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1 Introduction

Let 7 be an irreducible unitary cuspidal automorphic representation of GLg, (A),
where A is the ring of adeles associated to a number field k. The exterior
square L-function L(s, 7, A%) has been studied extensively by the Langlands-
Shahidi method ([Sh88]) and by the Rankin-Selberg method (the work of
Jacquet-Shalika in [JS90]). The known properties involving 7w and L(s, 7, A?)
are summarized in Theorem 2.2 in [Jng06]. The main result of [JS90] (see
also Part (5) of Theorem 2.2 in [Jng06]) says that the existence of the pole at

s = 1 of the (partial) exterior square L-function L(s, 7, A?) is characterized
by the nonvanishing of the Shalika period attached to 7.

In this paper, we show by a different method that the nonvanishing of
the Shalika period attached to 7w implies the existence of the pole at s = 1
of the exterior square L-function L(s, 7, A?). This method was initiated by
Jacquet and Rallis in [JR92] and developed in [Jng98]. The more detailed
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account of this method as one useful approach to determine the existence of
poles of Eisenstein series or related automorphic L-functions can be found
in [GJRO4a], [Jng-ecun], and [Jng-aim|. It is an interesting and important
problem to find suitable period conditions which yield the existence poles of
Eisenstein series or related automorphic L-functions in general. The relations
between periods of automorphic forms and the Langlands functoriality con-
jectures, and applications to number theory can be found in [J97], [Hd87],
[HLR&6], [Hr94], [GP92], [GP94], [IMR99], [JLR99], [GJRO1], [GJRO4b],
[GJRO5], [0d01], [JLZ06], for instance.

Following the idea of this approach, we find a generalized Shalika period
for automorphic forms on SOy, (A), which SOy, is the k-split even special
orthogonal group. The definition is given in §4 for the global generalized
Shalika periods for automorphic forms on SOg,(A), and in §2 for the local
generalized Shalika functionals for irreducible admissible representations of
p-adic group SOy, (k,), where k, is the localization of the number field & at
a finite local place v of k.

Some basic results have been established in §2 and §3 for the local general-
ized Shalika functionals, which classify the unitarily induced representation
I(s,7) of SOy4p(k,) from the supercuspidal datum (M, 7) attached to the
standard Siegel parabolic subgroup

P =MN = GLy,N

of SOy4,. More precisely, it is proved in Theorem 1, §3, that (s, 7) admits
a non-zero local generalized Shalika functional if and only if the irreducible
supercuspidal representation 7 of GLa,(k,) (GLa, is the Levi part of P)
admits a non-zero Shalika functional and s must be 1. Moreover, in this case,
the non-zero generalized Shalika functional on I(1, 7) must factor through the
unique Langlands quotient of (1, 7).

The global version of Theorem 1 has been established in §4 for the gener-
alized Shalika periods, which is Theorem 3. It shows that the cuspidal datum
(M, ) has a non-zero Shalika period if and only if the residue at s = 1 of the
Eisenstein series on SOy, (A) associated to (M, ) has a nonzero generalized
Shalika period. As consequence, we obtain two applications. The first is
to determine the existence of the pole at s = 1 of the Eisenstein series in
terms of the nonvanishing of the Shalika period for the cuspidal datum, from
which the Eisenstein series is built. By Theorem 4.11 of [K05], the relevant
local intertwining operator can be normalized in terms of the Shahidi local



factor. Hence we obtain as the second application that the nonvanishing of
the Shalika period for 7w implies the existence of the pole at s = 1 of the
exterior square L-function L(s,r, A?).

It is worthwhile to mention that the Fourier coeeficients attached to the
generalized Shalika model considered in this paper for SOy, is analogue of
the Fourier coefficients considered for symplectic groups Sp,, by Piatetski-
Shapiro and Rallis in [PSR88] in order to obtain a new way to study auto-
morphic L-functions and by J.-S. Li [Li89] to study the distinguished cuspidal
automorphic representations of Sp,,, (A), and that for the quasi-split unitary
groups in the more recent work [Q]. We consider the generalized Bessel
models for a certain family of residual representations of SOy, (A). It is in-
teresting to consider the generalized Shalika models for cuspidal auotmorphic
representations of SOy, (A) as well.

The first named author is supported in part by NSF grant DMS-0400414.
The main part of the work was carried out during his visit in the Mathematics
Institute of the Chinese Academy of Science, Beijing. He would like to thank
the Institute for hospitality and support.

2 Generalized Shalika Models

Let k£ be a nonarchimedean local field of characteristic zero, ¥ be a nontrivial
character of k. Denote by G = SOy, the k-split even special orthogonal group
of rank 2n, with respect to the non-degenerate symmetric form given by

12n
12n ’

We consider the Siegel parabolic subgroup P of G given by
P =GLy, - V. (2.1)

Let A,, be the set of skew-symmetric matrices of degree 2n. We may write
elements of V' as
12n z .
v = , with 2z € Ay,.
12n

Let b € Aj, be a nonsingular skew-symmetric matrix, define a character 1°
of V by

VP(v) = Y (5tr(b2)). (2.2)
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The stabilizer of the character ¢° in GLa, is Sp5,, the symplectic group with
respect to b,

Sph, = {9 € GLa,| ‘gbg = b}. (2.3)
Form a group
Hb:=8ph - V. (2.4)
It is clear 1® can be extended to be a character of H® by
V'(g,v) = ¢"(v), (g,v) € H". (2.5)

e = (1'.1)“[’ Jo = (_gl gl). (2.6)

Then J3, € As, is nonsingular skew-symmetric matrix. We will drop the
superscript “b” of ¥, H® and Sph, if b = Ja,.

One of the main problems in this section is to decompose the flag variety
P\SOy,, into H orbits. Firstly we have the following Bruhat decomposition.

Proposition 2.1. The group SOy, decompose into 2n+ 1 cosets with respect
to (P, P), and their representative are given as follows:

12n—j
L . j=0,...,2n.
12n—j

L
It reduces to calculate decomposition
P\Pw; P/H

for 7 =0,...,2n. In the following, we will denote by @,
parabolic subgroup of GLs, with Levi part

n, the standard

.....

