DIVERGENT TYPE QUASILINEAR DIRICHLET
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ABSTRACT. ! 2 A quasilinear equation of divergent type with singular
data and singular coefficients is approximated by a net of equations of
the same type with enough regular coefficients and data. Solutions of the
net of equations are obtained by the classical methods. Known a priory
estimates are improved so that a net of solutions can be considered as
a solution in an appropriate algebra of generalized functions.

1. INTRODUCTION

Many linear and non-linear problems with irregular data or irregular co-
efficients, have been analyzed by the mean of appropriate approximations
through appropriate nets of C*° functions. One possible approach leads to
the framework of generalized function algebra, cf. [1], [2], [8], [18]. Espe-
cially, we point out the recent work in this direction, [5], [6], [10], [11], [12], in
the analysis of linear and nonlinear PDE with rough coefficients and initial
data. They considered such problems in algebras of generalized functions
where approximated nets of solutions have the meaning as elements of al-
gebras of generalized functions enough large to contain embedded Schwartz
distributions.

Our paper follows such an approach. Actually, we continue our inves-
tigations of linear elliptic equations with singular coefficients and data in
[15]. In this paper, we solve an irregular Dirichlet quasi-linear elliptic prob-
lem using Leray-Schauder fixed point theorem (cf. [14]) in the framework
of nets of equations with a priori estimates controlled by the growth order
of constants appearing in these estimates. We transfer and improve some
results of the classical theory for a Dirichlet quasi-linear elliptic problem
given in [7] in the frame of certain generalized function algebra related to a
strongly and uniformly elliptic quasi-linear Dirichlet problem with singular
coefficients and singular boundary conditions. We refer to [3], [13], [17], [16],
[20] for the classical results concerning quasi-linear Dirichlet problems.

More precisely, our approach is adapted to certain spaces of generalized
functions because we follow the use of Leray-Schauder fixed point theorem
in [7], Chapter 11. In order to apply the fixed point theorem we reconsider a
priori bounds which are given in [7] in Theorems 8.22, 8.24, 8.27 and 8.29 as
well as in Lemma 8.23. The novelty in the procedure of our proof (although

we follow the known one of [7]) and the improvements of bounds in quoted
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assertions of [7], are our main contribution in solving an irregular Dirichlet
quasi-linear elliptic problem.

In order to explain our approach the following simple example from [15]
is useful.

Ezample 1. Consider Au = 0, ujpq = ¢jon, where Q = By =: {(71,22) :
2? + 22 < 1}, with two boundary data given by ¢:

Case I:  ¢(x1,22) = 6(w1)d(22 — 1), (21, 22) € R,

Case IT:  p(21,29) = 6((2? + 23)/2 = 1), (21, 22) € R%,

Let 0 € C°(R) [0 =1, supp 0 € [-1,1].
With approximations

Case It 6(x1)d(xe—1) = 8%0(%)0(’”27_1), (w1,72) € R £ < 1 (assuming
0(0) = 0),

Case I (a3 +23)1/2 — 1) = 1o(WH D) (4 20) € R?, & < 1
(assuming 0(0) = 1),
in the respective cases, we replace the given boundary data with the respec-
tive family of data:

Case I e jpa(t) = 5%9(%)9(7”7;271), |t| < e, ¢ = 0 on the rest of 012,
Case II:  ¢ejpq =1/c, e < 1.
The Poisson formula implies that in Case I, a net of solutions (u.). con-

verges in the sense of distributions in B; to the harmonic function

2> — 1
(w1, 2) = Cex% + (z2 — 1)
with the boundary equals zero everywhere except point (0,1) where the
boundary value is infinity. The net of solutions (u.). determines a general-
ized function [(uc)c]. In Case IT solutions are harmonic functions ug(z1, z2) =
1/e, € < 1, in By with boundary values 1/e, € < 1. Note that [(1/¢).] is a
generalized constant, as it will be explained in the second section.

