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THE FRACTIONAL CLIFFORD-FOURIER KERNEL

M.J. CRADDOCK AND J.A. HOGAN

ABSTRACT. The Clifford-Fourier transform was introduced by Brackx,
De Schepper and Sommen and its kernel was computed in dimension
d = 2 by the same authors. Here we compute the kernel of a fractional
version of the transform when d = 2 and 4. In doing so we solve ap-
propriate wave-type problems on spheres in two and four dimensions.
We also give formulae for the solutions of these problems in all even di-
mensions and hence a means of computing the kernels of the fractional
Clifford-Fourier kernels in even dimensions.

1. INTRODUCTION

Fourier analysis has become an indispensible tool in the sciences and many
engineering disciplines. Time series such as those which arise from speech
or music have been effectively treated by algorithms derived from Fourier
analysis — the (fast) Fourier transform and wavelet transform being among
the most celebrated. Complex analysis has also played an important role,
contributing tools such as the analytic signal, the Paley-Wiener theorem and
Hardy’s theorem. Tensor products of the one-dimensional Fourier transform
are often applied to higher-dimensional signals, such as grayscale images.

Fractional versions of the Fourier transform, in one- and higher dimen-
sions, are growing in importance in signal processing (where they provide
signal representations between the classical time and frequency representa-
tions) and physics (where they describe the evolution of images through lens
systems and also have applications in quantum mechanics) [13]. Fractional
kernels are in general more complicated than the Fourier kernel (which is
an end-point case of the fractional kernels), and are computed through the
Mehler formula which gives a closed form for a certain infinite weighted sum
of products of Hermite functions [7].

Colour images, however, pose a different set of problems. Such images
are composed of (at least) three channels rather than the one channel of
grayscale images. Natural images contain very significant cross-channel
correlations [12]. Any algorithm using the channel-by-channel paradigm is
likely to be sub-optimal (especially for purposes of compression, but also for
interpolation) for they do not see cross-channel correlations and are therefore
unable to reduce them.

Electrical engineers have responded to the challenges posed by multi-
channel signals by developing techniques through which such a signal can
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be treated as an algebraic whole rather than an ensemble of disparate, un-
related single-channel signals [6], [15], [16]. A colour image is now viewed as
a signal taking values in the quaternions, an associative, non-commutative
algebra. The algebra structure gives a meaning to the pointwise product of
such signals. Fourier-type transforms of quaternionic signals were consid-
ered in [15] and [16]. Their advantage over the classical Fourier transform
is that the kernels through which they act are quaternion-valued, and the
transforms therefore “mix the channels” rather than acting on each channel
separately. They fail, however, to have the kinds of covariance and con-
volution properties that are required for effective applications and do not
extend, in any obvious way, to higher dimensions.

Brackx, De Schepper and Sommen [1] introduced a “Clifford”-Fourier
transform for functions defined on R% and taking values in the associated
Clifford algebra R,;. Like the classical Fourier transform, the Clifford-Fourier
transform is defined as the exponential of a Hermite operator and has
Hermite-type eigenfunctions. Through this operator-theoretic definition,
many attractive properties may be determined. These include simple inver-
sion and Plancherel theorems, as well as generalisations of classical results
which describe the action on LP-spaces and the Schwarz space of rapidly
decreasing functions, and a Clifford generalisation of the classical result
which states that the classical Fourier kernel is an eigenfunction of the par-
tial differentiation operators 0/0x; [1]. Generalisations of classical results
which characterise translation-invariant bounded linear operators on L? and
translation-invariant closed subspaces of L? are also known [11].

Unfortunately, computing the integral kernel through which the Clifford-
Fourier transform acts is quite difficult since it is the exponential of a sum of
non-commuting operators. In [2], the explicit f orm of the kernel is given in
dimension d = 2 and in [4] a construction of the kernel in all even dimensions
was given. The odd-dimensional kernels are still unknown.

In this paper we find explicit formulae for solutions of wave-type initial
value problems on spheres in R? and, as a special case, give a completely
different construction of the even-dimensional Clifford-Fourier kernels. Fur-
thermore, explicit formulae for the kernels of the fractionalisations of these
operators are computed. It is also shown that once the 4-dimensional kernel
is known, all even-dimensional kernels (d > 6) may be determined through
a “method of ascent”. In the preprint [3], the fractional Clifford-Fourier
kernels are computed in even dimensions. The methods used there are very
different from those employed in this paper. In particular, DeBie and De
Schepper arrive at the fractional kernels without reference to the initial-
value problems which are the focus of this paper, the solutions of which give
the fractional kernels for particular initial values.

This paper is organised as follows. In section 2 we introduce those as-
pects of classical Fourier theory (Hermite functions and fractional Fourier
transforms) that we intend to generalise as well as a brief introduction to
Clifford algebra, the operator-theoretic construction of the Clifford-Fourier
transform of Brackx, De Schepper and Sommen, and some results of classical
harmonic analysis surrounding spherical harmonics. In section 3 we collect
some results on the action of the angular Dirac operator which forms part of



THE FRACTIONAL CLIFFORD-FOURIER KERNEL 3

the Clifford-Hermite operator. Section 4 outlines the initial value problems
satisfied by the fractional Clifford-Fourier kernels and describes how sepa-
ration of variables leads to spherical harmonic expansions for these kernels,
leading ultimately to expansions of the kernels in Legendre/Chebyshev poly-
nomials. In section 5 we give explicit solutions of the initial value problems
of section 4 (hence explicit expressions for the fractional Clifford-Fourier
kernel) in dimensions d = 2 and d = 4. Finally in section 7 we describe the
“method of ascent” through which solutions of the initial value problems
of section 4 may be determined in dimensions d > 5 from the solution in
dimension d — 2. Hence, the kernel in even dimension d > 6 may be calcu-
lated (iteratively) from the kernel in dimension d = 4. We also show why
the 2-dimensional kernel does not determine the 4-dimensional kernel.

2. PRELIMINARIES

2.1. Fractional Fourier transforms and the Hermite functions. The
classical Fourier transform (FT) is the integral operator F = F; : L'(RY) —
L>®(R%) with kernel Ky(z,y) = (2r)~%2e~%*¥) Here (x,y) is the dot prod-
uct of the vectors z and y in R?. The many applications of the FT and its dis-
crete variants are well-documented (see for example [14]). Among the many
reasons for the wide applicability of the F'T, we include its attractive covari-
ance properties, its energy conservation property, and the simple closed form
of its kernel. By covariance we mean its simple interaction with the basic op-
erators of harmonic analysis — translations, dilations and rotations (although
its covariance under other actions such as “shears” is also becoming impor-
tant in applications). By energy conservation we mean that the Fourier
transform satisfies the Parseval identity, i.e., the Fourier transform extends

to a unitary mapping of L*(R): [pa Ff(y)Fg(y) dy = [ga f(2)g(z) dz for all
f.g € L2(RY).
The Hermite functions {h,} 2, are defined on the real line by

1 2 d’I’L 2
hp(z) = ——=(—1)"€" 22 _e® ,
)= da

form an orthonormal basis for L?(R), and are eigenfunctions of the FT,
i.e., Fh, = (—i)"hy,. Consequently, given f € L?(R), its FT admits the
expansion Ff =Y 2 (f, hn)(—i)"h,, which suggests a fractionalisation F;
of the F'T, namely