GL,,, x GL,, x --- x GL,,.

Let V,,, . n, be the nilpotent radical of @, . »,-
Consider the double coset decomposition

P\Pw; P/H = w;'Pw;NP\ P /H (2.7)
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One can check that
w;'PwjNP = Qo jjVj (2.8)

where Vj is the subgroup of V' consisting of elements of the following type:

1 z . [y
( 1), Wlch—(_ty Oj)'

Since P normalize V', we obtain
P\Pw;P/H = Qan—j j\GLa2n/Spy,. (2.9)

If 0 < j < n, the set representatives of Q2,—;, j\GLa,/Sp,, can be chosen as
follows:
1;
0 letnjygrpz O
w=| 0 T (2.10)
L9 0 0
Livry2
with 0 < ¢ < j such that »r = j — ¢ is even. We notice here ~; is chosen such
that
&

Jon—iyer 0O
N ‘=7 J2n t’}/i = A 0])+ Jr (211)

Similarly, if n < j < 2n, the set of representatives of Q2,,—; ;\GL2,/Sp,, can
be chosen as

Liyr/2
0 0 1
V= i 0 0 (2.12)
0 1, 0

L;
for 0 <1 < 2n — j such that r = j — ¢ is even. 7/ is chosen so that
&i
Jo(n—; 0
i =% Jan i 0 7 (2.13)

In conclusion, our computation implies the following result
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Proposition 2.2. Notation as above.
n J
P\SOy,/H = szo L_% Puw;viH U Pwy, i~/ H. (2.14)
i=j(mod 2)

The character ¢ will be used in the computation of Fourier coefficients of
Eisenstein series. Before we study properties of double cosets of P\SOu,/H,
we give a formula of it. Let z € Ag,. Write z as

= (_fT ‘T/) (2.15)

with S € M(2n—j)><(2n—j) and

S:(Sl 82)7T:(t1 t2)7V:
S3 S4 t3 t4

It is clear that

(:; zi) . (2.16)

—19g; * * *
- i 34J2<:—j)+r vl*Jr i (2.17)
* * *  —lag;
Hence
Y (z) = Y (itr(zm)) = (—tr(tegs) + 3SaSo(nmj)ar + 301). (2.18)

Let 0 < j < 2n, 0 < i < min(j,2n — j) so that r = j — i is even. It
can be checked directly that Qa,—; ;N Spa, has a Levi component consists of
elements of the following form

A
. (2.19)

F

with A € GLan, D € Spy,,_j) 4,y E € Sp,, and F = ¢; "A™"¢;. The unipotent
radical of Q N Spa: is a subgroup of Vi2(n—j)+rri consists of elements of the
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following type

1 X ST
1 0V
Ly (2.20)
1
satisfying X = &; "V Joujyir, S = €; 'Y J, and
"Te; + 'V ismjysrV + Y IY — T = 0. (2.21)
Note that
PN wj%H%_ij_l =w;(PN H”i)wj_l. (2.22)
Hence P Nw;viH~; le_l consists of elements of the following form
a at 1 0 v b
q 1 =% 0
- U (2.23)
_tq—l ty tq—l 1
such that
a ab .
( tq_l) S QQ”—JJ N Spg; (2.24)
since the effect of Ad(w; ') on P NwjviHv; 'w; ! is
a at 1 0 v b
q . 1 =% 0
tat 1 0
_tq—l t tq—l 1
(2.25)
a ab 1 0 v—tih+b% ¢t
Ad(w; ) gt 1 —t 0
_
tat 1 0
—qth ¢ 1

Let L™ be the subgroup of GLs, consists of elements of the following type

(a7 q, t) = (a aqt) s Wlth t e M(2n—j)><j (226)



and A AX E
@= ( D ) ’ 1= (giAgiY 5iA5i) (227)

with A € GLZ, D e Sp2(n—j)+r7 FE € Spr? X € Mi,2(n—j)+r7Y € Mi,r- It is
clear from (2.23) and (2.24) that

L™ = Qop—j,; N wj'yiH%_ij. (2.28)

Proposition 2.3. Let 0 < j < 2n. For 0 < i < min(j,2n — j) such that
r = j —1 1s even, the dimension of the algebraic variety Pw;~vy;H is

d(j) =n’ = (j —n)*. (2.29)

In particular, open double cosets are Pw,v;H with 0 < i <n so thatn —1 is
even.

Proof. The mapping = — x7; ' induced an homeomorphism

P\Pw;~v;H — P\Pw;H". (2.30)
Since H" = ~v;H~;*, Ady; induce an homeomorphism

P\Pw;H — P\Pw;H". (2.31)
Hence the dimension of the algebraic variety P\Pw;v;H is the same as that

of P\Pw;H.
Assume ¢ = j. Since

dim P\ Pw;y;H = dim H — dim P Nw; H"w; ! (2.32)
By the structure of Qz,—; Nw;Spyiw; ' in (2.23), (2.24), we see that
dim P Nw;H"%w; " = (j —n)? + 3n°. (2.33)

Since dim H = 4n?, the result follows. O



2.4 Admissible double cosets

Let 0 < j < 2n be an even number. If i = 0, then L™ (cf. (2.26), (2.27)) is
the subgroup of (2,—; ; consists of elements of the following type:

A X
( D) s with A € Sp2n—j7D € Spj,X € M2n—j,j- (234)

We will write L for L™ if no confusion is caused. Let 6 be the trivial character
of L.

Let v be a representative of a double coset in U\ GLa, /L, where U is the
standard maximal unipotent subgroup of GLs,. We say that ~ is admissible
if for all w € U N~yLy~! we have

Yy(u) =1 (2.35)
where 1y is a generic character of U.

Proposition 2.5. Let 0 < 5 < 2n be an even number. Then every double
coset in U\ GLa, /L is not admissible.

Proof. We prove the proposition for 0 < j < n, the proof for j > n is similar
and we omit it.

