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1. SPACES OF

We shall use the assumptions on K and (K.) given in this theorem to introduce
a new notion of “compact subset” which behaves better than the usual classical
notion of compactness in the sharp topology.

Definition 1. A subset K of ?R™ is called functionally compact, denoted by K &;
°R™, if there exists a net (K.) such that

(1) K = [Ks] - pﬁn;

(2) (K.) is sharply bounded;

(3) VeeI: K. e R™
If, in addition, K C U C *R"™ then we write K & U. Finally, we write [K.] € U
if 2, 3 and [K.] C U hold.

We note that in 3 it suffices to ask that K. is closed since it is bounded by 2, at
least for € small. The name functionally compact subset is motivated by showing,
as it will be done in Theorem 3, that on this type of subsets, GSF's have properties
very similar to those that ordinary smooth functions have on standard compact
sets.

Remark 2.
(1) By Thm. ??, any internal set K = [K.] is closed in the sharp topology. In

particular, the open interval (0,1) C *R is not functionally compact since
it is not closed.
(2) If H € R™ is a non-empty ordinary compact set, then the internal set

[H] is functionally compact. In particular, [0, 1] = [[0, 1]g] is functionally
compact. B
(3) The empty set @ = [0] € *R.

) *R™ is not functionally compact since it is not sharply bounded.
(5) The set of compactly supported points ¢(R) is not functionally compact
because the GSF f(z) = = does not satisfy the conclusion (??) of Cor. ?7?.

For functionally compact sets it is easy to prove the following generalizations of
theorems from classical analysis:
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Theorem 3.
(1) Let K € X C 'R", f € *GC™(X,*RY). Then K €y *R" implies f(K) €y

’RY.
(2) Ifa,be’R anda < b, then [a,b] € *R. Let us note explicitly that a, b € R
can also be infinite numbers, e.g. a = —dp™N, b= dp™ ora = dp~V,

b= dp=™ with M > N.

(3) Let K, H & *R". If K U H is internal, then it is functionally compact. If
K N H is internal, then it is functionally compact.

(4) Let HC K €y *R", then H internal implies H €y /R™,

(5) Let K & 'R and H Cy 'R?, then K x H Gy PR I, particular, if
a; <b; fori=1,...,n, then [[;—[ai, bi] € 'R™,

Both in the Banach fixed point theorem and in the Picard-Lindelof theorem, we
want to consider spaces of GSF's of the type K — *R?, where K &; *R™. In order
to set natural *R-valued norms in these spaces, we need to talk of partial derivatives
0%f(x) at every x € K. This cannot be performed using only the Fermat-Reyes
Thm. 77 since it requires the point x to be an internal one. For this reason, we
consider only those K that satisfy the following

Definition 4. We say that K is a solid set in “R™ if int(K) is dense in K (in the
sharp topology).

For example, Lem. ?? and Thm. 3 2 show that each interval [a, b], where a < b, is a
solid functionally compact set. Therefore, Thm. 3 5 gives that also n-dimensional
intervals are solid sets. Trivially, every sharply open set is solid.

For this type of sets we have:

Theorem 5. Let K be a solid set in ”Hi", and f € °GC™ (K, P@d) be a GSF. Then
for all a € N™ and all x € K the following limit exists in the sharp topology
lim 9% (y) = 0" (a).
y€int(K)
Moreover, if the net f. € C> (0, RY) defines f, then 0%f(z) = [0%f.(z.)] and
hence 0° f € *GC™ (K, *R?).

Proof. We have
lim  0%f(y) = lim  [0%fc(ye)] = [0 fe(zc)]

Yy—x
y€int(K) y€1nt(K)

the last equality following by the sharp continuity of the GSF [0%f.(—)] at every
point x € K C () (see Thm. 7?7 ?7?). O

From the extreme value property, Lem. 7?7, it is natural to expect that the
following generalized numbers could serve as non-Archimedean *R-valued norms.

Definition 6. Let () # K & “R" be a solid set. Let m € N and f € *GC™ (K, "R%).
Then

Il = mavx wmase ([0° £ (Maa)| 0 ms)]) € R,

1<i<d
where mq;, My; € K satisfy

Vo € K i |0%f (mai)| < [0°f ()] < (0% (Mai)] .-
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Note that the notation || f||,, depends on K through the function f since K is its
domain.

The following result allows to calculate the (generalized) norm || f]|,, using any
net (fe) that defines f.

Theorem 7. Under the assumptions of Def. 6, let the set K = [K.] € 'R™. If the
net (f.) defines f, then

a|<m g

1fllm = |maX SUII() |8°‘f;(a:)‘ € *R. (1.1)
1<i<d e

Proof. In proving (1.1), we will also prove that the norm || f||,, is well-defined, i.e. it
does not depend on the particular choice of points mai, Ma; as in Def. 6. As in the
proof of Lem. 77, we get the existence of mq;c, Myie € K¢ such that

Vo € Ko i |0% fl(Maie)| < 0% fi(a)| < |0% fL(Maic)]| -
Hence |9 fi(z)| < max (|0% fi(Maic)| , [0% f2(Maic)|). Thus
8af§(Mai£)’) .

max sup |0%fi(z)| < max max (|0% fZ(Maic)
le|<m ze K, |o]<m
1<i<d 1<i<d

)

But maie, Maie € K, s0

max sup laafg(a:)‘ = | max max (\8‘1f§(mm) , 8“f€i(]\2fm5)|) =
lo|<m 2K, || <m
1<i<d 1<i<d
= ax max (]aafi(Mm) , 8afi(mm-)]) .
‘12'7521
From this, both the fact that the norm || f||,, is well-defined and claim (1.1) follow.