(1) Fof = (fiha)e ™ hy  (t€R).
n=0

The operator defined by equation (1) is known as the fractional Fourier
transform (frF'T). Tt satisfies Fo = id, F /o = F and Fs o Fy = Fyyy. Hence
the mapping ¢ € R — F; is a periodic embedding of the line into a one-
parameter Lie group of unitary mappings of L%(R).
1 d?
The Hermite operator H is defined by H = o\ 2 + 22 — 1) and has
x
the Hermite functions as eigenfunctions, i.e., Hh,, = nh,. From this we see

that the F'T may be written as the operator exponential
(2) F = exp(—i(m/2)H),
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and the frFT may similarly be written as F; = exp(—itH) (t € R). From
(1) we have an expression for the kernel Ky(x,y) through which the frFT
acts:

Ki(w,y) =Y e " ha(@)hn(y).
n=0

This sum may be computed in closed form through the Mehler formula:

K, 9) =\ 77 L expli(—(eset)oy + (cott)a? +57)/2)) (wy < R),

an elegant proof of which may be found in [7]. Notice that when t = 7/2
we recover the Fourier transform kernel (27)~1/2e=#=w),

In higher dimensions, the Hermite functions, Hermite operator and frF'T
kernel have definitions based on tensor products of the one-dimensional
definitions, so that in dimension d the Hermite operator takes the form

1 o
Ha = 5=+ [of? —d) (where Ag = S0, 75
J

r € R%) and for z,y € R?, the frFT kernel becomes

is the Laplacian on RY,

—ie't csct

/2
5 ) exp(i(—(csct)(z,y) + (cott)(|z[* + [y[*)/2))-

Kd,t (l‘, y) = (
2.2. Clifford Algebra. In this section we give a quick review of the basic
concepts of Clifford algebra. The interested reader is referred to [5] for more
details.

Let {e1,e2,...,e4} be an orthonormal basis for d-dimensional euclidean
space R?. The associative Clifford algebra Ry is the 29-dimensional algebra
spanned by the collection

d
Udea: A={irig,... 5} with 1 < iy <ip < -+ <ij < d}
j=1
with algebraic properties ey = 1 (the identity), e? = —1, and if j < k then
e(jk} = €jek = —eke;. Here () is the null set and we often abuse notation
and write ey = eg = 1. Notice that for convenience we write ef;; = e;.
In particular we have Ry = {)_ ,zaea; x4 € R}. Similarly, we have the

complexified Clifford algebra C; = {>_ , z4e4; za € C}. The canonical
d
i=1

R,. For this reason, elements of R, of the form Z;l:l xje; are also known
as vectors. Notice that R; decomposes as Ry = Ag ® A1 @ ... Ay, where
Aj ={>_|4=; vaea}. In particular, A is the collection of scalars while Ay

mapping of R? into Ry maps the vector (21,2, ...,24) € R to > xjej €

is the collection of vectors. Given x € Ry of the form « = ), x4e4 and
0 < p < d we write [z], to mean the “Ap-part” of z, i.e, [z], =37, 4=, Ta€a.

If 2,y € Ry are vectors, then 22 = —|z|? (a scalar) and their Clifford
product zy may be expressed as zy = —(z,y) + z Ay € Ag D A2. Here (z,y)
is the usual dot product of x and y while x A y is their wedge product. The
linear involution @ of u € Ry is determined by the rules T = —x if x € Ay
while wov = v for all u,v € Ry.

As examples, note that Ry is identified algebraically with the field of
complex numbers C while Ry, which has basis {1, e1,e2,e1e2} and whose
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typical element has the form ¢ = a + be; + cea + dejey (with a,b,c,d € R)
is identifiable with the associative algebra of quaternions H.

2.3. The Clifford-Fourier transform. In [1], Brackx, De Schepper and
Sommen introduced the Clifford-Fourier transform in a manner analogous to
that of equation (2). We now briefly outline the construction. The angular
momentum operators L;; (1 < i,j < d) are the differential operators defined

9 _,9

3{[)]' J 81‘1

(3) I'= Z eiej[,ij
1<i<j<d

(with e;, e; Clifford units in Ry). The two Clifford-Hermite operators 7-[?;
are defined by

by Lij = x; and the angular Dirac operator I' by

Hy =HaF (T +d/2)

(where H, is the classical d-dimensional Hermite operator) and correspond-
ing Clifford-Fourier transforms .Fét are defined by the operator exponentials
f;lt = exp(—i(ﬂ/Z)Hf). Since Hq commutes with T', we have F; F, =
exp(—inmHy) = T where 7 is the inversion 7 f(z) = f(—z). Note also that
Fi = exp(—i(m/2)H)

= exp(—i(m/2)(Ha F (I' + d/2)))

= exp(£i(m/2)(T + d/2)) exp(—i(7/2)Hq) = exp(Li(m/2)(T + d/2))Fq
where Fj is the classical d-dimensional FT which acts by integration against

the scalar-valued kernel Ky(x,y) = (2r)~%2e=##¥). Consequently, given
f € L3R4 Ry),

FE1@) = [ expiln/2)(Ca+ d/2) Kala) £5) dy

from which we see that .Fdi acts by integration against the Clifford-valued
kernel

(4) Oy (2,y) = exp(xi(n/2)(Ty + d/2)) Ka(x,y).

In writing I',, we mean to emphasise that I is acting on the z-variable. We
define two fractional Clifford Fourier transforms (frCFT) by the operator
exponential th = exp(—it?-[f). Then F;tfd_t = Faq2¢ and the frCFTs act
by integration égainst the kernels C

(5) C(w,y) = exp(£it(T, + d/2)) Kay(a, y)
with Ky, the classical d-dimensional frF'T kernel.

2.4. Spherical harmonics and Legendre polynomials. A function f €
C%(RY) is said to be harmonic if Agf = 0. Let Q¢ be the space of all
harmonic polynomials of degree ¢ in d variables. A spherical harmonic of
dimension d is the restriction to S¢~! of an harmonic polynomial in d vari-
ables. Let H g be the space of spherical harmonics of homogeneous degree ¢
in d variables. Groemer [10] shows that the dimension of HY is

2€+d—2<€+d—2>

. dy .
dim(Hy) = N(d,?) = a2\ d_2
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Given a function f defined on R? and r > 0, we denote by R,.f the restriction
of f to the sphere rS% ! with centre 0 and radius 7. The homogeneous
extension operator X,. : CF(rS4=1) — CF(R?) is given by X,g(z) =g (ﬁ)
x
(z € RY). The tangential Laplacian A7 is now defined on C?(R%) by
d

ArF(z) = RAX, F(z) =3 ;;; (F (ﬁ))