(x1,22) € By,

We will show in Section 3 that nets of boundary data given above, satisfy
a generalized slope condition in a uniformly convex domain 2. This slope
condition will be used in the main theorem, Theorem 4, for the proof of the
existence of a generalized solution for a quasilinear problem of second order
with a highly singular boundary data. More precisely, we prove the existence
of a family of solutions in the frame of an appropriate algebra of generalized
functions, in the so-called Colombeau type extensions of spaces C**(Q) and
C>(Q). Our approach is adapted to these spaces because we will follow the
use of Leray-Schauder theorem as it is done in [7], Chapter 11. The nonlinear

problem a™/(Du)D; ju = 0 is transformed first to the net of non linear
problems az’ (Duc)D; ju. = 0,e € (0,1), with slowly increasing coefficients
az’ (¢ — 0), then to a net of linear problems az’ (Dv)D; ju. = 0,e € (0,1)
and, at the end, the problem is solved by the use of the Leray-Schauder
fixed point theorem. The estimates of derivatives for a solution net (u.)c
are given by constants depending on €. As it is mentioned, in order to apply



DIVERGENT TYPE QUASILINEAR DIRICHLET PROBLEM WITH SINGULARITIES 3

the fixed point theorem we are led to revisit and improve a priori bounds
which are given in [7] in Theorems 8.22, 8.24, 8.28 and 8.29 as well as in
Lemma 8.23. In fact we give adequate versions of these theorems so that
the bounds for norms |uc|o,o,0 do not depend on «a.

Different growth rates of coefficients and initial data with respect toe — 0
lead to solutions in generalized ultradistribution type algebras ([19]) or in as-
ymptotic type algebras([4]). Our choice of the growth rate is accommodated
to the simplest exposition within Colombeau type algebras.

We note that a wide range of irregular problems can be modulated and
discussed using the same method. In fact, in this paper we consider very
simple form of a quasilinear Dirichlet problem in order to point out the
difficulties which are brought into the equation through strong singularities
of coefficients and initial data.

2. COLOMBEAU EXTENSION

First, we recall the definition of the Colombeau type extention G(E),
where F is a vector space on C with an increasing sequence of seminorms
tn, n € N. The space of moderate nets Ey/(FE), respectively, of null nets
N(E), is constituted by nets (r:).c(01] € E©1 with the properties

(vn € N) (3a € R)(pn(r:) = O(")), (2.1)

respectively, (Vn € N) (Vb € R)(pn(r:) = O(e?)).

(O is the Landau symbol.) The quotient space G(E) = Ey(F)/N(E) with
elements [(f:)e], [(ge)e], ---, (equivalence classes are denoted by []) is called
the Colombeau extension of E. Putting v,(r:) = sup{a; pn(r:) = O(e%)}
and ey, ((72)e, (se)e) = exp(—vn(re —se)), n € N, we obtain (e, )n, a sequence
of ultra-pseudometrics on Ey;(E) defining the ultra-metric topology (sharp
topology) on G(F).

If E=C (or E=R) and the seminorms are equal to the absolute value,
then the corresponding spaces are & and Np; & is an algebra and A is an
ideal. As a quotient, one obtains Colombeau algebra of generalized complex
numbers C = & /ANy (or R). If a set Q is open in R® and E = C®(Q)
is endowed with the usual sequence of seminorms (this is Schwartz space
£(Q2)), then the above definition gives Colombeau simplified algebra G(2) =
Em(Q)/N(Q) (2], [18]). Its elements are called generalized functions and we
keep this name for elements of any space or algebra constructed as extensions
of some space of functions FE.

Then the embedding of compactly supported Schwartz distributions (el-
ements of £'(2)) is made through the convolution with a net of mollifiers
he = € ™h(-/e) constructed by a rapidly decreasing function h € S(R"™)
with the properties [h(t)dt = 1, [t™h(t)dt = 0,m € N", |m| > 0. The
embedding is given by

= [(f * hel)e]-
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By the sheaf properties of D/(Q2) and G(f2), this embedding is extended to
D'(Q) — G(Q).

Let 2 be a bounded open set in R™ and a € (0,1]. Recall ([7], p. 94),
a domain Q and its boundary are of C**— class 0 < a < 1, if at each
point zg € 02 there is a ball B = B(xg) (xo is the center) and a bijection
¥ : B — D such that (BN Q) C RY, (BN o) C IR, and ¢ €
Cck(B), ¥~ € C**(D). A domain Q has a boundary portion T' € 9§ of
Cke— class if at each point g € T there is a ball B(zg) in which the above
conditions are satisfied and B(zg) N 02 C T.

We will consider Colombeau type extensions in cases £ = C**(Q),k € N

and E = C*°(2) and norms
[f e = sup{| fP()[; [p| < k,z € 2},
[flka0 = [fleo + [flkan, k€ No,

where, for f € C>*(Q), k € Ny,
[P (@) — [P (y)]

|z —y|~

[f]k,a,ﬂ :Sup{ ;LY € Qa x#ya |p‘ :k}

The completion of C*(£2) with respect to the norm | - | o0 defines Ej, =
C*(Q),k € N. Recall, if k + a > k' + o/, then the imbedding of C**(Q)
into C*-9'(Q) is a compact linear operator.