O

Even though || f|lm € “R, using an innocuous abuse of language, in the following
we will simply call ||f]|,, a norm. This use of the term “norm” is justified by the
following

Theorem 8. Let ) # K & *R" be a solid set. Let f, g € °GC (K, P@d) and
m € N. Then

1) [[fllm > 0;

£l = 0 if and only if f = 0;
Vee R: e fllm = lel - | fllm:
1f + gl < 1 f Ll + Nglms

5) £ - llm < 2 - 1 {1l - 1 gllm-

Proof. 1, 3 and 4 follow directly from Thm. 7, as does 5, using the Leibniz rule.
The ‘only if’-part of property 2 follows from (1.1). a

A~~~

2
3
4
5

~ — — —

Using our R-valued norms, it is now natural to define

Definition 9. Let § # K & *R™ be a solid set. Let fe f’gCOO(K,P]TQd), m €N,
r € Ry, then
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(1) *GF(K,*R%) := (/’QCOO(K, "RY), (|| — Hm)meN). We write f € *GF (K, R%)
to denote f € *GC>(K,*R?).
(2) BP(f) = {g € 7GC(K."RY | |f = gllm <7}.
(3) fV C »GC™(K,R?), then we say that V is a sharply open set in *GF (K, *R%)
if
Yo e V3ImeN3Ire Rsg: B™(v)CV.
Moreover, we say that V' is a large (or Fermat) open set in *GF (K, P@d) if
YoeVImeNIreRyo: B'(v) CV.

A trivial generalization of the classical proofs, though using Cor. ?7?, shows that

Theorem 10. Let ) # K &5 *R be a solid set. Then we have:

(1) Sharply open sets as well as large open sets in *GF (K, P@d) form topologies
on *GC™ (K, *RY).

(2) Pointwise addition and multiplication by *R-scalar in *GF (K, *R%) are con-
tinuous in the sharp topology. Therefore, *GF (K, Pﬂid) s a topological ’R-
module and *GF (K, *R) is an *R-algebra.

(3) "GF(K, P@d) with the sharp topology is separated.

(4) If f, g € B™(0) and t € [0,1], thentf+(1—t)g € B™(0). We can therefore
say that every ball B™(0) is *R-conver.

(5) Ift € °R and |t| < 1, then t - B™(0) C B™(0). We can therefore say that
every ball B™(0) is *R-balanced.

(6) For all f € *GC™(K,*RY) there exists t € “Rsq such that f € t - B™(0|x).
We can therefore say that every ball B (0|k) is *R-absorbent.

Because of these properties, we will call the space *GF (K, ”@d) an *R-Fréchet
module. It is worth noting that the natural properties stated in the previous theorem
do not hold if we take the large topology instead of the sharp one, or if we consider
the field R instead of the ring *R. For example, since there exist GSFs having
infinite norms ||f||,, € “R, the multiplication by standard real scalar (r, f) € R x
*GC™ (K, pI?&E) —r-fergCe(K, "I@) is clearly not continuous with respect to the
standard Euclidean topology on R because 7 - || f|| #4 0 if r — 0 in this topology.
See [19, Sec. 5.1] for general abstract theorems corresponding to this necessity of
using a non-Archimedean topology in dealing with generalized functions.

The spaces *GF(K,”R?) are very rich of examples and convenient properties
which are well fitted for the aims of the present work. For example, let ¢ €
Dk (), K € Q C R"™, be an ordinary compactly supported smooth function; we
can consider K. := K and f.(z) := p(z) if x € Q and f.(z) := 0 otherwise to have
that o|x € "GF(K,*R). Morcover, Thm. 7 implies that ||¢|x|lm = [|¢llm € R is
the usual m-norm of .

The following result allows to include infinite meaningful examples and to un-
derstand that every f € *GF(K, ‘)]lid) can be extended to the whole “R":

Theorem 11. Let ) # K = [K.] €& *R" be a solid set, then
Vf e GC™®(K,*RY) 3f € *GC®("R",*RY) : flk = f. (1.2)
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Moreover, let Q be an open subset of R™ and J = [J.] € 'R be an infinite gen-
eralized number. Set K. := {z € Q | |z| < J.} and K = [K.]. Then for
all f € *GC>®(c(),”RY) (in particular, if f is the embedding of a Schwartz dis-
tribution) there erists f € *GC™®(K, *RY) defined by (fe) such that fle) = f,
Jelrm\k. = 0 for all e.

Proof. We start to prove the second conclusion. We set V. := {z € Q| |z| < 1.J.}
so that V. C K. for € small. Let x. € C*(R",R) be such that x|y, = 1 and
supp(xe) € K.. Let f € ”QCC’O(C(Q),”@d) be represented by (f.), with f. €
C>®(R™,RY), and set f. := x. - f-. Then each f. is compactly supported in K.
and any = = [z.] € ¢(2) satisfies z. € V; for € small because lim, ,o+ J. = +00.
Therefore f := [f.(—)]|x € “GC®(K,R%), and if 2. € V. then f.(z.) = f-(z.), so
f|C(Q) = f. To prove (1.2), we can proceed similarly by considering x. € C*°(R",R)
such that x:|x. =1 and supp(x:) € U,cx. BT (2). O

Theorem ?? and Thm. ?? yield an infinity of non-trivial examples of GSFs in
spaces of the type ”Q}'(Kﬁ’f&?d). In fact, even though f depends on the fixed
infinite number J € ”I@, each such f contains all the information of the original
generalized function f because f le() = f. Finally, note that (1.2) trivially yields
| Flx]l,, = Ilfll,,, for all m € N because the norm ||—||,,, is well defined (Thm. 7).
Ultimately, this is a consequence of the Fermat-Reyes Thm. 7?7 and of Thm. 5, which
state that every partial derivative depends only on the values of the generalized
function f at interior points of the solid set K.

In the following result, we prove a fact that will be very important in Section 77,
namely that the generalized Fréchet space *GF (K, *R%) is complete with respect to
the sharp topology.

Theorem 12. Let ) # K &5 *R™ be a solid set. Then

(1) The space *GF(K, ”@d) with the sharp topology is Cauchy complete, in the
sense that any Cauchy sequence (U, )nen @0 this topology, i.e. which satisfies

Vi € NVg € RygdN € NVm,n > N ||luy — upml|; < dp? (1.3)

converges in *GF (K, Pﬂid) in the sharp topology.

(2) Any sharply closed subset of "GF(K,*R%) is also Cauchy complete.

(3) If H C *R% is a sharply closed set, then {f € "GC®(K,"RY) | f(K) C H}
is sharply closed in *"GF (K, RY).