Let ¢y, ¢ be two generic characters of U. Then there is a diagonal
matrix h in GLs, such that

Yo (u) = Yy (huh™), ueU.

Since h normalizes U, UvL is an admissible double coset for ¢y, if and only
if Uh~vL is admissible double coset for ¢y. Without loss of generality, we
assume that the generic character ¢y is given by

Vo) = v Z W) (2.36)

where ¢ is a nontrivial character of k.
Let W be the Weyl group of GLj3,, define



If we identify W with the symmetric group Sa,, then W; = Ss,_; x §;. It is
well known that
B\GLay,/Qon—j,; = W/W;. (2.38)
and
Q2n—j,j\GLon/Qon—j,; = WA\W/Wj. (2.39)

Take a set of representatives of Qa,—; ;\GLay/Q2n—j,; as follows:

lonjom O 0 0
0 0 1n O
0 1, 0 0
0 0 0 1,

, for 0 <m <. (2.40)

Then representatives of B\GLg,/Q2,—j,; can be chosen to be of the following
form
WWy,, for some w € Wj. (2.41)

Let v be a representative of U\ GLs,, /L. Then ~ can be chosen as
hww,,y (2.42)

where h is a diagonal element, y € GLa,—; x GL; be a representative of
Q2n—j,j/L. We need to show that ¢y is nontrivial on U N~yLy~t.

If m = 0, then we take v = hy with a diagonal matrix A and y €
GLa,—j X GL;/Spy,_; x Sp;. For z € k, let

u(z) = (upq) €U (2.43)

be such that u,, =1 for 1 <p < 2n and if p # ¢, upq = 0 unless p = 2n —
J,q=2n—7j+1, and ugy_j 2n—j+1 = 2. Assume that h = diag(h,. .., ha,),
then h

hlu(2)h = u(—L ) e L (2.44)

h2n—j
and y~*h~'u(z)hy € L. Hence u(z) € U N~ 'Ly. Since we can take z
sufficiently large such that v(z) # 1, vy is nontrivial on U N yLy~.
Let m > 0, then Ad(w;,') acts on Qa,—j ; by

A B S T

C D U V| Adwih (2.45)

QTN
oo W
<™

A
0
E F C
G H 0
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Here matrices in Q2,—;,; is written in blocks of partition
(2n —j —m,m,m,j—m). (2.46)

If m # 2n — j, from (2.45), we see that the B part and V' part of Qa,—j, ;
is nonzero. Let w = af for some a € Sy,—;, B € 5;. If « satisfies

a(l),...,a(m) > 2n—j—m,
am+1),...,a2n—7) < 2n—j—m, (2.47)
and [ satisfies similar condition:
/B(m—i_l)?'..?/g(j) S ]_m7 (2'48)
then Ad(w)™! acts on Qa,—j ; by
A/ B/ S/ T/ D* O* V* U*
¢ DU V| Adwt | BY O A* TF S*
G H F* E*

Here the matrix on the left side is written in blocks of partition

(m,2n —j —m,j —m,m), (2.50)
while the matrix on the right is in blocks of partition

(2n —j—m,m,m,j—m). (2.51)

The U’ part of the matrix on the left is moved to U* part of the matrix on
the right by performing column and row permutations to ‘U’. Note that v
is nontrivial on the U’ part on the left matrix of (2.49), which is move to U*
part of matrix on the right, which is invariant under Ad(w,,)™! as indicated
in (2.45). Hence ) is nontrivial on U N~yLy™!.

If one of (2.47) and (2.48) is not satisfied, say, a does not satisfy (2.47),
we claim that there exists u € U such that i(u) # 1 and

1 500
Ll 100
wuw = Lo (2.52)

1
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for some b € Ma,—j—m, m. Here the matrix is written in blocks of partition
(2n—j—m,m, m, j—m). Obviously, if this claim is true, then v is nontrivial
on UN~yLy™t.
In fact, if such u doesn’t exist, then for 1 < ¢ < 2n — j — 1, either
all) <2n—j—m,a(l+1) <2n—j—m, (2.53)

or
a(l) >2n —j—m. (2.54)

Then there is ¢y such that

a(l),....ally) > 2n—j5—m
allp+1),....,a@2n—j7) < 2n—j—m. (2.55)

Hence ¢y = m and « satisfies (2.47). This contradicts to our assumption.
Now let m = 2n — j, then j = m = n. Let

y = (a1 " ) ,  with ay,as € GL,. (2.56)
2

Denote temporarily the symplectic group for a;J; ta; by Spj(ai), then
Sp;(ai) = aiSpjai_l, fori=1,2. (2.57)
It is clear that

_ AU
yLy 1 — { ( D) | Ae Spj(al),D € Spj(az),U € Myxn, }7 (258)

and Utww,yL is admissible if and only if Utww, (yLy™') is admissible.
Recall the action of Ad(w,)™! on @, is

A X\ Adwn)"t (D .
( D) _— (X A) ., with A, D € GL,,. (2.59)

Decompose w = wywsy, with wy, ws € S,. Let u be an element of U, then
_ [ur U2
u= ( u4) (2.60)
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with uq, us4 in the maximal unipotent subgroups Uy of GL,,. Then

) o] = (M0 ) 261

It is well known that there is no admissible double coset of Uy\GL,/Spn,
equivalently, for every a € GL,, there exists u’ € Uy such that

Yo, (u) #1, and a 'u'a € Sp,,. (2.62)

Here 1)y, is the restriction of ¢y to Uy, which is a generic character of Uyp.
Now let a = wyay ', uy € Uy such that ¢y, (u) # 1 and

aswy fuywiay ' € Sp,,, (2.63)

which is equivalent to w; 'ujw; € Sp(az). Choose above u; sufficiently large,
we see that Utww,(yLy™!) is not admissible. O

Corollary 2.6. Let 7 be an irreducible admissible generic representation of
GLs,,. Then we have
dim(c HOIHL (T, 9) = 0. (264)

In particular, any irreducible generic cuspidal automorphic representation of
GLan(A) has no nonzero (L, 8)-periods.