Note that the sequences of norms | - |yq,0,k € Nand |- |50,k € N define

the same uniform structure on C*°(€2).

In case E' = C°°(Q2), we need one more construction. Let (g:). be a net
in C%*(Q) such that

ge € Ck’a(Q), e<eg, keN, (2.2)

where (gx)r € (0,1)Y strictly decreases to zero ((ex)r | 0). Denote by
EC>(Q) the space of such nets.
Two such nets are in relation, (g:)s ~ (r¢)e, if

ge = Te,€ < g9, for some g € (0,1).

This is an equivalence relation and with the corresponding classes in
EC™®(Q)/ ~, we define by (2.1) spaces Ey[E], N[E]. Thus, equivalent
elements (g )e, (1:): € EC(Q) define the same element of Ey/[E] iff one
of them satisfies (2.1). We define the corresponding Colombeau type space
G[E] = Em[E]/NE]. If E = C*(Q), we will show in the appendix that there
exists a canonical isomorphism of G[E] onto G(E). Clearly, G(E) = G[E]
in case E = Ck%(Q) since for any representative (r.). the same class is
determined by a representative (g:)e, where g. =0, ¢ > 0 and g. = 7, € <
€g, for some gg < 1.

Let us note that the use of G[C™(Q)], actually of £y/[C*(Q)], enable
us to use in the sequel the theory of Banach spaces on parts of nets for
e <eg, ke N (cf (2.2)).
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3. DIRICHLET PROBLEM

3.1. Assumptions and examples. We will consider a quasi-linear Dirich-
let problem, a strictly and uniformly elliptic equation whose coefficients and
data lack regularity assumptions. We will impose additional assumptions
related to irregularities carried into equations and formulate the problem
through nets of equations and corresponding assumptions. Our main refer-
ence is [7].
Let (Q¢). be a net of elliptic nonlinear operators of divergent type of the
form
Q. (u) = divA.(Du) = a2/ (Du)D; ju, € < 1, (3.3)

where a’ (p) = Dpl.Ag(p), p=(p1,...sPn) € R™
In the case n = 2, the procedure which will be given below, can be applied
to a net (Qc). of elliptic nonlinear operators of the form

Q. (u) = a¥’ (z,u, Du)D; ju, u € C=(Q). (3.4)
We assume that a2’ e € (0,1), are smooth functions on the respective do-
mains. Let A\. and A. denote the minimal and maximal eigenvalues of the

matrix (afg] ) We assume

0 < ez, t, )€ < ag? (z,8,p)&i€5 < Ae(z, 1, p)[ES7, (3.5)

peR" eR"\ {0}, z€Q, teR, e<1.
In the sequel, we will denote by ¢(g),e € (0,1) a net of functions deter-
mining the growth rate of constants in the bounds which are to follow. We

will assume that it is a constant function or a function tending to zero as
€ — 0. In fact we will assume in our main Theorem 4 that

|log c(e)| = O(log |logel),e — 0. (3.6)
The reason will be seen later since we are aimed to give a generalized function
solution determined by a net of solutions and for this the Harnack type

estimates involve necessary assumptions on c(e).
Assume additionally:

(Vd € NY(3l € R)(3a € R) (3.7)
lagaé’j(w,t,p)‘ . 0) nl _
S {mw ceQteRpelR } = 0((e)).
(3C > 0)(3u > 0)(3b € R) (3.8)
CE i+ 9P < Mt p) < Auloton) € S0 ]+ o)

peR"zecOtecR,e<1.
If (Q¢)c is of the form (3.3), then we exclude variables z and ¢ in the condi-
tions given above.
Note that (3.8) implies the uniform ellipticity

Ac/de < C%c7(e), e < 1. (3.9)
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Ezxzample 2. (i) Strongly and uniformly elliptic equations with coefficients
not depending on € but with singular boundary data are the main source of
examples (cf. Example 1).

(ii) Consider in R an equation formally of the form

3

Q(Du) = (1+ ) _ f(Diu))Au,

i=1
where f is a locally integrable function on R3. With
A = (21 + F(ug,), 22 + F(ug,), 3 + F(ug,)) and F' = f,

we have Q(Du) = divA(Du), that is equation of the form (3.3).
FEven in a case f = § we can give a meaning to this equation through the
corresponding family of equations:

Qu(Du) = (L eE)) ¥l ) 4 bl elE)) )y 1,

c(e)
(3.10)
where ¥ is a compactly supported smooth function whose integral equals 1.
Then, for p € R3,

3ep) = 1, Acp) = 14— (001 /e(0) + Vlpafe(6)) + 0 o). < 1.