Proof. Tt is only essential to prove the case d = 1. To show 1, let us consider
a Cauchy sequence (un)nen in the sharp topology, i.e. we assume (1.3). Setting
i = q = k € Ny, this implies the existence of a strictly increasing sequence
(ng)ken in N such that |[un,,, — n, |l < dp®. Hence, picking any representative
(tne) of uy as in Lem. ??, we have

max sup |90 un,,,.c(z) — 0%un, ()| | < [pf]  Vk € Nso.

|a| <k rzeK.
By Lemma ?7, this yields that for each k € N5 there exists an g such that e \, 0
and

Ve € (0,ex) : max sup [0%un,,, () — 0%un, o(z)| < ok (1.4)
lal<k reK,
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Now set

- {unw,e —Up, e €CP(R™R) ife € (0,e4) w5

0 € C*(R",R) if e € [eg, 1)

Ue = Upgy,e + th’g Ve € 1.
k=0
Since e \, 0, for all € € I there exists a sufficiently big k£ such that we have
e ¢ (0,e) for all k > k. Therefore, u. = Ung,, e € CT(R™,R). In order to prove
that (u.) defines a GSF of the type K — *R, take [z.] € K and a € N. We claim
that (0%u.(z.)) € R,. Now, for all p € N and for any # € R™ we have that, for
e< ¢

|0%uc(z)] < ’aau"p+1=€(x)| + Z 0%y ()]
k=p+1
If p satisfies |a| < p, then from (1.4) and (1.5), we get that [0%hy .(z)| < p¥ for all
k>p+1,z € K, and all € € (0,1]. Hence for £ € (0,¢,), |a| < p and all z € K,
we obtain

prtl
0%Uc (2)| < |0%Un, ., (z)] + . <. (1.6)
— Pe
Inserting « = x. and noting that (0%uy,,, -(2-)) € R, proves our claim.

Moreover, |u — up, |; < dpP~! for all p € N5y and all ¢ < p. This yields that
(tn, )k tends to u in the sharp topology, and hence so does (uy,).

If C C *GC™(K, PI@) is closed in the sharp topology and (u,)nen is a Cauchy
sequence of C, then it converges to a point u € ”QCC’O(K,p]ﬁ). We cannot have
u € C° because otherwise u,, € B (u) C C° for some r € *Rsg, m € N, and for all
n € N sufficiently big, which is a contradiction. This shows 2.

Finally, let (u, )nen be a convergent sequence of *GC™ (K, *R?) such that u, (K) C
H for all n € N. Set u := limy 100 up € "GCP(K,”R%), then |ju, — ull, =
[sup,ck. |tn,e(x) — us(z)|] — 0 in the sharp topology. If € K = [K.], then z. €
K. for some representative [x.] = x and for € small. Therefore, |u,(z) —u(z)| <
|lun —ul|, and hence the sequence (un(x))nen of H tends to w(x) in the sharp
topology. Hence u(xz) € H because we assumed that H is sharply closed. [

For a complete theory of (functionally) compactly supported GSFs in the case

pe = &, see [19]. In the same particular case, for an Archimedean theory of ’R-
modules, see [15, 16, 17].

2. FIXED POINT METHODS FOR PDE

2.1. Banach fixed point theorem for PDE. We want to study PDE of the
following form:

{afyu,m):G £, (0%9) <n | - 2

Al y(to, x) = yo,(z) 0<j<k.

We want to develop an approach based on fixed point methods. The basic
concept that we will use is the following:
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Definition 13. Let § # K &; *R™ be a solid set, and let yo € X C *GC*™ (K, ”Hﬁéd)
We say that P is a finite sharp contraction on X with loss of derivatives L starting
from yo if

(1) P: X — X is a set-theoretical map.

(2) Vi € NJa; € "RsgVu,v € X ¢ |P(u) — P(o)||; < i+ lu—v|,, ;-

(3) For all ¢ € N, we have

n mﬂl%l}oré n<ma?+7nL ' HP (yO) - y0‘|i+mL =0,

where the limit is taken in the sharp topology.

Moreover, we say that P is a finite sharp contraction on X with loss of derivatives
L if the above conditions hold for every yo € X.

In Def. 13 it is possible to assume without loss of generality that Vi € Na; <
a;11. As this property is helpful in many proofs, we will assume it from now on.

Let us notice that the above definitions resembles almost perfectly the definition
of contraction that we gave in [24]. Our aim is to extend the methods introduced
in [24] to treat also equations like 2.1. Let us start by proving an analogue of the
Banach fixed point theorem:

Theorem 14 (BFPT with loss of derivatives). Let K, X,yo, L, P be given as in
Def. 13. Assume that X is a Cauchy complete set. Then:

(1) P is sharply continuous;
(2) Jy € X such that lim,,— 4 P™(yo) = y;
(3) Ply) =v.

Proof. Proof of (1): let B{(P(u)) N X be an open neighborhood of P(u) in X. For
every v € K by condition (2) in Definition 13 we have that

[1P(v) = Pu)ll; < i - [lv—ull;y
hence P (BZL(U) N K) C Bi(P(u))NX, which shows that P is sharply continuous.
Proof of (TQ): By induction it is immediate to prove that Vn € N

[P (yo) — P (yo) ||, < aiv- - @ignr [P %0) = yollipnz < @ienr 1P (w0) = vollipr -

Now for every n,m € N,n < m we have

[P™(yo) — P™(o)ll; < [|[P™(yo) = P™ (yo)||, + - -- + ||P" " (w0) — P"(w0)]|, <

2Jr(m 1L 1P (yo) — y0||i+(m—1)L+' cF o [P(Yo) = Yol < (as an < agqr Vk € N)

Z_(; 1L 1P (yo) — y0||i+(m71)L +...F a'?Jr(mfl)L 1P(yo) — y0||i+(m71)L <
m—1-n

O‘Z'L—i-(m—l)L ||P(y0) - yO”iJr(mfl)L : Z a?—&-(m—l)L =

n m
Qi (m—-1)L — Yt (m—1)L

P — .
L —aipm-1)r 12(50) = Yolls-(m-1)2

and this goes to 0 by assumption. This shows that {P"(yo)},cy is a Cauchy
sequence in X, which is a Cauchy complete set, henceforth it must have a limit
ye X.
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Proof of (3): By the sharp continuity of P we have

P(y) = P( lim P”(yo)) = lim P""(y) = .

n—-+oo n—-+oo

(]

2.2. Picard-Lindelof theorem with loss of derivatives. In this section we
want to arrive to a formulation of Picard-Lindel6f theorem in the context of gener-
alized PDE with loss of derivatives. Let us start with a definition.