=1

r=|z|

The tangential Laplacian may also be considered as operating on functions
defined on the unit sphere S%!, in which case it is known as the Laplace-
Beltrami operator. Spherical harmonics are eigenfunctions of the Laplace-
Beltrami operator. In fact, if F' € Hg, then ApF = —0({+d—2)F. If L #£ /1

then the spaces H g and H, g, are orthogonal with respect to the inner prod-

uct (F,G) = [ga-1 F(w)G(w)do(w) where do is the surface area measure
on S%°!. Further, we have L?(S%"!) = @ H{ and each F' € L%(S%1)
has a unique orthogonal expansion of the form F = > ;2  F; with each
F, € HJ. By choosing an orthonormal basis {Ygd}é\f:(il’g) for each HY,
we have an expansion of F € L?(S%!) in spherical harmonics, namely
N(d,¢
F = Y5 Sl (B Y)Yy
The Legendre polynomial of dimension d and degree £ > 0 is denoted PZd
_1)4 dZ
d defined by Pg(t) = ( 1—#%)77— (1 — )"
and defined by PE(t) = or oy w0 et )
where here and subsequently, ¥ = (d — 3)/2. Notice that when d = 3 we
-1 l d@
have ¥ = 0 and P}(t) = (2%? W(l — t2) = Py(t), the standard Legendre
polynomials of degree ¢. The collection {Ped}?io is orthogonal on the interval
[—1, 1] with respect to the weight function (1 — )7, i.e.,

1
PYOPIHY(1 =) dt = 6y pp—0
[ R0 -2 a5 s
with og = 27%2/T'(d/2) the surface area of the (d — 1)-sphere in R
Let L4 denote the second order differential operator defined by
d? d
Lo=(1—1)" —(d—1)t—.
=02 -
Ly is self-adjoint on [—1,1] with respect to the weight function (1 — t2)?.
Furthermore, each Legendre polynomial Péd is an eigenfunction of L4 with
eigenvalue —4(¢ +d — 2).
The connection between spherical harmonics and Legendre polynomials
is made by the following result [10].

Theorem 1. Letd > 2, { >0 and {Yg,j};v:(f’é) be an orthonormal basis for
Hg. Then for all u,v € S41,

N(d, ¢)

0d

N(d,0)
> Yo (u)Ye (v) = P ((u,v)).
j=1
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Inner products of zonal functions on the sphere (those of the form f(v) =
F({u,v)) for some fixed u € S9! and given F : [~1,1] — C) with spherical
harmonics have the following simple form [10].

Theorem 2 (Funk-Hecke theorem). If G is a bounded, integrable function
n (1,1 and Y € HY, then for any fized u € S=1, the function g,(v) =
G({u,v)) (v € S41Y is an integrable function on ST and

/S Y () do(0) = a4 100G (1)

where aq (G f G(t)P(t)(1 — t2)Y at.

3. THE ANGULAR DIRAC OPERATOR

In this section we collect a series of results which describe the action of the
angular Dirac operator I' on the classes of functions of interest. Since the
CFT and frCFT kernels are formed from exponentials of operators involving
I', we are interested in the behaviour of powers of I'. Given the obvious
observation that I' maps scalar-valued functions f into As-valued functions
I'f, we might expect that I'2f would take values in Ag@® As @ A4. This turns
out to be false as the following result shows.

Proposition 3. Let I'y denote the angular Dirac operator acting in R? as
defined in (3). Then, as an operator on C%(R%,Ry), we have

(6) 2 =—|z*Ar + (2 - d)Ty.

Remark 4. As an immediate consequence we see that the frCFT kernel,
being of the form Cy(x,y) = e ™= f(x,y) for a scalar-valued function f,
takes values in Ag & As.

The proof of Proposition 3 may be obtained by scaling equation (0.16) p
140 of [5] so that it applies to spheres of arbitrary radius. We supply here a
different proof which avoids any mention of the Dirac operator and uses the
beautiful commutation properties of the angular momentum operators.

Proof. First note that F' € C?(R%, R,;) may be decomposed as F' = , Faea
with each Fiy € C?(R%,R). Hence it is enough to prove the operator equation
(6) on scalar-valued functions F. Given such an F, T'2F = [[2F]o+[['2F]s+
[T2F)4, i.e., I2F is the sum of a scalar-valued function, a 2-form and a 4-
form. A straightforward computation gives

_ (- L
(7) ArF = AF - W=D pp W Z x; ’“axjxk
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OF
where E is the Fuler operator EF (x) = Z;l 1T oz, . Now

[T2F)y = Z ezejezejﬁ v

1<i<j<d
5 O°F OF 0*F oF 282
ey 2 T ;07 x; Ox;
(I & Yl -l
== —
j=1 1<i<d,i=j a axl
O*F OF  ,0°F
— 20— — T —— | =51+ Sa.
it Ox;0x; T 0z M &Uf] 1o
o 5 0*F
The sum S simplifies to S1 = —|z[2AF + dEF + Y4 S0 wjop———
= O0x;0xy,
and S2 becomes Sy = —EF. From (7) we conclude that
20 _ 2 2
(8) [[2F]g = —|z|?AqF + (d — 1)EF + Z};m] P (% = —|z|>)ApF.
Next we show that
(9) 3]s = (2 — d)T4F
for scalar-valued functions F'. The proof is by induction on the dimension
d. First, ['3 = (e1e2£12)? = —L3, so that [['3F]s = 0 and (9) is verified for

d=2. Suppose now that equation (9) holds for some d > 2. Then since
Tg1=Ta+ 20 eiear1Liar, we have

d 2 d
2 2
gy =|Ta+ E eieq+1Liar1 | =T+ E Lgeieqr1Lidrt
=1 =1

d d 2
(10) +> eicapLigila+ (Z €i6d+1£i,d+1> :

i=1 i=1
We deal with the terms in (10) separately. The first term on the right-hand
side of (10) is dealt with by the inductive hypothesis. Secondly, note that
Laeieqi1Ligr1 = 21<j<k<d ejereied+1LikLi a+1 so that upon extracting the
2-form part of this operator we obtain

Caeiedr1Liar1Fl2 = Z eiereiedr1LikLi g1 F + Z ejeieieqi1LjiLi g1l

k> Jj<i
= ereap1LinLlianF = ejeqpiLiilian F
k>i j<i
(11) = exeap1LirLlia F.
kit

Similarly, we have

(12) leied+1Lia+1TaF )2 = Z eqr1ekLi a1 LinF.
ki
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Combining (11) and (12) gives
Caeieqr1Li a1 F + eieqgi1Li gl aF)2
=Y ewearrLalianF + Y eaprerliaLinF

ki ki
(13) = ereap1[Lin, Liar)F =Y exeariLagipF
ki ki

where we have used the fact that if 1 < i < j < k < d+ 1, then the
commutator [L;;, Lix) = Lij Lk — LxLij = Lig. Turning now to the fourth
term on the right hand side of (10)

d 9 d d
( § ez‘ed+1£i,d+1> F = E E eiejLiav1L5a11F,
=1

i=1 j=1

so that, upon extracting the 2-form part of this quantity, we have

d 2
[(Zei€d+1£i,d+1> F] = Z eie; Li g1 Lj a1 F
2

i=1 1<i<d,1<j<d,i#j
= Z (eiejLiar1Ljar1 + ejeiljar1Liar)F
1<i<j<d
(14) = > eigjlliart, Ljan|F =~ Y eie;LijF = —T4F.
1<i<j<d 1<i<j<d

Combining equations (10), (13) and (14) gives

d
541 Fla=Q2—-d)TeF =Y > ereay1LlranF —TaF
i=1 1<k<d ki

d
(15) =(1—dTeF-> > ereq1LranF.
i=1 1<k<d k#i

On the other hand, the second term on the right hand side of (15) may be
written as

d
YY) eeariLian

i=1 1<k<d,k#i

d
(16) =(d=1)> eear1Ligr = (d—1)(Tas1 —Ta).
=1

Combining equations (15) and (16) gives

d
T3, Flo=(1—d)(Ta+ Y eieq1Liar)F
i=1
=(1-d)(Tg+Tgp1 —Tg)F =(1—-d)lquF.