Proof. The proof is similar to the proof of Corollary 3.3 in [GJR04a], we will
not give details here. U

3 Local Functionals

Let k be a p-adic field, 1) be a nontrivial character of k.

Definition 3.1. Let (0, V') be an irreducible representation of SOy,. We say
that o has a local generalized Shalika functional if Hom (o, 9°) is nonzero
for some nonsingular b in As,, i.e. there is a nonzero linear functional Ly on
V such that

Ly(o(h)v) = P (W)l (v), for h € H®, v € V.

(see (2.5) for definition of H® and ¢°). It is clear if o has a general Shalika
model for some b, so it has for all nonsingular b in As,.
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Let S be the Shalika group of GLs, consisting of element of the following
type
(g 9;) ., with g € GLn,u € M. (3.1)

Let 1g be the character of S defined by
ws((* ) = i), 32

Let (7, E) be an irreducible representation of GLa,. Asin [JR96], we say that
7 has a Shalika functional if Homg(7, ¥g) is nonzero, i.e. there is a nonzero
linear functional [ on E such that

I(1(z)v) = Ys(z)l(v), for all x € S;v € E. (3.3)
Recall that P = GLg, - V is the Siegel parabolic subgroup of SOy,. Let
a : GLg, — C* be the character of defined by
1
a(g) = |detg|2, g€ GLay,. (3.4)

Let (7, E') be an irreducible admissible unitary generic representation of GLg,,.
For s € C, consider the normalized induced representation

I(s,7) = Ind}?" (1 ® o). (3.5)

Theorem 3.1. Notations as above. The induced representation I(s,T) ad-
mits a local generalized Shalika functional if and only if T has a Shalika
functional and s = 1. In this case, the nontrivial Shalika functional factors
through the unique Langlands quotient of 1(s,T) at s = 1.

Proof. Let V be the space of smooth E-valued functions f : G — F satisfying

1
f(pg) = 7(p)o2(p)f(g), forp € P g € SOu,. (3.6)
Here §(p) is the modular function of P. Then I(s,7) acts on V by
[I(s,7)(9)]f(z) = f(xg), for x,g € SOy, (3.7)

For 0 < j < n, let V; be the invariant P subspace of V), consisting of functions
compactly supported modulo P, and

supp f C Uk<j [Pwi P U Pway, 1, P]. (3.8)
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Then V =V, D --- DV, is a decreasing filtration of V as P-spaces. Let J¢
be the subspace of V consisting of functions supported on double coset P{H
and compactly supported modulo P. Recall that double cosets P\SOy,/H
are computed at section 2, more explicitely, they are

PuwjyiH,  Puwy, jv;H, (3.9)

for 0 < j <nand 0 <i < n so that j — ¢ is even, where 7; and ~, are
matrices defined at (2.10) and (2.12).
Then the following sequence is exact

0= Vit =V = D Jojs © Ju, o = 0 (3.10)

where ¢ runs through all 0 <17 < j so that 7 — 7 is even.
Let [ : I(s,7) — C be a linear linear functional on V satisfying

W Gs, m)(W)]f) = ©(R)I(S), (3.11)

for all h € H, f € V. By the localization principle of Gelfand and Kazhdan,
[ is generated by distributions supported on J¢ satisfying (3.11). So without
loss of generality, we assume that [ is supported on Pw;vy;H for some 0 <
7<nand0<:<jsothat j —iis even.

As in the proof of Proposition 2.3, P N ij”iwj_l consists of elements of

the following form
g 1 u
v = ( tg_l) ( 1) cP (3.12)

here b
a at v
g = ( q) S Q2n—j,j> u = (_tb 0) (313)
such that
(a tqaf)l) € Q2n—j,j N Spm (314)
Set
Hy = 'yi_le_l[P N ij”iwj_l]wj%. (3.15)

Then Hj is a subgroup of H. Denote the restriction of the character ¢ of H
(cf. (2.5)) on Hy by v again. Let Cy°(H, Ho) be the set of smooth function
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on H compactly supported modular Hy and left y-invariant. Let H. be the
unipotent group of H consists of elements of the following type

u . B -
(g t;]—l), with g =71 (19) 5, € Spy,, u=7"(202) 7% € Azn. (3.16)

Here z € M,y (2n—j), 2 € Mjy;. Then HyN H. = {1} and H = Hy - H.. Let
C°(H.) be the space of smooth function on H. with compact support. Then
restriction induced an homeomorphism

C(H, Hy) = C2(H,) (3.17)

Let dh be the Haar measure on H.. Define a surjective mapping P+, :
Ju,y; — B by
Poqyi(f) = f(h)dh. (3.18)
H.
Since [ is supported on Pw;v; H and satisfies (3.11), there is a linear functional
I" . E — C such that the following diagram is commutative

Pw-’yi
ijﬂ/z —]) E
ll l/l
cC — C

and satisfies

Z/(/U)7
(3.19)

1
U'(r(x)a’ ()03 (x)v) = ¢(7{1wj_1ij%)| det Ad('yi_le_lij%) H,

for x € L™ v € E. We note here that

det(w{le_lij%)mc = det(a)*, for x € L™. (3.20)

If i 20 and 2(n — j) + 7 # 0, for X € M;xo01—j)+r, Y € M,x;, define

a:(1 )1() q:(;, 1). (3.21)

We choose 0 # X such that there is b € Ma,_;)x; such that
(“ tgf’l) € PNwH"w ™, (3.22)
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For ¢t = (2 ij) € My, j, define

1 X ¢ to
_ Lty 1y i
T = 10 e L,
Y 1

Then simple computation shows that

Oy twy trwyy) = (—tr(tae))).

t) t
t = (té ti) € 1\/[271_]'7 j
be such that ¢ (—tr(Xt)e;)) # 1. If we let
1 0 t) t
N A
1
0 1

then

V(i twy tarwy) = p(=te{(te 4 th)el ) (—tr(Xthes))

# (7w mwiy) (7 wi  aw ).

This contradicts (3.19), which states that the function

(i tawyy), @€ L
is a character, hence in this case I’ = 0.
If i = 0, then (3.19) becomes
U'(t(x)v) =1U'(v), for x € L.