Definition 15. Let § £ T €; *R, § £ S € *R" be solid sets, let Y C *GC™ (T xS, p]}id)
and let L € N. Then we say that F' is uniformly Lipschitz on Y with constants
(Ai);en and loss of derivatives L if:

(1) F:TxS— *R? is a set-theoretical map;
(2) Yy €Y F(=,—y) = F(y)(~, ) € °Gc™ (T x §,°R?)
(3) Vie NVu,v €Y
1Pt 2,0) — F(ty2, o), < A lu = vl
Notice that in the previous definition we let ||F'(¢, z,u) — F(t,z,v)|, be the norm
in the sense of *GC™ (T xS, ”H?Rd>, see also [24, Def TOT]. Moreover, notice that

w.l.o.g. we can always assume that A; < A;;1Vi € N. We will always make this
assumption.

Definition 15 might seem very restrictive; however, the following Theorem shows
that every GSF of the form G [t, x, 0%y(t, x)|a|§L] is uniformly Lipschitz:
Theorem 16. Let ) # T & 'R, () # S &5 'R" be solid sets, let L € N, L :=
o € o] < 1], 6 < rGe™ (T B AR 7R, g < g0 (57R1), <
s; € “]li>0 Vi € N. Then for all H €5 'RY the function

(t,z,y) ET X SXY — G [t,x,ﬁgy(t,x)|a|SL] € *R?

is uniformly Lipschitz with loss of derivatives L on

Y i=ye{"GC™(T'x S, H) | |ly—vol

Proof. r; nell’enunciato non & detto cosa siano; dimostrazione da sistemare una
volta che sia stata sistemata quella delle formule di Di Faa nel paper delle ODE. [

§T1V’L€N}

li

We are now ready to prove the main result of this section:

Theorem 17. Let ty € ”I@, let a,r; € /’@w VieN, let T, = [—«,a]. Let 'R¢D H
be a sharply closed set, let S €y 'R™. Let yo(x), ..., yx(x) € »GC™ (S, ”Hi), let

Pm(t) = Ef:_ol wtl and let By, (Pm(t)) C HY(t,x) € T, x S. Set

Vo= {y €60 (T, x 8,1) | [y - Py

and assume that F' is uniformly Lipschitz on Y, with constants (A;);cy and loss of
derivatives L. Finally assume that
0y oF
1) [|[F(=,—v)ll; < Mi(y) wzthnﬁ - M;(y) <1 for all y € Yy;
@ 1 (G Ais) [F(= = Pyl =0 for alli € N.

n,m—-+oo,nm

igriVieN}
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Then there exists a solution y € Yy, of the Cauchy initial value problem
{afyos, 7) = F [t,2,(039) oy
97 y(to, x) = y;(x) 0<j <k

Proof. The proof that GC™ (T, x S, H) is closed is identical to that of [24, CER-
CARE]. Let us notice that Y, # 0 as Pm(t) €Y, WenowletT:Y, —

*GC™ (T, x S, H) be the function

T(y)(t,2) = P-3(t) +/0t /0 ( (/0 F(sl,x,y)dsl) d) dsy.

Notice that T'(y)(—, —) € °GC™ (Ta xS, "]1@) because of Condition (2) in Defi-
nition 77.
Now, for every y € Y, and for every ¢ € N we have

t Sk Sa
|T(y) — P?Hi = ‘ / / ( . (/ F(sl,x,y)dsl) ...dskl) dsy,
0o Jo 0 i
t Sk S2 ak
/0 /0 ( (/0 ||F(sl,x,y)||idsl> "'dsk—l) dsi < ng(y) <r.

Moreover, V(t,z) € T, x S we have |T(y)(t,x) — Pm(tﬂ <||T(y) - P7H0 < 79,
hence T : Y, — Y,.

It remains to prove that T is a finite contraction on Y, with loss of derivatives
L starting from Py(—xs (t): first of all, let us notice that

HT (Pm(t)) — Ps(t) /Ot /Ok ( . (/0 F(sl,x,Py(—xS(t))d&) ...dsk_l) dsy,

O(k
o F ()

Finally, for every u,v € Y, we have

t Sk S2
T (u) —TW)|, = ‘/ / ( </ F(sl,x,u)F(sl,x,v)d51> ...clSkl)ds;€
0 Jo 0
t Sk So
/ / ((/ ||F(51,33,u)—F(sl,m,v)Hidsl)...dsk1) dsy, <
o Jo 0
t Sk EP) ak
/0 /0 ( </O Al ol d51> d> dsic= S As = vl

Henceforth our candidate contraction constants are %c - A;. To finish the proof,

we need to evaluate lim (%1: . Ai+mL>n HT (Pm(t)> — Py(—xﬁ(t)

<

K2

i

%

<

(2

itmL

n,m—-+oco,nm
. oF "
) Oék n ak
n,m—)l}rg,ngm (k" ’ Ai+mL) . ﬁ . HF (77 7’P’/(—I§(t)> i+mL -
Oék . Oék "
W amom (k' 'Ai%) (== Pmo)]..,., =0




A GROTHENDIECK TOPOS OF GENERALIZED FUNCTIONS III: NORMAL PDE 10

by our hypothesis (2). This concludes the proof. O

Remark 18.

(1) Uniqueness cannot be proved as we did for the ODE case in [24, CHECK].
In fact, if y(x,t), z(x,t) are two solution of equation 2.1 then

— < F(—,—,y)— F(—,— <a-An-lly—
)~ 2(t.2)| < | _pax / ¢ F(= =2y Sa-Ao-ly— 2l

which does not entail that y = z, in genere.
(2) Notice that in Thm. 17 we can take H = B,(P(0)) where s = ro+|| Py ||0.
In fact, for every y € B,, (P (v)) we have

lyl < ly = Py ()| + [Py (x)
and soy € H.

Theorems 16 and 17 can be combined fo give simpler conditions under which an
interval of existence of solutions of equation 2.1 exists.
Corollary 19. Let ty € *R, B,r; € "RooVi € N, T := [to — B,to + 8], L € N and
L={aeN"||a| <L}. Let G € *GC™ (T x PR™ x *R4L pﬂid) 0 +S s R",

yo(x), ..., yx(z) € °GC™ (S, ”Hi), and let Py(—ms(t) = Zf 01 ylz(x)tl with ’
S; € ”@>0Vi S i .