Finally we must show that [[2F]; = 0. In dimensions d = 2 or 3, this is
clear since in these cases the Clifford algebra R, contains no 4-forms. For
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d > 4, [['2F]; may be written as

(17) [FZFL; = Z 6i€j€keg[,ijng

1<i<j<k<t<d

with £;;re a differential operator composed from the six angular momentum
operators L;j, Lik, Lir, Lk, Ljp and L. By a direct computation we find
that

LijLke — LiLje + LigLjr = 0.
Also, if 4, j, k, € are distinct, the commutator [L;;, Lre] = 0. Furthermore, in
the expansion of [I'3]4 in (17), we have
eiejekegﬁijkg = eiejﬁijekegﬁkg + €k€g£kg€i€j£¢j + €¢€k£ik€j€gﬁjg
+€j62£j£€iek£ik + eiegﬁigejekﬁjk + 6j€k[fjk€i6££i€
= 2eiejeper(LijLiy — LiwLje + LiLjr) = 0.
The proof is complete. U

In order to compute exp(itl'y) we need to compute powers of I'y. Iterating
Proposition 3 allows us to compute the scalar and 2-form parts of exp(itl'y) f
(f real-valued) in terms of the action of powers of (—|z|2Ar) on f.

Proposition 5. Let I'y and At be as above. Then for all integers n > 1,
(18) i = pn(=[2? A7) + gn(—|z[?Ar)Tq

where pn, qn are polynomials satisfying the recurrence relation

o (Gni)= () G): ()= ()

n+1(t) 1 2—d) \gu())" \q(t) 0
Proof. The proof is by induction on n. Since I'2 = —|z|2Ar + (2 — d)T4, we
are assured of the existence of polynomials p,, ¢, for which (18) is satisfied.
With pn, ¢, as in the statement of the proposition, the cases n = 0 and
n = 1 are immediate. Suppose then that (18) is valid for some value of

n > 1. Then since I' commutes with |z|?A7, an application of Proposition
3 gives

it = pu(—|zPAr)La + gn(—|z|*Ar)T]
= pa(=|2PA7)Tq + gu(—[x[*A7)(=[x[*Ar + (2 — d)Tg)
= (pa(—2[*A7) + (2 = d)gn(—|2|*A7))Ta — |2|* Argn(—|z[*Ar)
= pus1(—|zPPA7) + g1 (—|zP A7)y,

so that the matrix recurrence relation (19) is satisfied. The proof is complete.

O

We will be required to compute the action of the operator exponential
exp(itl'y) on real-valued functions of the form f(z) = F(|z|?, (z,y)) for
some fixed y € R? and F' € C?(R?). To do this we need to understand the
action of I'y and Ap on such functions.
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Proposition 6. Let F = F(t1,t3) € C?(R?), y € R? be fived and f(z) =
F(lzf*, (z,y)). Then

0*F
ot2

+ (1= d) o) 5y (ol (@), and

Laf(e) = (o h ) g (ol (2.,

Arf(a) = la| (|2 Plyl* — (2, 9)*) 5o (2], (2, )

The proof of Proposition 6 is through direct computation. As a conse-
quence, we have that if ' € C*°(R) and f(z) = F({x,y)) for some fixed
y € R%, then exp(itl'y) f(x) = u+ v with u taking values in Ay and v taking
values in Ay. Furthermore, from Proposition 6 we see that u = u(|z|?, (z,))
and v = (x A y)w(|z|?, (z,y)) with w taking values in Ag.

From now on we simplify notation by writing I' for I'; when the dimension
d is clear, but when appropriate we write I';, to emphasise that I' is acting
on the z-variable. Computation of the frCFT kernels requires knowledge
of the action of I' on several other types of functions. We now outline the
required results but suppress the proofs which are obtained through direct
computation.

Proposition 7. Let G € C'([0,00),C). Then if z,y € R?,

(zAy)
lz Ayl

Lo (G(lz Ayl)) = — (@, y)G' (| Ayl).

Proposition 8. Let f € C'([0,00),C) and g € C*(R?,Cy). Then

Lo (f(|z))g(2)) = f(lz))Tzg(x).

Proposition 9. Let f € CY(R,C), g € C*(R%,Cy) and y € R? be fized.
Then

Lo (f((,9))9(2) = (2, 9)) (= Ay)g(x) + f((2,9))Tag(@).

4. INITIAL VALUE PROBLEMS

We are now in a position to write down wave equation-type initial value
problems for the scalar part and 2-form part of the frCFT kernel.

Proposition 10. Let f(z) = F((x,y)) for some fired y € R? and u =
u(z,t), w=w(z,t) be real-valued functions such that

exp(itD) f(z) = u(z,t) + Tw(z,t).

Then u satisfies the initial value problem

0*u ou 9 d

w—i—z(d—Q)a— |z|“Aru (z € RY, ¢ >0)
(20) u(z,0) = f(z) (z€RY)

%ul  _ (weRrd,

Ot
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and w satisfies the initial value problem

Pw ow 9 d

@4—2((1—2)5—\1:\ Arw (zeRY t>0)
(21) w(z,0) =0 (zeRY

@w . d

atzo—zf(x) (x € RY).

Proof. Since u = [exp(itl') f]o we have

(22) — =i[Cexp(it]") flo

and, by Proposition 3 and equation (22),

0u .
Fra [—T% exp(itT) flo
— [[#Arexp(itT) [ + (d — 2T exp(itT) flo
— aAgu -+ (d — 2)[Dexp(itD) flo = |e[2Agu — i(d — 2)‘?91‘.
Putting ¢ = 0 in the definition of u gives u(z,0) = f(x). Putting ¢ = 0 in
0
(22) and recalling that T'f € Ag gives 87:’ =0.
t=0

With v = [exp(itI") f]2 we have, from Proposition 5

Zgrjf = Z@[pj(_WPAT)f+Qj(_|33|2AT)Ff]2

J=0 J=0

G0 1 (—lal2AD)T ]y = D

.t ]
withw =722, @qj(—]a;\QAT) f. Now, another application of Proposition

7l
5 gives
8(,;: = ZJZ:(:) (Z;.!)]qg'jtl(—!w\QAT)f
@y o2
> i [pj(=|2z|"Ar) f + (2 — d)gj(—|z[7 A7) f]
=0 I
(23) =iy Uy laPans +ie - dw.
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Yet another application of Proposition 5 to (23) gives

62 9 o] NG
v i(2 — d)—w — Z (Z;.!)]Pj+1(—|$|2AT)f

2
ot ot =
. ow > (it)7
=i =)%Y S O Py (~aPan
ot 4 4!
7=0
0
—i(2 - d)ait" + e Arw.
Putting ¢ = 0 in the definition of w gives w(x,0) = 0 since go(t) = 0. Also,
since ¢1(t) = 1, we have ow =if. O
ot |,_,

The initial value problems of Proposition 10 may be viewed as wave-type
problems on spheres centred at the origin in R?. Solutions to problems of
this type may be found through a variety of methods. Gonzalez and Zhang
[8] show that solutions can be computed by taking mean values of the initial
data over the intersection of the sphere with hyperplanes. The integral
formulae they develop seem impossible to compute in closed form. It is also
worth noting that the formulae are different in even and odd dimension d.
Since we are only interested in the situation in which the data takes the form
f(x) = F((z,y)), it is possible to use the classical method of separation of
variables to write down infinite sum expansions for the solution. In even
dimension we are able to compute these sums in closed form.