This is impossible by Proposition 2.5. So in this case, I’ = 0.

17
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If 2(n —j)4+r =0, then r = 0 and n = j = i. Denote the group L™
defined at (2.28) simply by L. Then L is the subgroup of GLy, consisting of
elements of the following type

(g o ) , with g € GLy, u € Mpxn. (3.28)

Engen

Hence a(x) = |det(g)|. By (2.17),

The equation (3.19) of I’ is

U(r(x)a*™ ) = p(—ue,)l'(v), veEE. (3.30)

20 = (1 _gn) . (3.31)

Then L = Ad(x¢)(S), where S is the Shalika subgroup of GLa,, and

U wy ewn ) = Ys(Ad(zg ) (2)). (3.32)

Here g is the character of S defined at (3.2). Hence if I’ is nonzero and
supported on Pw,y,H, then 7 - a*! has a Shalika functional. In [JR96],
Jacquet and Rallis shows that if an irreducible representation of GLs, has a
Shalika functional, then it is self-dual. So s = 1 and 7 is self-dual.

Conversely, if 7 is self-dual irreducible representation of GLs, having a
Shalika functional I’, we can construct a generalized Shalika functional [ of
Ind3°*" (7o) by define it be zero on

Via P P o (3.33)

0<i<n
i=n mod 2

and on J,, -, by

U(f) == U (Punyn(f)), for f € Jy- (3.34)

From the argument above, we see that if [ is a generalized Shalika func-
tional of Ind%o‘*” (rar), then it factors through V,_; which is the maximal
P-invariant subspace of V. As the Jacquet functor is exact, [ factors through
the langlands quotient of Ind3°" (7a). O
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4 Global Periods

Let k be a number field and A be the ring of adeles of k. We shall consider
Eisenstein series on SOy, (A) associated to the maximal parabolic subgroup
Py, = M5, Us, and irreducible cuspidal automorphic representation 7 of the
Levi part Ma,(A) = GLa,(A). Here SOy, is the k-split even special orthogo-
nal group. The location of the pole of the Eisenstein series is expected to be
determined in terms of the location of poles of the exterior square L-function
L(s,7,A?) by the Langlands theory of the constant terms of Eisenstein se-
ries. We shall use (generalized) Shalika model to realize the residue of the
Eisenstein series, as a by-product, we determine the location of the poles of
the Eisenstein series by means of the Shalika model of the cuspidal data.

Let K =[], K, be the maximal compact subgroup of SOy, (A) such that
SO4,(A) has the Iwasawa decomposition

SOun(A) = Pon(A)K.

In particular, for each finite local place v, K, = SO4,(0,), where O, is the
ring of integers in the local field k,. Then the Langlands decomposition of
SO4,(A) is

SOun(A) = Us, (A)M; AT K.

Let Ay, be the (split) center of My, the unique reduced root in (P, Asy,)
can be identified with simple root as,. As normalized in [Sh88], we denote

Qoy, =< Pp,, » 2n >_1 PPy (41)

where p,, ~is half of the sum of all positive root in Us, and < -, > is the
usual Killing-Cartan form for the root system of SOy,. We let

ar,, = Homp (X (Ma,),R), ay, = X(Ma,) @R, (4.2)

where X (Ma,) denotes the group of all rational characters of My,,. Since Py,
is maximal, a3, is of one dimension. We identify C with a3, - via s — saap.

For simplicity, we use the notation without the indication 2n. Let Hp :
M — ap; be the map defined as follows, for any x € a3,

Hp(m)(x) = [T Ix(mu)l (4.3)
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for m € M(A). Tt follows that Hp is trivial on M'. This map Hp can be
extended as a function over SOy, (A) via the Iwasawa decomposition or the
Langlands decomposition above. By direct computation, we know that

Hp(m)(s) = |detgnal®,  Hp(m)(p,) = |detyna (4.4)

where s € C and m = m(a) = diag(a,a’) € M with a € GLg,.

Let 7 be an irreducible cuspidal automorphic representation of GLa,(A)
with trivial central character. Then (M, 7) is a cuspidal datum attached
the Levi subgroup M. Let ¢(g) be a complex-valued smooth function on
SOy (A) which is left U(A)M (k)-invariant and right K-finite. Writing by
the Langlands decomposition

g =um'ax € U(A)M* A}, K,

we assume that
d(g) = p(m'r). (4.5)
If we fix a kK € K, the map

m' — ¢(m'k)

defines a K N M*'-finite vector in the space of cuspidal representation 7 of
M(A). We set

F(g;¢,5) :== Hp(g)(s + p,)0(g).
Attached to such a function F'(g; ¢, s), we define an Eisenstein series

E(gid,s):= Y F(19:4,5) (4.6)

YEP(K)\SOun (k)

From the general theory of Eisenstein series [MWO5], this Eisenstein series
converges absolutely for the real part Re(s) > 2”2—_1 and has a meromorphic
continuation to the whole s-plane with finitely many possible simple poles
for Re(s) > 0. By the Langlands theory of the constant terms of Eisenstein
series, the existence of the poles on the positive half plan of this Eisenstein
series should be detected in general by means of that of the constant terms
of the Eisenstein series.

In the case under consideration, the only nonzero constant term of the
Eisenstein series E(g; ¢, s) is the one along the maximal parabolic subgroup
P, ie.