Family of operators (3.10) is of the form (3.3) for which all the assumptions
(3.8)-(3.6) hold.

We will study a Dirichlet problem with a slope condition adapted to the
setting of generalized functions.

Definition 1. Let (¢.). € Ey[E], where E = C®(Q), or E = C**(Q) for
some k € N. Let I'. = {(z,2:),x € 09, 2. = ¢-(x)},e < 1. The boundary
data on 0f) satisfies a moderate slope condition if for any P. € I'., e < 1 there
exist hyperplanes W:PE and 7_p defined by z. = WJPE (z) and ze = 7_p ()
such that
7T;Pg(f) < ge(z) < szs(l'),l‘ € 0Q,e < 1,
and such that for some K > 0 and some m € R,
sup{|D7T8+P8 (@), [Dr_p (z);2 € O, P € T} < Ke™,e < 1.

Ezample 3. 1. In the case when Q = {(z,y);2> +y? < 1} and 0(z,y) =
S((x2 +y*)Y2=1) (case II in Example 1), the slope condition simply follows
with the estimate 1/e.

2. Let now, for equation (3.8), Q be any uniformly convex domain in R?
such that 902 > P = (0,1) and ¢(x,y) = 6(x)d(y—1) as in case I in Example
1 (with Q = By ). In order to have the generalized slope condition, we take
corresponding delta nets in x—plane and y—plane as case I in Fxampe 1 and
obtain that the slope condition holds with Ke™* e < 1.
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In fact, second example in Example 3, is a very special case of the following
one.

Ezample 4. IfQ is uniformly convez, of C? class and if (¢2). € Err(CH(Q)),
k > 2, then (¢:)c satisfies the moderate slope condition with respect to €.

Recall, Q2 is uniformly convex, if there exists C' > 0 such that for every
point Py € 0N) there exists a hyperplane wp, such that

d(z,7p,) > Cllx — zo||*,2 € 0Q, where Py = xo.

By, [9], Corollary 4.3, ¢ € CHL(Q) is the necessary and sufficient con-
dition for ¢ to satisfy the bounded slope condition on such a domain. In
particular, if ¢ € C?(Q), then the above assertion follows by evaluating a
determinant depending on second derivatives of ¢ (cf. [9], p. 505). Note
that in [9] are considered more general assumptions equivalent with the slope
condition. In our case we use one of results for the illustration of the theory.

3.2. Estimates for nets of solutions. We will give several results needed
for the proof of our main theorem, Theorem 4.
First, we need Lemma 1 as an extension of Lemma 8.23 in [7].

Lemma 1. Let a € (0,1). Let w be a non-decreasing function on (0, Ro]
such that
w(tsR) < yw(R) +05(R), R < Ro
where for every 0 < 1, o5 is a non-decreasing function, 0 < vs < 1, ~v5 —
1 as 6 ->0,0<15<1, 75 —1 as 5—>0andlim5ﬁ0£§:ﬁ§ =c> 1
Then there exists dg such that
1 R a 1 R log 'y(lgfalog TS

R <—<—> R ((7) o875 .R>,R<R,5<(5
w( )7% Ro w( 0)+1_%05 o 0 < Ho 0

Proof. Let R; < Ry and § € (0,1) be fixed. We have w(7sR) < vsw(R)+
os5(R1), R < Ry By iteration, this inequality gives

m—1
W(T3"R) < 5w (Ra) +05(Ry) Y 5 < 75w (Ro) + os(R) = — R<h.
i=0
Let m be chosen so that 75"R; < R < T?_lRl. This implies
R
w(R) < w(rg”_lRl) < ’yg”_lw(Ro) + 016( )
— s
1/ R\ o5(F)
S 7(7 og‘réw R +
75 \ Ry Bo)+ 1%
Let o > 0 be chosen so that ﬁi—lﬁ >1+4+h, h >0 0§ < d We
1 1 —al
have 0 < « 0875 <1, 6 < &. Let us = 087 — & OgT(S, 6 < dp. Note

: log s log s
0g s

1 — =
( 6) log 75 @
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Put Ry = Ry " RFs, § < . Tt follows

1/ R\ (1—ps) (122 o5(Ry " RHs)
R) < —(=- ®7 W(Ro) + 2
w(B) < —(5) w(Ro) + 7R

l.e.

