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1. INTRODUCTION

After the presentation in [20] of the basic theory of generalized smooth functions
(GSF), in the present paper, we deal with Cauchy problems for ODE in the so-called
normal form, i.e.

{y(") =Ftyy,...,y" D)

, 1.1
y(k)(to)zck k=0,....,n—1 (1)

where F'is a GSF (in particular F' € D’(Q) is an arbitrary Schwartz distributions
or F' € G5(Q) is a Colombeau generalized function). Clearly, the classical treatment
of ODE within spaces of Sobolev-Schwartz distributions is limited to linear systems
by the very fact that distributions themselves are restricted to linear operations.
For a more general distribution F, there is no valid solution concept for (1.1) in a
classical space of distributions because, without any further regularity assumptions,
the composition on the right hand side is not defined (see e.g. [2, 1, 28]).
Features of our approach can be listed as follows:

e We are going to solve problem (1.1) both for an arbitrary GSF F', and also for
singular initial conditions ¢, € “R, such as e.g. y®) (to) = 6%(0).

e We generalize the Banach fixed point theorem, and the consequent Picard-Lindelof
theorem for Cauchy problems of the form (1.1).

e We generalize the Picard-Lindelof theorem to the case of an infinite number
N €”N (see [20, Sec. 7.2]) of iterations.

e In most cases, as in [20], the proofs of the aforementioned theorems are essentially
identical to the classical ones, but using ’R instead of R as ring of scalars. This
allows the reader to have an easier approach to this new theory of generalized
functions.

e We prove classical results such as uniqueness, continuous dependence on initial
conditions, maximal set of existence, Gronwall inequalities and flow properties.

e Using suitable characterizations of distributions among GSF, we also analyze
when the generalized solution y is a distribution or not. We prove that the GSF
solution coincides with the unique smooth one in case of an ordinary smooth
ODE with standard conditions ¢, € R%.

e We present several non-linear examples, including a local analysis where F' is an
arbitrary * ﬁ—polynomial, Bernoulli’s ODE with generalized smooth coefficients,
and non-linear examples appearing in applications in impulsive physical systems.

e We give a complete approach to linear singular ODE with GSF as coefficients. In
particular, we also give a full account of the relations with classical distributional
solutions, in case of ODE with classical smooth coefficients.

Conceptual schema of the paper. We can summarize the main idea of the
paper by saying that we want to exploit at the highest level the classical idea of
regularizing the differential problem with a net of smooth differential problems.
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Anyway, this is realized with a final formalism that resemble a lot that of classical
smooth functions, not with notations full of unhandy regularizing parameters.
The idea to study GSF using a countable family of norms (each one corresponding to
an order of derivatives) could be considered a natural one. However, classically one
of the best version of the Picard-Lindel6f theorem results by considering complete
spaces of only continuous functions. Based on these motivations, in Sec. 2 we
introduce and study generalized functions of class C*.
In Sec. 3, we recall (see [20, Def. 52]) and more extensively study the notion of func-
tionally compact set K C 7 R". We study * R-Fréchet spaces "GF (K" ﬁd) of general-
ized functions defined on functionally compact sets and prove their completeness.
Even if our generalized functions always attain a maximum and a minimum value
on this type of domains, for each open set {2 C R™ we can suitably choose K so
that these Fréchet space contains all the distributions, i.e. D'(Q) C *GF(K,"R9).
In Sec. 4, we study uniformly continuous generalized functions, a notion that is
useful in studying maximal intervals of existence of solutions of ODE.
In Sec. 5, we generalize the Banach fixed point theorem for ’R-Fréchet spaces, in
particular for generalized functions of class C°.
In Sec. 5.2, we prove the Picard-Lindel6f theorem for ODE with an arbitrary GSF
as right hand side and arbitrary initial conditions in ’R. In general, the solution
obtained in this way is defined in an infinitesimal neighborhood of the initial con-
dition, and we present simple examples where a larger domain is not possible.
In Sec. 5.3, we study the Picard-Lindel6f theorem with an infinite number of iter-
ations. This allows us to prove a general sufficient condition for the existence of a
solution in a finite and non-infinitesimal interval.
Starting from Sec. 7.3, we prove analogous of classical theorems like uniqueness
results, continuum dependence on initial data, maximal set of existence, Gronwall
inequalities and flow properties.
In Sec. 8, we consider sufficient conditions to get a distributional solution, or a
classical C*, 1 < k < 400 solution, starting from the GSF one.
We list lots of non-linear examples in Sec. 6, and in Sec. 9 we present a full treatment
of solutions of singular linear ODE. Through these examples, we present a first un-
derstanding of the differences between GSF solutions and classical or distributional
solutions in case of singular ODE. The paper needs only [20] as a prerequisite.
Currently, one of the most successful approach in finding solutions of nonlin-
ear ODE in spaces of generalized functions which embed Schwartz distributions
and having conceptual analogies with our approach is Colombeau’s theory. See
e.g. [13, 25, 39, 4] and references therein. However, in Colombeau’s approach the
composition of generalized functions is only partially possible. Moreover, this the-
ory is limited to polynomial growth in the regularizing parameter, whereas GSF do
not have this limitation. We also refer to [38, 41, 42, 43] for solutions of (nonlinear)
ODE with delta function terms through a regularizing process.