Ep(g;¢,s) = / E(ug; ¢, s)du (4.7)

U(R\U(A)
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where du is the Haar measure on U(k)\U(A), which is normalized so that
the total volume equals one. By assuming the real part of s large, we have

EP(g; ¢> S) = F(ga ¢> S) + F(ga M($>w2n)(¢)> —S) (48)

where M (s,wsy,) is the standard (global) intertwining operator attached to
the maximal parabolic subgroup P and the Weyl element ws,, which has the
property that wa, Mwy! = M and wa,Uw,, = U~ (the opposite of U). This
equation holds for all s € C by meromorphic continuation. The intertwining
operator M (s, ws,) can be expressed as

M (s, wap) = @y, A(S, Ty, Wap) (4.9)

by following the notations in [Sh90], where A(s,m,, wsy,) is the local inter-
twining operator

Indi" ™) (7, @ |detanal ¥) — Ind"**) (waa(r,) @ |detanal ).
Then, one can write

L(s,m,, A?)
L(l + s, Ty, A2)€(37 Ty, A27 QZJU)

A(S, Ty, Way) = - N (8, Ty, Wap).

Proposition 4.1 (Theorem 4.11 [KO05]). Assume that 7, is the local v-
component of an irreducible cuspidal automorphic representation m of M (A) =
GLan(A). Then the normalized local intertwining operator N(s,m,, way,) is
holomorphic and nonzero for the real part Re(s) > %

By Proposition 4.1, we express the intertwining operator M (s, way,) as

L(s,m,A?)
L0+ s.m A)e(s, 7 17)

M (s, way,) = - N(s, 7, wap,). (4.10)

The constant term in (4.8) can be expressed as

Ep(g;0.s) = F(g:9.5) (4.11)

L(s,m,A?) .
YT s m A)e(s, 7, A) F(g; N(s, 7, w20)(), =5).

The analytic properties of the exterior square L-functions L(s, T, A?) are
summerized in [Jng06], which in particular says that L(s,m, A?) has mero-
morphic continuation to the whole complex plane and has a possible simple

21



pole at s = 1. Hence the Eisenstein series E(g; ¢, s) is holomorphic for the
real part of s greater than %, except possibly at s = 1 where it may have a
simple pole. E(g; ¢, s) has a simple pole at s = 1 if and only if the exterior
square L-functions L(s, m, A?) has a simple pole at s = 1. This is the method
that one determines the location of poles of Eisenstein series in terms of the
location of the poles of the relevant L-functions.

4.1 Residues of Eisenstein Series

In this section, we want to show that the location of the possible simple
pole of the Eisenstein series may be determined by means of the generalized
Shalika model of the residue. Let sy be a real number greater than % and
define

ESO (ga ¢) = Ress:sOE(g; ¢, S).

We want to calculate the following period integral
PusBalio) = [ B o) () (1.12)
H(k)\H (A)

It is clear that one might write the period as

Pru(Es (- ¢)) = / / B, (vz; o)y (v)dvdr  (4.13)
SPay (K)\Spgy, (A) SV (K)\V(A)

= / Ress—s, [/ E(vx; ¢, s)y(v)du|de.
Span (k) \Spa,, (A) V(K\V(A)

The convergency of the integration along the variable x needs to be justified
via the Arthur’s truncation method. We are going to calculate the inner
integration first, which is the Fourier coeffient of the Eisenstein series.

4.2 Fourier Coefficients of Eisenstein Series

We shall study in this section the Fourier coefficient of the Eisenstein series
/ E(vh; ¢, )y (v)do, (4.14)
V(E)\V(A)

which occurs as an inner integration of (4.13). In the following we assume
the real part of s be large, so that the Eisenstein series converges absolutely

22



and uniformly on every compact subset in SOy, (k)\SOu4,(A). By Proposition
2.2, we have

4.14) = F(~yvh; d
) - [ D PR TR CE

YEP(K)\SOun (k)

2n
-2 > /V gy Pl o, )v(o)de - (219

J=0 yeP¥i\P/V

where P¥i = wj_lej N P and V¥ = (w;y) ' Pw;yN V. In the discussion
in §2 and Proposition 2.2, we write P*\ P/H as a disjoint union

P\P/H = U;P*~,Sp,,V, (4.16)

where ¢ runs through 0 < ¢ < min(j,2n — j) so that » = j — ¢ be even. Here
for j > n, we write ; for 7/ there. For each given w;, we set

Sp2n7 R ’Yz'_1PWj’yi N Sp2n (417)
Then we obtain
2n
(4.15) = Z Z Z / f(wjvi€ivh; ¢, s)Yy(v)dv.  (4.18)
7=0 v EieSp%,wi\szn Vi \V(A)

where V7% = (y;¢;) " P (v;¢;) N V. Since Sp,,, normalizes V' and stabilizes
the character 1y, we have V7% =V« and we can express (4.18) as

2n
(4.18) = Z Z Z / f(wjviveih; ¢, s)y(v)dv.  (4.19)
7=0 v Eiesan,wi \Spy,, VYi\V(A)

In the following we will discuss (4.19) for each w; case by case.
If j =0, then wy =€, 7, = ¢, = e. Hence

(4.19),, = / F(vh; ¢, s)y(v)dv (4.20)
VAV (A)
— F(hios) / vy (v)dv = 0, (4.21)
VIRV (A)
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since 1y is nontrivial on V(k)\V(A).

Let 0 < j < n. The double coset representatives v; of P¥i\P/H are
given in (2.10), for 0 < ¢ < j such that r = j — i is even. Let V, C V be the
subgroup consists of elements of the following form

1 0 v O
w=ry;" 1 (1) 8 Vi, with v € Mo, ;. (4.22)
1
It is clear that
1 v 0
wiyiuy; twi = L (1) 8 e V(A), (4.23)
1
hence Vi C V%%, We notice that
1 0 v O
bolw =y | T 00 (4.24)
1

By the formula of " in (2.17), if 2(n — j) 4+ r # 0, then vy is nontrivial on
Vo(A), we then obtain

/ F(wjviveh; ¢, s)y (v)dv (4.25)
Vo(k)\Vo(4)
= F(wjvi€h; ¢, s)/ Yy (v)dv =0 (4.26)
Vo(k)\Vo(4)

This proves the integral in (4.19) vanishes when 0 < j < n, i # n, i.e.
(419),., = Z Z / T F(wpyveih; d, s)y(v)do =0 (4.27)
(4.19);_, = Z Z/ F(wjviveih; ¢, s)y (v)dv

i & Y VITTAV(A)
+ / F(wn'}/nvenh ¢> )¢V( )
Vwn, ’Yn\V(A)