Proposition 11. Let f(z) = F((z,y)) = F(zcos0) with z = |x||y|, Fs(s) =
F(zs) (|s| < 1), cos@ = (x,y)/z, and u = uq(z,0,t), w = wy(z,0,t) be the
unique solutions of the initial problems of Proposition 10. Then, with oq
as in Theorem 2, ug and wy admit the expansions

> 0+ d—2)ett 4 gei(2—d=0)t
Uqg = Cq Z <( )

(24)

d
2W+d—2 >ad,£(Fz)N(d7£)P£ (cos®)

=0
o0 €Mt _ ei(?*d*f)t d

(25) Wq = Cq Z <2£_'_d_2>01d7[(Fz)N(d, K)Pé (COS 9)
=0

where cg = 0q_1/0q =T1(d/2)/(v/7T((d — 1)/2)).
Proof. We seek solutions of the initial value problems of Proposition 10 via
the method of separation of variables. Note first that the collection

Y (2) = v @Dy, L (2) (0< <00, 1<m < N(d,0), r= )

lm

is an orthonormal basis for L?(rS%1), the space of square-integrable func-
tions on the sphere of radius r, centred at the origin, and equipped with
the surface measure. Here the collection Yy, (1 < m < N(d,/)) is an
orthonormal basis for the space H, l?l of spherical harmonics in d-variables
of degree ¢. Because of the orthogonality of the spaces {H g}?io» we have

Jga1 Yé;{@)Yéﬂ (x) do(x) = 04,0 6. We look then for solutions of (20)

/’m/
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of the form
N(d,0)

(26) i am (DY) ().

¢=0 m=0
Rewriting (7) as Arf(z) = Af(z) + (2 — d)|z|2Ef(z) — |z|2E?f(z) and
observing that if f is homogeneous of degree ¢, then Ef(x) = £f(x), we find
2PArY) (@) = 62 - d - OY) (@).

With u as in (26) satisfying the differential equation of the initial value
problem (20), we have

24 U r
S+ ild= D5 = a0 +ild = a0V

lm

= |z|*Aru
= Z agm(t \x|2ATY£(72(x)

—§jwm 02— d—0Y)(x)

from Which we conclude that the functions ay,,(t) satisfy the differential
equation ay, (t)+i(d—2)ay,, (t) —(2—d—£)asm(t) = 0, which has solutions

agm(t) = c& et beme el (2=d=0t with ce,m and by ., constants. The solution
u of the initial value problem (20) then takes the form

(27) u= Z[c&mem + b&mem*d%)t]Y(” (x).
m
Differentiating both sides of (27) with respect to ¢ gives

ou

Fri Z illcgme™ + (2 —d— E)be,mei(%d%)t]y(r) ().

lm
£m

Setting t = 0 and applying the second of the initial conditions of (20) gives

—leg
bom = ﬁf’_[ Substituting this into (27) gives
oo N(d,0) /
D S 3 (R T
{=0 m=0

Putting ¢ = 0 into this last equation, evaluating both sides at ¢ = 0 and
applying the first initial condition of (20) gives

2—d—2¢ r
ctn( g Vi) = f(0)

(r)

The orthonormality of the spherical harmonics Y,/

Com 85 Com = ((L+d—2)/(204+d—2)) [ ga f(m)Yg(:g(:r) do(x) so that u

T

now gives the coefficients
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takes the form

UZZ (€+df2)6i€t+£6i(2_d_£)t
204+d—2

lm

(28) ([ 1OV ) v

Now we specialise to the case where f(£) = F((£,y)) for some fixed y € R?.
An application of the Hecke-Funk theorem (Theorem 2) gives

@) [ HOYSIOdo(€) = D ey 0 (Ve WD

where z = |z||y|. Substituting this into (28) and applying Theorem 1 now
gives equation (24).

The solution w of (21) has an expansion of the form (27), but the condition
w(x,0) =0 gives cgm = —bp .y, so that

(30) w = Zcfm th 2 d— e)t]Y(r)( )

Then 681;} =10 pmCom(20+d— 2)YZ(2(QU) = if(x) from which we find
t=0

that com = (20+d—2)7" [ qas f(&)ifegz(f) do(€). Substituting this into
(30) and applying (29) and Theorem 1 gives equation (25). O

5. CLOSED FORM SOLUTIONS OF THE INITIAL VALUE PROBLEMS

Evaluating the sums (24) and (25) in closed form for general data f(z) =
F({(x,y)) is the subject of the next few results. When the dimension d is
even, this problem is tractable, but when d is odd, no such closed form is
known. The problem seems to be the nature of the Legendre polynomials
in even and odd dimension.

Theorem 12. Let u, w be as in (24) and (25) respectively, v = (d —
2)/2, aq, be as in Theorem 2, cq be as in Proposition 11, and Bq,(G) =

fil L4G(s)(1 — s2)@=3)/2pd(s) ds. Then we have
9 wt du = d
(31) e\ g | = Z cos((£ + v)t)Bae(F.)N(d, £) P} (cos )

(32) g(ei”tw =icq Z cos((£ + v)t)ag e (F.)N(d, £) P{(cos ).

ot s

Proof. Differentiating (24) with respect to ¢ and multiplying the result by
wt
gives

O s> M2 (14 )t (PN )P cos),
=0

vt
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Differentiating again with respect to ¢ and using the eigenvalue property
LyPd = —€(f+ d — 2)P¢ and the self-adjointness of L, gives

gt(eivtg;‘) _ cdgio:cos((é + u)t)( / 11 F(zs)(1 — s2)@9/2 £, Pd(s) ds)
=0 -

x N(d,€)Pg(cos )
00 1
=cq Z cos((£ + v)t) ( / ) LyF(zs)(1 — s2)4=3)/2pd(s) ds)
=0 -

x N(d, 0)P{(cos )
which gives (31). Equation (32) is derived from (25) in a similar manner. [J

For the moment we restrict attention to the cases d = 2 and d = 4. When
d = 2, the initial value problem (20) collapses to the wave problem on the
circle:

Pu %
(33) u(6,0) = f(8) (0<8<2nm)
ou

— = < 2
o 0 (0<60<2m)