W(R) < ;(;)aw(Ro) + 2 _1%05[(50)“51%0], R < Ry

This completes the proof of lemma.

Remark. The crucial fact of the next Theorem 1 is that « € (0,1/2) is
fixed and does not depend on e. The direct application of Lemma 8.23 of
[7] would imply that in Theorem 1 instead of fixed a we would have a net
(ce)e tending to zero with ¢ — 0. Because of that we had to prove Lemma
1. Thus, the changes in the proof of Theorem 8.22 of [7] (based on Lemma
8.23) realized through the next Theorem 1 are interesting in itself (see also
[3], [17]). This theorem is strictly involved in the proof of Theorem 4, and
for its proof we will use the following generalized weak Harnack inequality
which will be explained in the proof of Theorem 4:

R el (8,n() < Cexp(c™(€) inf ue(), (3.11)
where 7 € (1, 2).

The linearization of (3.3) (and similarly of (3.4)) is done by putting a
function v instead of u in coefficients a/(Du) Thus, equation (3.3), with
az’ (z) = ag’ (Dv(x)), is of the form

Leue := D;(a? (z)Djuy) Z Z —a” ))Djue = 0. (3.12)
j=1p=1

In comparison to (8.1) and (8.3) in [7], we have b =0,d = 0,f = 0,9 = 0.

Theorem 1. Let o € (0,1/2) and §2 be a bounded open set. Let (L.) be of the
form (3.12), and satisfy conditions ( 3.7), ( 3.8). If (uc). € (W12(Q))(O1)
satisfies Leue = 0 in Q, € < 1, then for every e < 1, u. is locally continuous
in Holder sense and there exist M > 0, such that for every By = Bpr,(y) C Q
and every R < Ry,

08CRp(y)Ue < MR Ry “0scp,ue.

Proof. Let ¢ < 1. One has to repeat the proof of Theorem 8.22, [7]
with M, g and m,,_ g instead of Myr and of mypr defined as supremum and
infimum of u. on the ball B, gr(y). Recall, n. € (1,2). We will use the
notation M, r and m, g for the supremum and the infimum of u. on the
ball Br(y).

Now, similarly as in Theorem 8.22. of [7], we use (3.11) for M, —u. and
Us — My, In Brjayy g/ and obtain

R™" (My.r — ue)dz < Cexp(c™(€))(My.r — M R),

BRr/24n:R/2
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R (ue —my.r)dz < Cexp(c™(€))(Mme,r — M. R)
BRr/24neRr/2

By addition
MWER - mTIER S Cexp(cm(s))(MnsR - mnsR + mf':»R - M&R)
This leads to

we(R) = oscp e = Me g —me g < (1 — Jwe(T=R), (3.13)

Cexp(c™(e)
where we put 7. = 1/7..

Using (3.13) and the Lemma 1, witho =0, =&, vy, = 1—
Ve, we have pe. =1 — %, and

1/ R\«
w(R) < (Ro) w(Ro), R < Ry.

(Note that m is a negative constant.) This finishes the proof of Theorem 1

For the next two theorems the notions of exterior and uniform exterior
cone condition are used. Recall that this the uniform exterior cone condition
means that there exists a finite rigid circular cone V' such that at every
x € Of) there exists V,, congruent to V, such that Q NV, = x (see [7],
p.205).

The assumption 9 is of C>%- class implies that 9Q satisfies the uniform
exterior cone condition on the boundary.

The next step is the extension of Theorem 8.27 in [7], where we use Lemma
1 again.

1 _
Cexp(cm(e)) 7€~

Theorem 2. Let o € (0,1/2) and §2 be a bounded open set. Let (L.) be of the
form (3.12), and satisfy conditions ( 3.7), ( 3.8). If (uc). € (W12(Q))(O1)
satisfies Leue = 0, € < 1, in Q, and Q) satisfies an exterior cone condition
at a point xo € 0L, then, for every 0 < R < Ry and By = Bpg, (o),

osconBgrUe < Cexp(c™(e)) (R R, + o-(VRRy)), € < 1, (3.14)
where o-(R) = 0scgn N Bru., € < 1.
Proof. Similarly as in Theorem 1, we come to the inequality
0SCQRUs < Y205CQ, pUs + 0SCh(Q,_p)Ue;

where Qr = QN Br(xg), 0(Qr) N Br(xg). Now the proof follows by the use
of Lemma 1.
Theorem 2 leads to a reformulated Theorem 8.29 of [7]:

Theorem 3. Assume that € satisfies a uniform exterior cone condition on
a portion T of the boundary. Let ag < 1, K. = O(exp (c"(¢)) and

08CHNNBR(xo) e < KR, 29 € T, R > 0,
Then for a € (0,0/2], us € C*(QUT) and, for every Q' CC QUT,
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luellce @y < Cexp (e™(e))supaluel, e <1,
where C' depends on d' = dist(QY,00 —T)

3.3. Main theorem. Let k € N. The assumptions in the next theorem are:
a € (0,1/2), E=CM2(Q),
Q) is open and bounded , 99 is of C¥T2 — class
c™(e) = O(|logel), for all m € N. (3.15)

For example, one can take c¢(¢) = log|loge|, € < 1.

Theorem 4. Assume that (Q¢)c is a net of strongly and uniformly elliptic
operators of the form (3.3) or (3.4) with a2’ € C*1(Q x R x R") satisfying
(8.7) and (3.8) with d < k + 1. Moreover, assume that (¢z)e € En[E],
where ON) satisfies a moderate slope condition with (¢c).. Then, there exists
(ue)e € Ep[E] such that

Qe(u&?) =0, u, = ¢, e< 1. (3'16)
0N

Proof We follow ideas of Chapter 11 in [7] but for a parametric dependent
family of equations. Actually, we change this procedure at an essential point
(in order to obtain a priory bounds for the derivatives of order k of a solution)
although the steps of the proof are the same as the corresponding steps of
the proof in [7].

Let v € CF12(Q) be fixed. Consider a family of operators QU defined by

QY(u) = a¥ (z,v, Dv)Djju, € < 1.
For fixed e, Qf is a strictly and uniformly elliptic linear operator. From
(3.7), (3.8) and the fact that the k—th derivative of ac” (z,v, Dv) is a poly-
nomial expression of 9%as’ (x,v, Dv), %v and 9% Dv, i < k, it follows
la (z, v, DV) ka0 < Coc(e)(1+ |v]ka,0 + [DVlkao)?, e <1, (3.17)

for some Cy > 0, ug € R, and by € R.
By the classical theory ([7]), we know that the linear Dirichlet problem

Ql(u)=01in Q, u = 0.,
[5]9]

for every fixed o € [0, 1] and ¢ € (0, 1) admits a unique solution ug” (cf. [7],
Theorems 6.6 and 6.19) in C*+2%(()) satisfying the estimate

’qu)’a|2,a,9 < Ce,cr(‘ulg}p’o,a,ﬁ + ‘¢E Q,Oc,Q)a
where C; , > 0 depends on Q, A.(z,v, Dv) and A.(x,v, Dv). Inspecting the
proof of Theorem 6.6 in [7], we have found in [15] that

3

A
C.o < C)\—g, e < 1.
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This and (3.17) (with £ = 0) imply that there exist C; > 0,m; € R, and
b1 € R such that

Ceo <C1c™ ()1 + |v|1,a79)b1, e < 1.
This leads to
22,00 < C1¢™ () (1 + [ul 70,00 + V|10 + [B:|20,0)" e < 1. (3.18)

Now using (3.17) and the same arguments as above related to the c(e)—
polynomial growth of constants appearing in (3.18), we conclude that there
exists C' > 0,m € R, and p € R such that

k12,0,0 < Cc™(e)(1 + [ud7]0,0,0 + |V]k41,0,0 + |Pelbr2,0,0)F e < 1.
(3.19)

v,0
|ug

(See Exercise 6.2 in [7])
Fix € < 1 and denote by Tfp the mapping

TSU(U) =ul?, ve C’k+1’a(Q).

If for every € < 1 there exists a fixed point v = uZ

[ul k12,00 < C™ ()1 + |ullo,a0 + [ul]kt1,0.0 + |Plet2.0.0)P e < 1.

Using this and (3.19), starting with k£ = 0, with another C' > 0, m € R and
p € R, we have

[uglkr2.0.0 < C™(E) (1 + |[ulloan + [Dulloan + [0:lki200)  (3.20)
Now we will prove a priori bounds for |uZ
|uZ]1,0,0 < Sexp(c’(e)), e <1, ( for some S > 0,s € R). (3.21)

Because of this condition, we had assumed (3.6). This leads to the bound
S1e7°1, with suitable positive constants S; and s;.