Set H := Byy15,(0) € "Rug, D := [[-y Brits;(0), M; := ||Glrxsxpl,;. Let
(Ai);en be the Lipschitz constants for G as stated in Theorem 16 (which depend on
H,T,S (r:)i, (si)i). Finally, assume that o € (0, f] is such that

(1) 3R € *RVi € NA,; < R;
(2) Ja € Rsg such that:

(a) %5 < min (%", 35)
’:0.

o <_, - (83P1A_zS)a<L> j

Then there exists a solution y € Y, of equation 2.1.

(b) limy, j— 400 dp™

Proof. Set T, := [to — o, to + ] and let M; (y) := M, o := ||G|1, xsxpll; Yy € Ya.
Let (A; o)ien be the Lipschitz constants of

(t,2,y) €T X S X Yo — G [t,x, (8gy(t,x))‘a|§L} c 'R

on Y, as in Thm. 16. We have the following facts:

VreS |Py(—zg| < HPy(—xSHO < 89 < 19 + S0, hence yo € *GC™ (S, H);
Bm(Py(—mS) C HVz € S by Remark 18.2;

e MNig < Aip14Vi € N by Remark TO ADD IN THE PROOF OF LIPS-
CHITZ;

If we s Y, F(t,z,y) = ,,(ap) .~ we have th
we set Vy € (t,z,y) G(a:y 0 eS| IaISL> we have that

1E (= = »ll; < |Glraxsxpll; = Mia(y);
To conclude the proof we show that we fulfil the hypotheses of Theorem 17. In
fact:
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k

o ST Mia(y) = O‘k— Mo < G M asT, C T, and a r-M; < r; by hypothesis

(2a);
e AsT, CT,

(5 e

Y G e B O e

i+mL ’

As AHmL < R and 77 - R < dp®, we get that
Q{k na
and we conclude as lim,, j_, o dp"* |G ( (8“ (—S)I |<L> = 0 by
a
j
hypothesis (2b).
O

Corollary 20. Let us assume the same hypotheses of Cor. 19 except the hypothesis
(2). If there exists M,r € "Rsq such that
(1) Vie NO< M; <M andr <ry;

(2) Ja € Rsq such that “k—’: < min (%, ’M)

then there exists a solution y € Y, of equation 2.1.

Proof. We have that ‘lk— < ﬁ < ](/; for every i € N and

’G <_’_’ (02, a<L> H
( - (2275) la |<L)‘

||G|szxD||j = M, < M. Therefore lim,, j_, 4 dp™® ‘
limy, jy4oo dp™® - M = 0. |:|

TO ADD: Remarks of Paolo + a very long list of examples.

3. BOUNDARY CONDITIONS FOR DIFFERENTIAL PROBLEMS IN THE GSF SETTING

In this section we want to adress an issue that, as far as we know, has not been
discussed yet in GSF theory nor in Colombeau theory. The issue is the following:
which kind of “boundary conditions” are we allowed to consider in the GSF setting
when we deal with differential equations? As the issue has nothing to do with the
particular set of indeces I that one fixes to build the scalars, in this section we let
I = (0,1] (the general treatment would be completely analogous).

This issue originates by a simple observation: boundaries in the sharp topology
are badly behaving objects. To explain what we mean, let us consider [0,1],5
Whilst the interior of [0, 1] is the sharply open set (0,1),5, the boundary of [0.1],5
is

PR

9 ([0,1],5) = {= € [0,1],5 | = is not invertible or 1 — x is not invertible}

which contains 0,1 (as expected) but also many bad behaving objects like e.g.
points x = [x.] where x € [0,1],5 and z. = 0 for every ¢ € J C I with inf J = 0.
This bad behaviour has strong consequences also on GSF:

Remark 21. Let f,g € "GC™ ([ ]pR,pR") If f=gond([0,1],5) then f =g on
[O’ 1]9]?{



A GROTHENDIECK TOPOS OF GENERALIZED FUNCTIONS III: NORMAL PDE 12

Proof. Let « = [x.] € [0,1],5. Let I;,I5 C (0,1] be sets with I; NI, = @ and
inf I; =inf I = 0. For i = 1,2 let x;(¢) be the characteristic function of I; and let
Xi = [xi(e)]. If f=[fe],g=[g:], we have

f(@) = [fe ()] = [fe O (e)ze + xa(e)ze)] =

[X1(e) fe (xe) + x2(e) fe (z2)] = xa f (aw) + xaf (xo2) -
We conclude by observing that x1z, x2x € 9 ([0,1],) , hence x1 f (x12)+x2f (x2x) =
x19 (x12) + Xx29 (x22) = g(x) by analogous computations. O

As an obvious consequence, we get that letting “boundary conditions” mean
prefixed conditions on arbitrary subsets of the boundary is not a valid choice in
the GSF setting. To understand what the meaning of “boundary conditions” in the
GSF setting should be, we use the notion of subpoint introduced in [REFERENZA],
in particular the following trivial result that we recall for clarity:

Lemma 22. Let X C*R", Y C *R?, f € »GC™® (X,Y),xz e X. If2' is a subpoint
of x and J = dom(x') then f(x)|; = fls(x]s).

We recall that an m-ple (x;)y;l is said to cover a given point z if all z}’s are

subpoints of z and |J;-, dom (z}) = dom(z).

/4

be such that Vi < m f (}) |dom(x;) =g (z}) |dom(x;). Then f(z) = g(x).

Lemma 23. Letz € "R, let (z);~ | be a cover of x and let f, g € "GC™ (P]Ii”, Pﬂik)

Proof. This follows in a straightforward way from Lemma 22 and the fact that
generalized smooth functions can be characterized e-wise. (|

Notice that Remark 21 is a particular case of the previous Theorem, as every
point x € [0, 1],5 can be covered by a pair o, x5 of subpoints of points in d ([0, 1]) -
This shows that our problem with boundary conditions is due to the fact that, for
many interesting examples of domains €2, internal points of 2 can be covered by
m-ples of points on the boundary 02 which, as a consequence of Lemma 23, fixes
the value on the interior of 2 independently of the differential equation considered.