1
which has d’Alembert solution u = §[f(9 +t) + f(0 — t)]. Similarly, the

initial value problem (21) collapses to

Pw  Q*w

- _ 2= <

5 502 (0 <6< 2m)
(34) w(@,0) =0 (0<6<2m)

ow

—if(0) (0<6<2n)
t=0

ot

60—t
When d = 4, summing the series solution (24) and (25) is significantly
more complicated. In this case, (24) becomes

which has d’Alembert solution w = % ovt flp)de.

o0

u = CZ </ F (2 cos ) P}}(cos ¢) sin® godgo)
¢=0 70
X (€+ +2)e 4 e cosf).
35 C+1)[(0+2)e + te " HD P} cos O
i 1
The Legendre polynomials P} satisfy P}(cos6) = W with a a

constant — the value of which is, for the moment, unimportant. Equation
(35) then becomes

u= CQQ;.OO (/Oﬂ F(zcosy)sinpsin((£ +1)p) d<p>

sin((¢+1)6)

) Wt —i(£+2)t )
(36) X [(£+2)e™ + Le ](€+1)sin0
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Putting ¢ = 0 in (36) gives

2

u(6,0) =

</07r F(z cos ) sinpsin((€ + 1)p) dgo) sin((£ 4 1)0)

sin 6
=0
= wca F(z cos )

where we have used the fact that {/2/7sin((£+1)8)}72, is an orthonormal
basis for L2[0, w]. However u(f,0) = F(zcos#), so we see that c = 1/(ra?).
After differentiating with respect to t and multiplying by €%, we have

L Ou 2 & T
it - _= : :
e - ;:0 </0 F(zcosy)sinpsin((€+ 1)p) dcp)

sin((£ + 1)¢t) sin((£ + 1)0)

< Ht+2) (0 + D)sin0

and, after another differentiation with respect to ¢,
0 ( i 0u 2 — T . )
g (e 8t> =—— Z (/0 F(zcosp)sinpsin((£+ 1)p) dcp)ﬁ(ﬁ +2)
" cos((£ + 1)t)sin((£ + 1)0)

sin 0

1 (e.¢]

S ; (/O7r F(zcosp)sinpsin((£+1)p) d¢)£(€ +2)

™

" [sin((¢ +1)(6 +t)) +sin((£ + 1)(6 — t))] '

sin 6

(37)
The eigenfunction property of {P/}°, may be written

—{(L+2)(1 = *) 2P/ (s) = % [(1 - 32)3/2;813;‘(5)]

d d
so that with G(s) = P [(1 - 52)3/2d8(F(zs))], the integral on the right
hand side of (37) becomes
—(L+2) / F(zcosy)sinpsin((£ + 1)p) de
0

— _w /7T F(zcos @) sin® o P} (cos @) dp
0
_ _W“(“U/l F(zs)(1 — s2)/2P}(s) ds

_ (¢+1) /1 F(zs)di [(1 B 82)3/2%P21(8) ds

« 1 S
= (¢ Z ) _11 G(s)P}(s)ds

_ /0 " G(eos o) sin((€ + 1)) dip.
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Substituting this into (37) and using the orthogonality and completeness of
the functions {/2/msin((£+ 1)¢)}72, on [0, 7] gives

L) g ([ Gteosipsinite+ g a )

X [sin((€ 4+ 1)(0 +t)) +sin((£ + 1)(0 — t))]
[9(0 +1) +g(0 — )]
2sin 6

where g(0) = G(cos ). Integrating both sides of (38) with respect to ¢ gives

(38) =

Zau 1 0+t
et8t_2sin9/9 t g(u)du+ H(0)

with H an arbitrary function of the single variable 6, but the initial condition
ou

a5 . =0 gives H = 0. Hence

1 t ) 0+s
(39) u= g /0 ’ /0 gfu) duds+ (0
with J an arbitrary function of the single variable 6. Applying the initial
condition u(z,6,0) = F(zcosf) gives J(f) = F(zcosf). Integrating the
outer integral on the right hand side of (39) by parts gives

(40)
/Ot e is /::S g(u) duds = ie™® /60+tg(u) dui /Ot e=i5[g(0+5)-+g(0—s)] ds.

—t

2

But G(s) = (1 — 52)3/2%(1?(%)) _3s(1— 52)1/26%(1?(25)), s

d
— [sin® wF’ (2 cos u)],

9(u) = Glcosu) =  sinu du

and therefore, with an integration by parts we have

t ‘ ) 0+t efiu d
/ e—zsg(e + 8) ds = —zele / —_ [(sin3 U)F/(Z COS U):| du
0 0

sinu du
. u=0-+t
= —ze¥ [(cot u — i) sin® uF’(z cos )

u=60

0+t
— / —(cotu — 1) sin® uF'(z cos u) du]
0

du
= —ze "sin?(0 + t)F'(z cos( + t)) 4+ zsin? F'(z cos 6)
(41) + e (F(zcos(f +t)) — F(zcosf)).

A similar computation gives
t
/ e ¥g(0 — s)ds = —zsin? 0F'(z cos ) + ze " sin?(0 — t)F'(z cos(f — t))
0

(42) + e (F(zcos0) — F(zcos(0 —t))).
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Also, yet another integration by parts yields

0+t 0+t
/ g(u)du = G(cosu)du
0—t 60—t

cos(0—t) G(S)
= / ds
cos(0+t) V 1—s2

B cos(0—t) 1 i o 3/21
- / ony s (s
= zsin?(0 — t)F'(z cos( — t)) — zsin?(0 + t)F’(z cos( + t))
—cos(0 — t)F(zcos(d —t)) + cos(0 + t)F(z cos(f + t))

cos(6—t)
(43) + / F(zs)ds.
cos(0+t)

Combining equations (40)-(43) now gives

t ] 0+s .
/ e / g(u) duds = e~ sin(0 + ) F (2 cos(6 + 1))
0 0—s

+ e sin(f —t)F(zcos(d —t))
cos(0—t)

— 2sinF (zcosf) + ie ™ / F(zs)ds.
cos(0+t)

Applying this to (39) now gives
it

U= 5oy sin(@ + t)F(zcos(0 4+ t)) + sin(f — t)F(z cos( — t))

cos(6—t)
+1 / F(zs) ds} :

os(60+t)

This completes the computation of © = uy. The Ao-part of el f is T'w with
w given by (25). When d = 4, this sum becomes

e e sin(¢ 4+ 1)t 4
_ : 1 :
w nf 2 0t (/0 F(zcosp)sin((€+ 1)) smgodgo)

x sin((¢+ 1)8)

so that
) 2 T
gt(e”w) = sciiﬂ 4 (/0 F(zcosyp)sin((£+1)p) sinapdap)

x cos((£ + 1)t)sin((£ + 1)0)

and by putting ¢ = 0 in this equation and using the orthogonality and
completeness of {/2/msin(¢+ 1)¢}22, in L%[0, 7], we find that the constant
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cis in fact ¢ = —2i/(ma?). Hence

i =23 ([ Feems s e smpds)

" cos((£ + 1)t)sin((£ + 1)6)

sin 0
i [sin(@ +t)F(zcos(d + 1)) +sin(d — t)F(z cos(d — t))]
2 sin 0 ‘

Integrating both sides of this equation with respect to t gives

etw = 25iin9/0 [sin(0+s)F (z cos(6+s))+sin(6—s)F(z cos(0—s)] ds+ K (0)

but putting t = 0 and applying the initial condition w(x,0) = 0 gives K =0
so that

je—it cos(6—t)

= F ds.
2sin 0 cos(0+t) (ZS) i

We’ve shown the following.