In proving this we follow [7], p. 282, steps I, I, IIT and IV, where I is the
estimate of supq, |uc| in terms of its values on the boundary, II is the estimate
of supyq |Due| in terms of supq |ue|, I11 is the estimate of supq | Du.| in terms
of supyq |ue| and supq |uc|, and IV is the estimate of supg[Duclq,0 in terms
of supq |Due| and supg, |ue|.

By the maximum principle we obtain bounds of [ug"[o..0 by |ue”|0.a.00
( [7], Theorems 10.3, 10.4 and 10.9); this is I.

The slope condition is introduced because of IT and it gives the polynomial
bounds in ¢ for sup{|Du.(x)|; x € 90Q}. (cf. Chapters 14 and 15 in [7]).

The proof of IIT is the same as in [7], p. 284, considering the weak solutions
to

, then it verifies

1,a,0, of the form

D;a" (z)(Djw.) = 0, (3.22)
where N N
az’(x) = a?! (Due(x)) and we = Dgue, k= 1,..n.
As in [7], we use the weak maximum principle and obtain

sup |ue| < sup |[Due| < Ke™, e < 1,
Q 0N
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where Ke™ is from the boundary slope condition.

The proof of IV is essential. We will give it only in the case of (3.3).

Following the same line of the proof as in [7], we have reformulated The-
orem 8.22 as Theorem 1.

Considering a family of linear equations (3.12) L.u. = 0, we start from
the reformulation of Theorem 8.18, [7] for the net of equations. In the
proof of such theorem with 5 # —1, all the constants appearing in the
estimates are of ¢(e)— polynomial growth but for 3 = —1 one obtains a
c(e)— polynomial estimate for log(u. + k:) (in our case k. = 0). This leads
to the weak Harnack type inequality (8.47) and (8.63) in [7] (see also[16]).
With the same arguments as in [7], it follows that the constants in (8.47)
and (8.63) of [7] are of the form exp(A./A: + Rv.), where v is also of ¢(e)—
polynomial growth. Assumption (3.9) implies that constants are of the form
Cexp (c"(¢)), for some C' > 0 and m € R not depending on e.

Now we use (8.47) of [7]:

R |uel|p1(Byp(y)) < Cexp (Cm(f))xeglg(y) us(x), € <1, (3.23)
where u. € W2(Q) is a solution to (3.12) and non-negative in the ball
Bur(y) C €.

By (3.23), we have (3.11):

R |ullpr (B, ny)) < Cexp (€™(e)) weiéllf(y) u(z),
where 1 < ns < 2. The use of this inequality in Theorem 1 implies that
for every € < 1, u. is locally continuous in Holder sense and there exist
M >0, m € R such that for every By = Bg,(y) C © and every R < Ry

05CRL () Ue < Mexp (c™(g)) R Ry “oscp,ue.

Now with the same assumptions we have the conclusion of reformulated
version of Theorem 8.24 [7] but always with « not depending on ¢ :
For every Q' CC Q there exist M > 0, m € R such that

[ue|lca(ry < Mexp (¢ (€))[|uell r2(q), € < 1.

The assumption in Theorem 4: « < 1/2 implies that oy = 2« < 1 This
was important for Theorem 3. Thus, Theorem 3 (reformulated Theorem
8.29, [7]) enable us to continue with the proof of IV. It follows as it is de-
scribed in [7], pp. 284-285, considering the weak solutions to (3.22). (First,
we have to make necessary change of coordinates to arrive to portions of
zn = 0 instead of portions of 9. Then we have to use the Theorem 3 for
the bounds of w for the derivatives Dy, w,k = 1,...,n — 1 and the Morrey’s
estimate for D, w, Theorem 7.19 in [7]. This completes the proof of (3.21).

Now by (3.20) (with some new constants C' and m), we have

1,0,00 + |Pelit2,0,0),€ <1, (3.24)

uZ k41,00 < Cexp (™ (e))(Jug
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where on the left side we put k 4+ 1, @ -norm although it holds for k£ + 2, «
-norm.
For every ¢ < 1, TE'fU is a continuous mapping from CK*L2(Q)) into
Ck*+22(Q)) and thus, a compact mapping from C*¥T1%(Q) into C¥+1(Q).
By (3.24) we have that every solution u? , if exists, being the fixed point
of TF . satisfies the bound

€,00
[uZ |kt1,0,0 < Crexpc™(e),e < 1 (3.25)

for suitable C} > 0 and my > 0. Now the assumption (3.15) implies the
estimate

|ul k41,00 < Ce™, e < 1. (3.26)

Proposition 1 (i) in the Appendix, implies that that there exists (u.)., a
fixed point for (TF). ( with o equals 1) which satisfies (3.26). The theorem
is proved.