EnGSPQn n \Sp2

= Z/ F(wnymvenh; ¢, s)by (v)dv (4.28)
o Jvenam\v(a)
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Since 7, = 1lg,, simple computation shows that V“» is the subgroup of V'
consists of elements of V' of the following type:

1 0 v b
1 =b 0
Lo (4.29)
1
and
u
Sp2n ,Yn = { (0 €n Z] g ) € Sp2n | g € GLn,U € MHXH} (430)

is the Siegel parabolic of Sp,,,, we change notation now and denote it by F.
Hence

(4.19),_, = Z / F(wnpvenh; ¢, s)ihy (v)dv (4.31)
en€Po(K)\Spy, (k) 7 VM \V(A)
The proof of vanish of (4.19) for j > n is similar to that of j < n, hence,

(4.19) J>n Z Z/ F(wjviveih; ¢, s)y(v)dv =0 (4.32)

“IT\V(A)
In other words, we have proved that

Proposition 4.3. The iy -Fourier coefficient of the FEisenstein series
E(vh; ¢, s) has the following expression:

E(vh; ¢, s)y(v)dv = Z / F(wnvenh; ¢, s)hy(v)do.

V(EZ\V(A) en€Py(k)\Spy,, (k) 7 V" \V (&)
(4.33)
Since V' is abelian,
Vi =Venmx v, (4.34)
where V,,, is the subgroup of V' consists of elements of the following form
1 00
: (1) (4.35)

— o2 O

25



Define
Vin = wp Ve mw PN P, (4.36)

which is the unipotent radical of the parabolic P, , of GLj,. The character

U (1 f) = §(—az,) (4.37)

is the character induced from 1y by means of conjugation by w,. Hence the
integral in (4.33) can be expressed as

Flgids): = / Flwnog: é, sy (v)dv (4.38)
Venam (E)\V(A)

— / / F(vwnvag; ¢, s)dvdus.
Vi (8) S Vi n (B)\Vi,n ()

It is clear the first integral over V,, ,,(k)\V;,n(A) is the 1, ,-Fourier coeflicient
of the irreducible cuspidal automorphic representation 7 and the second in-
tegration over V., (A) is the intertwining operator associated to the Weyl
element w,, in this case.

For the given irreducible cuspidal representation m of GLa,(A), the ), ,-
Fourier coefficient

Wnon (h, or) = / Or(Vh) 1y (v)dv (4.39)
Van (B)\Vi,n(A)

generates an automorphic representation of the centralizer GL,, of the char-
acter ¥, , which is denoted by W(m, ¥, ).

It is easy to see that the function F(g;¢,s) is invariant under the left
translation by the unipotent radical Ny of Fy. If m(h) denotes the element
of the Levi subgroup of Fy, then the function

m(h) = F(m(h)g: 6, 5) (4.40)
belongs to the space of automorphic representation
| det(h) """ W (7, ) (4.41)
of GL,,. In fact, assume h € GL,,, then
h
mpy= | = 1 e P
enhen
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Here elements in GL,,, are identified as those in M. Note that the Jacobian
of m(h) on V,, is | det h|~"~Y. Hence (4.38) becomes

F(m(h)g; ¢,s) = |det h|~ (n—1) / / F(vw,m(h)vag; ¢, s)dvdus

Vi (8) Vi (R)\ Vi (4)

By (2.25),

e, th7 e,
which is a centralizer of v, ,. Since its Jacobian on V,,, is 1, if we define
¢'(x) = o(m(h)z), then by (4.4)
F(m(h)g; ¢, s) = |det h|="=Y Hp(m(h))(s + ,01;)?(9; )
S n—1
= |det |~""V| det h?|2|det R?|" 2 F(g; ¢, s)
= [ det h|*™"F(g; ¢', 5).

It follows that the function in (4.33) is an Eisenstein series of Sp,,,(A) of
form
Z F(eh; ¢, s). (4.42)

€€ Py (k)\Spa, (k)
where F(g; ¢, s) is defined as in (4.38).

4.4 Period Identity

We continue here the explicit calculation of the period Py 4(Es,(-; ¢) of the
residue Ej,(+; ¢) defined in (4.12). By (4.13), (4.33) and (4.42), we have

Prs(Es (-5 9) = / Rese—sy > Fleh;¢,s)dh. (4.43)
Spay, (k)\Spay, (A) €€ Py (k)\Spy,, (k)

It is clear that integral (4.43) may not be convergent , so we use the Arthur
truncation method to regularize the integral. By §1.2.13 of [MW95], we apply
the truncation method to the automorphic function

L(h):= > Fleh;¢,s)

€€ Py (Kk)\Spy,, (k)
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and its residue at s = sg

Ln(h) :=Resemsy > Fleh; ¢, s)

€€ Py (Kk)\Spa,, (k)

Recall from §1.2.13 of [MW95], for any locally L'-function ¢ on the quo-
tient Spo, (k)\Spy,(A), the truncated function, which is also a locallly L!-
function, is given by

Ao(g) = D (=)D N Gp(vg)tp(logy (mp(vg) — Tu)
BCP=MNCSp,,, ~EP\Sp,,,

(4.44)
where P = M N are standard parabolic subgroups of G, which may be equal
to GG, and ¢p is the constant term of ¢ along N, and the other notations are
the same as in [MW95].

