHamiltonian becomes(4.6) H(q; s; p; ps) = NXi=1 p2i2mi + '(q) + p2s2 + C�;and the symplectic form is ! = e� (Pi dpi ^ dqi + dps ^ d� + d� ^ (Pi pidqi)) :Note that now in the Hamiltonian the thermostat (�; ps) is decoupled from thesystem but the coupling is shifted to the symplectic form. We make �nally the timechange d�dt = e�. We choose not to change the Hamiltonian but rather to modifythe 2-form, e��!(�; e�r!H) = dH:We end up with the Hamiltonian (4.6) and the conformally symplectic structure� = e��! =Xi dpi ^ dqi + dps ^ d� + d� ^ (X pidqi + psd�):We have d� = d�^�. Note the similarity of � with the form used in the discussionof the isokinetic dynamics above. This form and the Hamiltonian give us the Hooverequations _qi = pimi ;_pi = � @'@qi � pspi;_� = ps;_ps =Xi p2imi � C:On any level set we can drop the equation for � since � can be trivially obtainedfrom other variables using the constancy of the Hamiltonian.By Theorem 2.1 we have the symmetry of the Lyapunov spectrum for this systemreduced to one level of the Hamiltonian. Moreover the Lyapunov exponents add upto the time average _�. This average must be zero, unless ps grows linearly, whichis unlikely. Note that the Nos�e{Hoover system is open in the sense that arbitrarilylarge uctuations of ps cannot be ruled out.
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