Remark. Let us underline that in [7], step IV is realized ”with some
B € (0,1)” instead of our fixed & € (0,1). And this is another difference of
our procedure in relation to [7] since we already come to inequality (3.20)
in a different way.

We give the existence of a solution of the Dirichlet problem extending

E = C*() to generalized function algebra.

Theorem 5. Let (Q:): be a net of strongly and unifotmly elliptic operators
of the form (3.3) or (3.4) with a®’ € (C)OV(Q) satisfying (3.7), (3.8). Let
00 be of C®- class and let 0 and (¢e). € Ep[C™(RQ)] satisfy the moderate
slope condition.

Then there exists a solution to (3.16) in Ey[C°°(Q)] and thus in G[C™®(Q)].

Remark. Since there is is a canonical isomorphism G[C*(€2)] onto
G(C>(€)) (cf. Proposition 2 in the appendix), and every element of £,[C(2)]
determines an element of G(€2), it follows that there exists a solution to (3.16)
in G(Q2) .

Proof. The proof follows from Theorem 4. Fixing £ € N, k > 1, the
proposed assumptions imply that there exist (uc). € Ep(CF1%(Q)) such

that for a sequence (ex); | 0

Qs(ug) = Oaulg 0 = ¢, |U§|k+17a7g < Cre™r, e < gy (3.27)

for suitable C > 0 and my < 0,k € N. Assume that (Cy)x and (—my )y are
increasing positive sequences of numbers. Note, in (3.27) bounds for k + 1
are larger than for k. But since u?“ is also a fixed point for the mapping

k
T;,, we have

k+1
|u€ |k,a7Q < Ck&‘mk, e < ¢€k.
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Now taking
Us = ulg, € € [eky1,6k), kK EN,

we obtain solution (us). € Ep[C°°(§2)]. This proves the theorem.

4. APPENDIX

One can easily deduce the following version of Leray- Schauder theorem
for Colombeau extensions.

Proposition 1. Let (T:) be a net of mappings of Epr[E] into itself.

(i) Let E = C**(Q), where k is fized. Assume that T, : E — E is compact e <
1. Moreover, assume that there exist C > 0 and a > 0 such that the following
implication holds:

If oT.x. = 2., zc. € E,e € (0,1),0 € [0,1],

then |zc|| < Ce®, e < 1.

Then (T:)e : Em[E] — Em[E] has a fized point (zc): € Ep[E].
In particular, if we assume that (T;)c is a net of mappings with the prop-
erty

Teue — Teve € N|E] if ue —v. € N[E|, (4.28)
then [(T.)<] : G[E] — G[E] defined by
(T:)e][ue] = [(Teue)el, (ue)e is a representative of u,

has a fized point x € G[E].

(ii) Assume that E = C*™(Q). Put E, = C™*(Q),n € N. Assume that
there exists () | 0 such that T. : E, — E, is compact, ¢ < €y, n € N.
Moreover, assume that for every n € N there exist C,, > 0 and a, > 0 such
that the following implication holds:

If oTcxe = xey 2. € Ep,e € (0,e,),0 € 0,1],

then ||zc||n < Cpe®, € < en, n € N.
Then (T:)e : Em[E] — Epm|E] has a fized point (xc). € Ep[E] .
In particular, if we assume that (4.28) holds for (1.)s, then we have
[(T:)c] = GIE] — G[E] has a fized point v € G[E] ([(Tz)e] is defined in

the same way as in part (i)).

Proposition 2. Let E = C*°(Q). There is a canonical isomorphism i of
GIE] onto G(E).
Proof. Let (R.). € Em[E]. We can choose a net (r.). € Ey(F) and
(€n)n | such that
IR — relln < €75, £ € (0, 2p). (4.29)

(Note, the sequence of norms (|| - ||n)nen is increasing). Define

i((Re)e) = (re)e, i([(Re)el) = [(re)e]-

This is an algebraic isomorphism.
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Remark. Consider generalized function extensions related to spaces
(E, up) and (F, v, ), with increasing sequences of norms. Any continuous lin-
ear operator h : E — F, can be extended to the continuous linear mapping
h : GIE] — G[F] (with respect to the sharp topologies). Similar extensions
can be made for nonlinear mappings satisfying appropriate growth condi-
tions (cf. [4]). For example, the assumptions on (7;). which imply (4.28)
can be easily formulated. Such considerations can be useful in a more gen-
eral setting of nonlinear problems. In this paper we have made the concrete
realization of a general concept.
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