Theorem 13. Let u = u(z,0,t), w = w(z,0,t) be the unique solutions of
the initial value problems (20) and (21) of Proposition 10 where d = 4,
f(z) = F({(z,y)) for some fired y € R* and z = |z||y|. Then

—it

7 [sin(@ +t)F(zcos(8 +t)) + sin(6 — t)F(zcos(6 —t))

cos(6—t)
+1 / F(zs) ds}
cos(6+t)

2sin

and

je—it cos(6—t)

= F ds.
2sin 0 cos(0+t) (ZS) i

6. CLOSED FORMS FOR THE FRACTIONAL CLIFFORD-FOURIER
TRANSFORM KERNELS

Recall from section 2 that in d dimensions, the fractional Clifford-Fourier
transform kernels Cfft(x, y) may be written as

CT (x,y) = 52 exp(Litly) Kqy(x,y)

where K4+(z,y) is the classical (d-dimensional) fractional Fourier transform
kernel as defined in section 2. When d = 2, z = |z||y|, cosf = (z,y)/z and
f(0) = Koy(x,y) (y, |z| fixed), the d’Alembert solution of (33) gives the
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scalar part of the frCFT kernel C2+,t(I’ y) to be

Z'e2zt

o cot(t)(|z)2+|y|?)/2 [e—iz csc(t) cos(6+t) + e~z csc(t) Cos(&—t)]

ua(6,1) = 4msint
— _ ie*t & cot(t)(|m|2+|y|2)/2e—iz csc(t) cos(0) cos(t)
4dmsint
> [eiz csc(t) sin(0) sin(t) + e~z csc(t) sin(0) sin(t)]
_ I o) el 2w 2 gizsin(0) | izsin(d)]
4dmsint
_ I icot®eul/2 o2 sin(9))
2msint

- 24t
_ _Z(.i;eicott\x*ypﬂ cos(|z A yl).
sint

Similarly, with w as in (21) and d = 2 we have w(0,t) = % 99_+tt Ko (p,t)dy

so that the Ao- part of the frCFT kernel takes the form

ow €162 o9 4 o 11
v=Tw=eeg— — 12 2t icot(t)(|z[*+]y|%)/2
290~ 4rsint

—iz csc(t) cos(0+t)

e~z csc(t) cos(Bft)}

X [e

_ i€1€2 o icottlz—yl?/2

=_—F——¢€""¢ sin(|x A y|).
2msint ( ul)

Consequently the 2-dimensional frCFT kernel is

i 521t
e ; _ul2 .
Coal,y) = = e OO 2 cos([ A ) = ereasin(fo A y))

i 24t
_ " icot(t)le—y[*/2,~(zAy)
2msint

and, putting ¢t = /2 we obtain the Clifford-Fourier kernel in 2 dimensions:
—(zny)
e

C2($7y) :CQ,W/Q(xay) =1 T
When d = 4, the scalar part us(6,t) of the frCFT kernel takes the form
s = w4 0@ wi
4=1uy’ +wuy with
3
WU out(al )2
4 872 sin fsin® ¢
« [sm(9 + t)efiz csc(t) cos(6+t) + sin(9 o t)efiz csc(t) cos(97t)]
3
_ et eicot(t)(|w\2+|y\2)/2efizcot(t) cos(0)
472 sin @ sin? t
X [sin(f) cos(t) cos(z sin 6) + i cos(f) sin(t) sin(z sin 0)]
o3it
~  4n%singsin’t.
X [sin(@) cos(t) cos(|z A y|) + i cos() sin(t) sin(|z A y|)]

icot t|xz—y|?/2

it
= C eicot®le—yl*/2 cos(t) cos(|z A y|) + i(x, y) sin(t)

sin(|z A y])
4Am2sin2t

|z Ayl
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and
ol 0—t) _2i
U(Q) _ _L /COS( ) ieicot(t)(|x\2+|y‘2)/2efizscsc(t) ds
4 2 o3 )
8m sin ¢ cos(f+t) SN t
= _ﬂeicot(t)\x—m?ﬂw
42 sint zsin 6
= _ﬂeicot(t)\x—yppw
4m2sint iz Ay

so that the scalar part of the four-dimensional frCFT kernel becomes

3it :

- _ € icot tjxz—y|?/2 t(t A . <$,y> 1 sm(|:1: A y|)
on prCp— cot(t) cos(|xAy|)+i |x/\y|+ Tayl |
The 2-form part vy of the frCFT kernel is given by vy = 'wy with

. 9—
Wy = - it eot( ()2 / OO seselt) g
872 sin @ sin’ ¢ cos(0-+)
_ 3t el cot(t)(|z|2+|y|?)/2 [e—iz csc(t) cos(6—t) e~ csc(t) cos(0+t)]
82z sinfsint
_Z'e?)it

icot(t)|z—yl|?/2

e sin(z sin 0)

T 4n2rsinfsint
_ e sicot(v]a—y[?/251(|Z A y])
472 sint |z Ayl

Hence

: 3t .
vy = Doy = — & gicot()(el>+yl)/2p [e—icotuxm sin(|z A y|)]

T An?sint” |z Ayl

where we have applied Proposition 8. Propositions 9 and 7 now give

o — o (aPHyP) 2 (o~ (i/2) cot(t) () S0Z A Y])
4= —e . e

A2 sint |z Ayl
_ T oy /2 B AY —icor(t) )

472 sint |z Ayl

o ot~ )
X | —icot(f)sin(|z Ay —z,y(
|~ dcot(t)sinfle Agl) — (o) o
Z'63it

_ gicot(®)z—y>/2 LAY
472 sint |z Ayl

X [z cot(t) sin(|z A y|) + (z,y) <

|z A y| cos(|z Ay|) — sin(|z A yl)
lz A yl? '

The four-dimensional frCFT kernel is then

C4,t(x7 y) = U4($, Y, t) + 04(1"7 Y, t)
_ N icouvla—yP/2
4m2sint

(z.y)z Ay . TAyY sin(|z A y|)
X emy<—cott+z< >—z (x ANy + (z,y) ———==
[ |z Ayl? |z Ayl? [z Ayl
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where we have used the fact that (z A y)? = —|z A y|> and hence e®\Y =
TNy
cos(|z Ayl) +
|z Ayl
CFT kernel

1 (z,y)(xANy)  (zAy)
C - TA\Y ’
)= | T A T AP

sin(|xz Ay|). Putting t = 7/2 gives the four-dimensional

sin(|z A y)

() + e AU

7. METHOD OF ASCENT

In section 5 it was shown how solutions of the “d-dimensional” initial
value problems (20) and (21) — which take place on spheres in R? — may
be computed via expansions in Legendre polynomials Pgd, and how closed
forms for these expansions may be determined from addition formulae satis-
fied by these polynomials, at least in dimensions 2 and 4. In this section we
give details of a “method of ascent” for computing solutions of the (d + 2)-
dimensional versions of the initial value problems (20) and (21) in terms of
solutions of the d-dimensional versions of those same initial value problems,
with different initial data (d > 3). Since we have closed forms the solu-
tions of the 4-dimensional initial-value problem (Theorem 13), we have as
an immediate consequence a means of computing closed forms for the solu-
tions of the even-dimensional problems. As a special case we can compute
(iteratively) all even-dimensional frCFT kernels.