To solve the above problem, we introduce the following definition:

Definition 24. Let X C "]IAé”7 let € 0X. We say that z is a strict border point
of X if for every y € X we have that x,y have no common subpoint. We call strict
border of X the set

X = {z € 0X | z is a strict border point of X} .

Contrary to the general border, the strict border has the following property,
which in some sense shows that this is the “right notion” to consider when dealing
with boundary conditions for differential properties as, roughly speaking, it means
that fixing the value of a generalized smooth function on the strict border leaves
completely free the values it can attain on the interior:

Theorem 25. Let X C "]E", let f € »GC™ (Y, "@m>, let y be an interior point of
X and let o € *R™. Then there exists g € *GC™ (Y, ”I@m) such that

(1) flox = 9l5%
(2) g(y) = a.
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Proof. By substituting g with ¢ — f (and consequently o with a — f(y)), we can
assume that f = 0 on 0X. Then this result holds as a consequence of the sheaf
properties of generalized smooth functions, as METTERE REFERENZA PRE-
CISA. O

Whilst at first sight that of strict border point might seem a strange notion,
what happens is that actually it formalizes precisely most simple examples that
one has in mind:

e 0,1 are the only strict border points of [0, 1];
e more in general, the strict border of an open ball B,.(z) C /R™ is

{ve '’ day) =r};

e ( is the only strict border point of P@>o;
e more in general, for every i < n the strict border of the open semispace

{(wh...,xn) EPI@”M@ >O} is {(:rl,...,xn) 6”@”|xi:0},

and so on.

4. CHARACTERISTICS FOR GENERALIZED PDE

The goal of this section is to show that the classical theory of characteristics can
be extended to generalized PDE of the form
{F(Du,u,x) =0, z€

4.1
u=g onT, (4.1)

where € is an open set, I" is a subset of the strict border of Q and g € *GC™ (F, ”Hi) .

As we are going to show, this extension can be done in an almost strightforward
way. To underscore this fact, we will follow closely the presentation of character-
istics (in the classical theory) given by Evans in [14], concentrating only on the
modifications we need to do to adapt the theory to our setting.

4.1. Flat boundaries. SEZIONE DA RIGUARDARE UNA VOLTA FISSATI 1
RISULTATI DEGLI ARTICOLI PRECEDENTI, si puo sicuramente scrivere meglio
di cosi
In what follows, we will be interested in the following kind of open domains:

Definition 26. Let U C *R™ be a sharp open set and let zog € OU. We say
that U can be flattened at x if there exists a sharp neighborhood V' of x, a sharp
neighborhood W of 0 and an isomorphism ® : VNU — WnN{(x1,...,2z,) | z, > 0}.
We say that the boundary of U can be flattened if U can be flattened at x( for
every xg € OU.

As in the classical case, when the boundary of U can be flattened, all remaining
computations are easier to carry on. The only nontrivial fact to be checked in the

GSF setting is the following (RIGUARDARE SE SI SEMPLIFICA LA SCRIT-
TURA con altri risultati):

Lemma 27. Let K be a solid subset with no isolated points, let Q = int(K) and
let U : K — ?R™ be such that \If\mt(K) : Q — U is a isomorphism. Then:

(1) U is a solid set;
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(2) W (K \ int(K)) =T\ U;
(3) W (89) = aU.

Proof. (1) Let A be an open (nonempty) subset of U. Let B = ¥~1(A). Then

Jr € QN B. So ¥(x) € int(U) N A. This shows that U = int(U) is dense in U.
(2) This holds in general for isomorphisms.
(3) Let us show C, the other inclusion can be proven similarly considering ¥~1.

Let x € 0 and assume that ¥(z) ¢ dU. By (2), necessarily ¥(xz) € 9U. So

U(x) € OU \ AU, hence there exists y € U so that U(z) and y have a subpoint
in common. But then ¥=! (¥(z)) = 2 and ¥~(y) € int(K) have a subpoint in

common, which is absurd as x € 99). |

Now, as in the classical case, let us see what happens to Problem (4.1) when
we flat out locally the boundary of our set. As in the classical case, assume that
we are in a neighborhood of zy € T' and let ® be the isomorphism flattening a
neighborhood U of zg in K.

If u € »GC™ (K, "@”L) we let v(y) == u(¥(y)) fory € V. If @ = U1 we
have u(z) = v (¥(x)) for z € U. If u(x) solves Problem (4.1), we then have for
1=1,...,n

sy = Y vy, (2(2)) (D1),, (@),
k=1

namely Du(z) = Dv(y)D®(z), where we have used composition and chain rules for
GSF. By substituting in F'(Du, u,z) = 0 we get 0 = F (Dv(y) D®(¥(y)), v(y), ¥(v)) ,
which is an expression of the form G (Dv,v,y) = 0 in V, as expected. Moreover,
notice that h(y) := g (¥(y)), which is defined on ®(T") that is included in the strict
border of ®(V'). Namely, even in the GSF setting, straightening the boundary near
xo converts our original problem (4.1) in a problem with the same formal expres-
sion, but defined on a domain with a straight strict boundary, so with boundary
conditions defined on a subset of the flat set {(x1,...,2y) | z, = 0}.

4.2. Derivation of characteristic ODEs. Let F : *R" x R x K — *R. As in
the classical case, the goal is to find u € *GC* (K, ”R) such that

F (Du,u,x) =0,
subjected to the boundary condition
u=g onl,
where g € *GC™ (F, "I@) is given.