Applying (4.44) to the automorphic function I,, s(h), we obtain the rapidly
decreasing function A7 T,,(h, s) on the fundamental domain for Sp,,,(k)\Sp,, (A).
Hence we have

Resg—s, / AT, (h)dh = / AT, o (R)dh.  (4.45)

As in Page 353, [GJR04a], we write
D, (h) = AT1L, o(h) — L,s(h). (4.46)

Then we have

PSPzn (In,s) = Ress:so /

AT, (h)dh — / ®,, (h)dh.
Spay, (k)\Spa, (A)
(4.47)

As in (6,14) of [GJR04a], we write
AL (h) = L(h)
— > Flyhi,s)7n,(loga,, (me,(vh)) = Tay, )

YE€Po\Spap

+ Z f(’}/h, b, 3)72130 (lOgMPO (mPO (’}/h)) - TMPO)
YE€Po\Spap

+ ®,(h), (4.48)
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It follows that the period

/ AL, o(h)dh (4.49)

Spay, (k)\Spay, (4))

-/ S° Flohio,)(1 -t (logy, (me,(vh)) — Taiy, ))dh
SPay, (k)\Spay, (A) YEPy\Spay,

+ [ S Flohi 6, )7, (08, (mry (vh)) — Tty )b
Span (k)\Spa, (4)

Y€ Po\Spy,

+ / o, (h)dh.

Following the same argument as in [JR92|, [Jng98], [GJRO1], and [GJR04a],
we expect that the residue at s = sy of the following as a (meromorphic
function in s)

/ S° Flyhi b, 8)7m, (08, (may(1h)) — Tasy, ) + Du(h)dh
Span (k)\Spa, (4)

Y€ Po\Spa,

is equal to

/ By, (h))dh.
Span (k) \Spay, (A)

The justification of this expectation involves some detailed computations of
relevant intertwining operators and will be omitted here.The main idea of
such explicit calculation is the same as the one we are going to deal with,
which is the second integral in (4.49). It follows that

Pen (1) = Ress, | S Fluhi6,s)(1 - m(H(vh)))dh,

SPay, (k) \Spay, (4) YEPy\Spa,

(4.50)
where 7.(H(g)) = 7r,(108y,, (mp,(Yh)) — cup,) as defined in §4.1, [Jng98].
Since the function F(vh; ¢, s)(1 — 7.(H(yh))) is truncated, the summation
over v € Py\Sp,,, is finite, which is absolutely convergent in particular. Hence
the integral in (4.50) is equal to

/ F(h;¢,s)(1 —1.(H(h)))dh (4.51)
Po(k)\Sp2n (A)
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By the Iwasawa decomposition Sp,,(A) = Py(A)Ksp, , where Ky, is the
standard maximal compact subgroup of Sp,,, (A), the Haar measure on Sp,, (A)
at ¢ = nmk can be chosen as

| det m|~ "V dndmdk.
By the Langlands decomposition
GL,(A) = GL,(A)" - AT,
we deduce that the integral in (4.51) is equal to
/ F(mk; ¢, 5)(1 — 1.(H(m)))| det m|" " Vdmdr. (4.52)
Kgpy,, XGLn (k)\GLn (A)
It is easy to calculate the following
|det m|~ "D = |g|p "
Flmw;d,s) = |alg" " F(m's; o, 5)
(1 = 7e(H(mwav1))) = (1= 7(H(la)))

where d is the number of the real archimedean places of the number field
k. The second equation comes from (4.41) by the assumption that ¢ is A*-
invariant. We deduce that the integral in (4.52) is equal to

A(s) / F(mk; ¢, s)dmdk. (4.53)
Kspy,, X Zn(A)GLn (k)\GLn (A)
where Z,, denotes the center of GL,, and the function A(s) is given by
A(s) := vol(Al/k) - / |a|"=D (1 — 7.(H(t,)))da™.
R+

It is easy to check that

/IR+ |a|nd(s—1)(1 _TC(H(ta)))daX _

Since the integral

/ F(mr; ¢, s)dmdr
Kspy,, % Zn(A)GLa (k)\GLn (A)
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represents a holomorphic in s, the possible of (4.53) can only come from the
function A(s), which has the only simple pole at s = 1. Hence from (4.50)
and (4.53) we obtain that s, must be 1 and

vol(Al/k)

Pooy, (In1) = /
P2n nd Kspy,, % Zn(A)GLa (k)\GLn (A)

F(mr; ¢, s)dmdr. (4.54)

By (4.38), it is easy to see that the integration in variable m in (4.54)
yields the following integral

/ / / F(vmwyv,, k; ¢, 8)y, ,, (v)dvdmdu,, .
Van (A) V 20 (A)GLA (k)\GLn (A) J Vi n(k)\Vi,n(4)
(4.55)

It follows that the integration over S,, = V,,,, X GL,, is the Shalika period for
the cuspidal datum (GLs,, 7). We set

Ps,u(F(50))(g) = /S s F(vmg; ¢, 8)tnn(v)dvdm. (4.56)

Hence we obtain the main identity relating the ‘inner period’, the Shalika
period for the cuspidal datum on GLs,, to the ‘outer’ period, the generalized
Shalika period for the residue of Eisenstein series on SOy, associated to the
given cuspidal datum.

Theorem 4.2. The period Py y(Es, (-, ¢)) is zero unless so = 1. If so = 1,
we have

vol(Al/k
Pus(Bi ) = S [ P (P i

It follows from Theorem 4 above and the argument in Page 179-180,
[JR92], in Theorems 5.2, 5.5, [Jng98], and in Theorem 3.2, [GJRO1] that
the non-vanishing of the Shalika period Psg, ,(F(-;¢)) is equivalent to the
nonvanishing of the generalized Shalika period Py (E1(+, ¢)). By means of
Proposition 2 and the remarks afterwards, we obtain a sufficient condition
(in terms of period) for the existence of the pole at s = 1 of the (complete)
exterior square L-function L(s, 7, A?), which is a theorem of Jacquet and Sha-
lika in [JS90] proved by a different method, i.e. the Rankin-Selberg integral
representation method. We record it here for completeness.
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Corollary 4.3. Let w be an irreducible cuspidal automorphic representation
of GLa,(A). If the Shalika period

Ps,u(pr) = / Or(Vh) Y n(v)dvdh
Sn (k)\Sn(A)

does not vanish for some p, € 7, then

1. the Eisenstein series E(g; ¢x,S) has a pole at s =1, and

2. the exterior square L-function L(s, 7, A*) has a pole at s = 1.
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