We start with the expansion (24) of the solution ug(z,y.t) = u4(z,6,t) of
the initial value problem (20). The solutions of the initial-value problems
(20) and (21) may of course be viewed as time-evolutions of the initial data
F. We therefore, when convenient, write uq(z,y,t) = uq(F)(x,y,t) and
wd(a:? Y, t) = wd(F)(‘Ta Y, t)'

It is more convenient now to work with a different normalisation of the
Legendre polynomials PKd. We use instead the Gegenbauer polynomials C}/
which are related to the Legendre polynomials by

Y (+d—-3
(44) = ("1 v=w-op
and satisfy the differential recurrence relation [10]
d ., y . d .,
(45) @Ce (W) =200y} (W) (£>1) with @C’O (w) =0.

We'll also use the Fourier transform relation

! “1/2 iax T2l =T (2p 4 n)
@) [ (-t @) de = e )
which is valid provided u > —1/2 [9]. Here J,4, is a Bessel function of

the first kind and we understand that the function K, ,(a) = a™#J,4u(a)
is an odd function if n is odd and is an even function if n is even. The data

1 <

0 else

has Fourier expansion

(47) Fi(s) = o= / ) FL(€)e™ de
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so that an application of (44) and (46) with = v = (d — 2)/2 gives

Y4 00

? (d — 3)! o Jf-i—u(g)
4 F,)=——7—/— F,
which will be valid provided d > 3. We write to F. to mean (F,)". Note
that F. = z(F'),.

dg,

Theorem 14. Let ug = ug(z,0,t) and wy(z,0,t) be the unique solutions

of the initial value problems (20) and (21) of Proposition 10 where f(x) =

F({z,y)) for some fized y € R and z = |z||y|. Then uq = ug + ug where

ei”tufl is the odd part (with respect to t) of e"'uy and e“’tug’l s the odd part
(with respect to t) and if d > 3,

et Ous(F)
z  Ow

d e " ouy(F)
-2 z Ow

(49)  ug(F') = Puga(F) =<

e~ Qwg(F)

(50) wy2(F') = P

Proof. From (24) and (48) we have
o

2" T (v +1/2) et | o—i(b+d—
0 +d—2)e + re i(l+d—2)t
P O(NE )

Ud(Z, 9’ t) =Cq

x it < / T RO lE) ds) CY (w)

—0oQ
where we've used the fact that (d — 3)! = I'(2v) and the Gamma function
doubling formula [9] T'(2x) = 22*~1T'(2)T'(z + 1/2)/+/7. This expansion for
uq(2,0,t) may be rearranged to obtain ug = u§ + ug where

(51) u§ = %e—iutZié(f—F v) cos((£ + u)t)(/oo 1/?:(5) Jotv(§) d{) O (w)

i —o0 134
and
(52) ug _ Z-,ydef'iut Z ie sm((€ + I/)t) < /Oo E(ﬁ) J@—lg;(g) df) Cg(W)
=0 -

with 74 = ¢42"7'T'(v + 1/2)/y/7. Note that e®*u is the odd part (with
respect to t) of e"tug and e™'ug is the odd part (with respect to t) of e™tug.
We now apply (45) to obtain

8u§LF) = 2yge” ¥t io: (0 + v) cos((£ + v)t)
=1
< [ F@ gt ac) i

= 2y4e” " Z T4 v+ 1) cos((€ 4 v+ 1)t)
=0

X < /_ Z FL(&)€ " s (6) d£> CyH (w).
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Integration by parts gives (F/Z)(g) = F(2)e™™ — F(—z)e + ifﬁ(f) and
applying (46) with a = —1 yields

/_ e B2y a0 (€) dE = (€72 Ty as9) (1)

= coa(xo1,)(@) (1 — 2?2200 ()|
Similarly, [0 e®¢=42J,, 4/9(€) d¢ = 0. Hence,

o0 €

0.

z=1 =

8u§£}F) = 2y4e "2 ; (0 +v+1)cos((L + v+ 1)t)
oo — J ” »
>< ( | i d€> CrH(w)
d . ,
(53) :zd_liié%mﬂF)

d—1
since F! = z(F"),. However, o4 = 27%?/T(d/2), so Cd_ _ _
Cd+2

therefore, from (53) we conclude that u$ satisfies the first equation of (49).
The odd part, ug(F) of uq(F') takes the form (52) so that an application
of (45) gives
Oug(F e © ~ Jir
“gi ) = i 3 sin((€+y)t)< / Fo(e) 2o dg) CrH (W)

=1 &
=2ivenae 3 sni(e v+ 0o [ 0 MEE S de) oo

£=0 -
it Cd v i (d—2
ot e = 2 et

from which we conclude that ug satisfies the second equation of (49).
From (25) we have

wa(F) = 22677 3" i sin((6 + v)t)( | Fe Terr(€) dE) C¥ (w).
/=0

and

v — —oo 134
Differentiating this equation with respect to w and applying (45) yields
owq(F ot
ugf}) = 2iygze ! Z it sin((0 + v+ 1)t)
=0
o0
o oy Jerv+1 (€ v
([T e a)erie
—00
i cd v+l / it /
— et VT o (F) = ).
ze ca v T 1/2wd+2( ) = ze" wgio(F")
This gives (50). O

These results are valid only when d > 3 — note for example that the
second of the equations in (49) is undefined when d = 2. Similarly, the
right hand side of (24) is undefined when d = 2. The two-dimensional case
is slightly different from those of higher dimensions and, as we will show,



26 M.J. CRADDOCK AND J.A. HOGAN

the solution of the initial-value problem (20) in dimension d = 4 cannot be
fully determined from the solution in dimension d = 2. The means that
to compute the higher even-dimensional solutions, it is not enough to start
with the 2-dimensional solution — one must start with the 4-dimensional
solution, which is given by Theorem 13. To explore this, we need first to
write down the two-dimensional version of (24).

In dimension d = 2, an application of separation of variables to the initial
value problem (33) with f(6) = F(zcos 6) gives

1 27r

uz(z,0,t) = = p)dp + — Z ( @) cos({p) d<p> cos(£0) cos(lt)

(54) :1 1 j% < / F(zs)—28) ds) cos(£9) cos((t)

where {T;}7°, are the Chebyshev polynomials T(s) = cos({cos™!s) (|s| <
1). As in the higher dimensional case we apply the Fourier expansion (47) to
the integrals on the right hand side of (54) and apply Fubini to the resulting

1 j\%)—is?ds = i Jy(€) (€ > 0)

double integrals as well as the identity f
[9] to obtain (with w = cos#)

w(zwt) = 3 [ F(©(e)de

—00

(55) St (7 T e de ) T costen).
i [ Femiec)n

Observe from (55) that ug(F) = 0. Consequently, the odd part ug of the
four-dimensional solution cannot be obtained from u$.
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