Let I = [0,a] C *R be an interval that we use to parametrize the desired gen-
eralized curve z(s) € *GC™ (I,P]ﬁ”). Set z(s) := u(z(s)) € *GC*™ (I,ﬂ@) and

pls) = D (u(a(s)) = D (u(r(s)) = (e, (2(s), - s, (2(s))) € 6> (1,7R").
Using the fact that composition and derivation of GSF follows the same rules of
smooth functions, we can easily prove the following;:
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Theorem 28. Let u € "GC™ (Q, ”@) solve the nonlinear, first order PDE (4.1) in
0. Let I =10,a] C *R and assume that x € *GC™ (I, pﬂi”) solves the equation

i(s) = DpF (p(s), 2(s), 2(s)),
Then for every s € I with x(s) € Q we have

where () denotes 2

4
{p(S) = —D.F (p(s), 2(s), 2(s)) — D-F (p(s), 2(s), 2(s)) p(s),
2(s) = DpF (p(s), 2(s), x(s)) - p(s)-

Proof. As the classical proof uses only the chain rule for derivation, we can easily
repeat it: since p(s) = D (u(z(s))), by deriving with respect to s we get
PUS) =) ttm, (x(s)) i (s), (4.2)

J=1

whilst deriving F' (Du,u, z) with respect to x; we get

Z Fy, (Du,u, ) ug, g, + F. (Du,u, x) ug, + Fp, (Du,u,x) = 0. (4.3)
j=1

As in the classical case, set

(E(S) = ij (p(S), Z(S)7x(8))
for j = 1,...,n. Then we can cancel all the second derivatives appearing in equation
(4.2), and by substituting x(s) to z in equation (4.3) we get the desired expression
for p(s). The expression for z(s) is obtained deriving z(s) = u(z(s)) with respect
to s. 0

4.3. Compatibility conditions on boundary data. As in the classical case,
we now want to characterize which kind of boundary conditions can be given so
that the characteristic ODEs can be solved. Let us fix g € " and let us solve
this problem locally. The values of z(0),p(0), 2(0) are trivially fixed by copying
the classical approach: as the curve z(s) starts from zg, we have to fix z(0) = o,
which forces to set z(0) = u(x(0)) = ¢g(x(0)) = g (x0), as u = g on I'. To fix the
value of p(0) we notice that, as u (z1,...,2,-1,0) = g (21,...,2,-1) on I near xo,
differentiation with respect to z; (for ¢ = 1,...,n — 1) of this equality forces the
necessary conditions p;(0) = uy, ((0)) = gz, (x(0)). Finally, as (p(0), 2(0), z(0))
must solve the equation F' (p(0),2(0),z(0)) = 0, we are led to impose the following
n equations (called compatibility conditions) for p(0) = (p1(0),...,p,(0)) :

Pi(0) = ga, (x(0)), i=1,....n—1
F (p(0),2(0),2(0)) =0,

which are formally identical to the classical ones; notice that, as in the classical
case, the value p(0) is not uniquely determined, since the above system may not
have a solution, or might not have a unique solution.

The only technical part where we have a slight difference with respect to the
classical case comes now. We have fixed the values of p(0),z(0), z(0) for the char-
acteristic starting from xg, but to be able to solve our PDE in a neighborhood
of o we need to give proper initial conditions for all y € ' N N, where N is
a sharp neighborhood of xy to be found, meaning that we have to find a GSF
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q() = (q1(-),-..,qn (+)) so that for every point y = (y1,...,yn—1,0) € TNN we can
solve the characteristic ODE with initial conditions

p(0) = q(y), 2(0) = g(y), z(0) = y.

Of course, ¢(-) must be chosen in such a way that the compatibility conditions
are fulfilled for every y € I' N N. The classical way to adress this problem is to
make use of the implicit function theorem; in the GSF setting, this theorem has
the following form, as proven in [34]:

Theorem 29 (Implicit function theorem). Let U C pﬂi", vV C ’R™ be sharply open
sets. Let F € »GC™ (U xV, ”@d) and (xg,y0) € U X V. If 05F (xg,yo) is invertible
n L(pﬂid, ”@d), then there exists a sharply open neighbourhood Uy x V1 C U XV of
(z0,y0) such that

Ve e Uy Ay, € Vi F(x,y.) = F(zo,y0)- (4.4)

Moreover, the function f(x) := y, for all x € Uy is a GSF f € *GC™(Uy, V1) and
satisfies

Df(x) = = (0:F (x, ()™ 0 1 F(w, f(x)). (4.5)
We can now prove that noncharacteristic boundary conditions in the GSF setting
are formally identical to those in the classical case.

Theorem 30 (Noncharacteristic boundary conditions). There exists a sharp neigh-
borhood N of xg and an unique q (-) € *GC*™ (N, Pﬂi") such that q (o) = p(0) and
for every y € NNT the compatibility conditions
F(q(y),9(y),y) =0

are fulfilled, provided that F,, (p(0),2(0),x(0)) is invertible'.
Proof. We can follow the lines of the classical proof. Let G : 'R™ x *R™ — *R™ be
the map G (p7 y) = (Gl (p7 y) PR Gn (pa y)) ’ where

Gilpy) =pi— 9o, (y), i=1...,n—1

Gn(py) = F(p,9(y):y) -
Then G (p(0),x(0)) =0, and

1 0 0
0 0 0
0 1 0
Fy, (p(0),2(0).2(0)) .. Fy,, (p(0).2(0),2(0)  Fy, (p(0),2(0), 2(0))

Thus detD,G (p(0),z(0)) = F,, (p(0),2(0),2(0)), which is invertible by our as-
sumption. So we can apply Theorem 29 and we deduce that there exists a neigh-
borhood N of zy and an unique ultrafunction g (-) so that G (¢(y),y) = 0 for every
yel'NN. O

1 As usual, the classical condition Fp,, (p(0),2(0),z(0)) # 0 is substituted, in the GSF setting,
by the condition Fj,, (p(0), 2(0),x(0)) is invertible.
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Remark 31. Most problems we will be interested in will have the form % =
H (z,u,%%) with strict boundaries of the form {(z1,...,zn_1,t) | t = 0}. In these

cases, the above theorem can always be applied.

4.4. Local solutions. Let us explicitly fix some assumptions that we will use
through this section:

K C*R" is a closed solid set (not necessarily functionally compact);
Q = int(K);
I" is a subset of the strict boundary of ;
T( is a point on the boundary T’;
Q can be locally straightened in I' : we assume for every zy € ', I' can be
rewritten in a neighborhood of z( as a subset of the flat set {(x1,...,2,) | zn
(p(0), 2(0),z(0)) is assumed to be admissible and noncharacteristic;
q(-) is a function defined on a neighborhood N NT' of z( so that
— p(0) = q(zo);
— (q(y),9(y),y) is admissible for all y € T" close to xg.

Under the above notations, assume to have solved the characteristic ODE for every
initial condition given by y € I'NN. We will write p (y, s), 2 (y, s), z (y, s) to explic-
itly denote the dependence of the values on the starting point y of the characteristic
and on the parameter s that parametrizes the generalized curve.

The first result that we have is that even in the GSF setting there exists a small
sharp neighborhood V' of xy such that all points in V' belong to some (projected)
characteristic:

Theorem 32 (Local Invertibility). Let us assume that the noncharacteristic con-
dition F,, (po,z0,%0) tnvertible is fulfilled. Then there exists an open interval
(—a,a) C ”I’@, a neighborhood W of xg in T' and a neighborhood V' of xqy in 'R
such that Yz € V3ls € (—a,a),y € W such that x = x(y,s). Moreover, the map
x €V = (s,y) €I xW is a GSF.

Proof. By definition, it must be x (xg,0) = z¢. Also, for every y we have z (y,0) =
vy, so that Vi, 7 < n — 1 we have

Ox; 1, ifi=j<n-1
,0) = -
Oy; (20,0) {07 otherwise.

Moreover, the characteristic ODE for #(s) implies that

% (z0,0) = Fp; (p(0), 2(0), x0) ,

which for j = n is invertible by hypothesis. Thus

1 ... 0 FE, (p(0),2(0),z0)
0 ... 1 F,, ,(p0),2(0),z0)
0 ... 0 FE,, (p0),2(0),z0)

which is a matrix with an invertible determinant. The thesis then follows by a
direct application of Theorem 29. (]

0};
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Let V be the sharp open set given in Theorem 32. In V' the quantities y and s can
be written in function of x, therefore also u and p can be written, via composition
(which is allowed for GSF) as functions of x for x € V:

{u(:l:) =z (y(x),s(x)), (4.6)

p(@) == p(y(x), s(z)).
Our main result of this section is Theorem 34; following its classical proof, at a
certain point we need to use the simple classical fact that the only solution of a
linear ODE with initial condition 0 is the constant function 0. Unfortunately, in
the GSF setting the growt conditions forces us to have a somehow weakened form
of this classical result, that has been proven in [34, Theorem 55] and that we recall
here for completness:

Theorem 33 (Solution of first order linear ODE). Let A € °GC™ ([a, b], P@dx‘i),

where a, b € "R, a < b, and t, € [a,b], yo € 'Re. Assume that

t
A(s)ds

to

where C' € Rsg. Then there exists one and only one y € *GC™ ([a,b],ﬂﬂid) such

that

< —C-logdp VtEe€]a,b], (4.7)

{y,(t) = A(t)-y(t) ifteab] (4.8)

y(to) = o
Moreover, this y is given by y(t) = exp (f:o A(s) ds) -yo for allt € [a,b)].

We now have all the ingredients we need to prove the main theorem of this
section:

Theorem 34. Let I = (—a,a) and let W be the neighborhood of xy in T given by
Theorem 32. Let us assume that Yy € W,Vs € (0,a) we have that

/ aF €) de
for some C € Ryy.

Then the GSF u given in 4.6 solves the partial differential equation F (Du(z), u(x),x) =
0 for every x € V, with boundary condition u(x) = g(x) forx e TNV,

< —Clogdp

Proof. Let y € T be a point close to xy so that we can solve the characteristic

ODE for p(s) = p(y,s), z(s) = z(y,s),z(s) = z(y,s). We claim that if y € T is

sufficiently close to z( (in a precise sense that will be specified in a moment) then
[y, z) :=F (p(y,s),2(y, s), z(y, s)) = 0.

In fact, f(y,0) = F(p(y,0),2(y,0),2(y,0)) = F(q(y),9(y),y) = 0 and (using
the characteristic ODE)

Z +naig'c,_
8 pj Z n 8a:jj_

N

" 9F [ OF OF OF OF OF [ OF
Z‘(—%—azm)w S o) 2 () =0
Jj=1
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Then f(y,0) =0, %(y, s) =0, hence f(y,s) = 0 thanks to the mean value theorem
for GSF (see [21]).
Now, as f(y, s) = 0, we have that F' (p(y, s), (y, s),z(y,s)) = 0, hence F (p(z),u(x),z) =
0Vx € V. Therefore, if one shows that p(z) = Du(z), we are done. Let us prove
this fact: let s € I,y € W. First of all, we have

Zp] Y,s y7 )7

as from the characteristic ODEs we have

Z=&-p= Zp];% (y,s).

Moreover, we have the equalities

ijy, (y,s) (i=1,...,n—1).

In fact, fix y e T'and ¢ <n — 1. Set

n

)= 5 (08) = Y py o)

our goal is to show that 7;(s) = %Fn( ) which, as 7;(0) = g4, (y) — ¢:(y) = 0 by

the compatibility conditions, proves that r;(s) = 0 for every s € I thanks to our

hypothesis on %—5 and Theorem 33). To show that 7;(s) = f%—fri(s), we proceed
as follows: we first notice, with a direct computation, that
0%z - Op; Oz %z,
i(8) = —— — — . . 4.9
ils) Qy;0s ; [ ds Oy, P Qy;0s (4.9)

Then, as 2 = Z;.Lzl p; (Y, s)%(y7 s), by differentiating with respect to y; we get
n
0%z _ Z 8@% +p 0?x;
0s0y; = Jy; 0s 7 0s0y;

which can be substituted in equation 4.9 to get

(o) = N~ [0y 0; p, 0y
ri(s) ;{ 9 35~ 05 3y | (4.10)

Hence by the characteristic ODE for p we get
. - i 8pj 8F 8F aa:j
=2 o () - (5m) 32

Now differentiating F' (p(y, s), 2(y, s), (y, s)) = 0 with respect to y; we get

Z oF 8pj JF 0z Z OF Ox;
(9pj <9yZ 9z dy; 8333 oy;
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We substite in equation 4.10 to finally get that

. oF " Oz; 0z oF
T(S):g' ijayz_@ :—gr(s).

We have now all the ingredients to prove the claim that for all z € V p(z) =

Du(z): in fact Vj <n

1
2
3
4
5
[6
[7
8
[9
[10
[11
[12

(13

(14
(15

[16

Qu 0205 N 02 0y
Ox;  0s Ox; = 0y; 0z

" Ox\ 05 = [~ Oak )\ Oui
P | 5 + Pra— =
; O0s | Ox; ; kz::l Oy; | Ox;

n—1

- Oxy, Os Oxy, Oy, - oxy,
|l ot A =) Py =Dj
kz::l Os Oz, ; Oy; 0x; ; Ox; !
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