2. GENERALIZED C*¥ FUNCTIONS AND THEIR CALCULUS

As we already mentioned in the introduction, since GSF are infinitely differ-
entiable, it is natural to consider spaces X of these functions augmented with a
countable family (|[—||;),cn of ("R-valued) norms, one for each order of derivatives
1 € N. On the other hand, this would lead to a notion of contraction corresponding
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to the standard one in locally convex spaces (see e.g. [2]), i.e.:
[|[P(u) — P()|; <a;-|lu—v|, VieNVuyvelX,

and hence to consider a countable family of contraction constants. On the contrary,
one of the key features of the usual Picard-Lindeldf for ordinary smooth functions
is that it needs only one Lipschitz constant because the Banach fixed point theorem
used in its proof is a space of only continuous functions. It is the normal form (1.1)
of the ODE (in its equivalent integral form) that yields the necessary smoothness
of the solution if the initial condition has the same regularity. To understand
better this step, see [23] where in case of normal PDE each Picard iteration P™
necessarily sees a loss L € N of derivatives ||u —v|[,,,; and we are hence forced to
consider a countable family of norms. From the technical point of view, a non trivial
problem in considering even the ordinary norms [|f[|, = max,cjo,q] |f(h)(x)| € R,
h<i
is that in general they do not satisfy Hfo(_) f(s) dSH‘ < [y IfIl; ds if @ > 1. Since
K]

this is an important step in the proof of the Picard-Lindel6f theorem, we are also
mathematically motivated to consider spaces of only continuous functions.

3. FUNCTIONALLY COMPACT SETS AND SPACES OF GSF

In order to prove a general Banach fixed point theorem suitable for singular
ODE, a convenient notion of compact domain and of norm of generalized functions
is crucial. In our non-Archimedean setting, an important problem is that intervals
[a,b] C 7 ﬁ, even for a, b € R, are neither compact in the sharp nor in the Fermat
topology. This has been formally proved in [21, Thm. 25] for the case p. = ¢, but
it is already intuitively clear: using a finite number of infinitesimal balls we cannot
cover the entire interval [0,1] (more generally, no infinite standard set U C R"
is compact in the sharp topology). Moreover, since our “dynamical” generalized
numbers include also scalars that can discontinuously jump among a finite number
of open sets, the interval [0, 1] is also not closed in the Fermat topology. Once again,
these are necessary general results. Indeed, we already argued that set-theoretical
functions having infinite derivatives can be continuous only in topologies containing
infinitesimal neighbourhoods (see [20, Sec. 2.1]). Moreover, discontinuous jumping
representatives of generalized numbers must necessarily be considered if we want
to have a general mean value theorem (see [20, Sec. 6]).

The notion of functionally compact set ([20, Def. 52]), i.e. sets over which our
generalized functions satisfy an extreme value theorem (see [20, Cor. 51]), solves
these problems. For simplicity, we recall it here:

Definition 1. A subset K of ’R™ is called functionally compact, denoted by K &
’R™, if there exists a net (K_.) such that

(i) K =[K.]C"'RY

(ii)  (K.) is sharply bounded;

(iii) VYeel: K. €R™.

If, in addition, K C U C ’R™ then we write K & U. Finally, we write [K.] € U if
(i), (iii) and [K.] C U hold.

We note that in (iii) it suffices to ask that K. is closed since it is bounded by
(ii), at least for e small. The name functionally compact subset is motivated by
showing, as it will be done e.g. in Theorem 3, that on this type of subsets, GSF
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have properties very close to those that ordinary smooth functions have on standard
compact sets.

Remark 2.

(i) By [20, Thm. 10], any internal set K = [K,] is closed in the sharp topology.
In particular, the open interval (0,1) C* R is not functionally compact since
it is not closed.

(ii) If H € R" is a non-empty ordinary compact set, then the internal set [H] is
functionally compact. In particular, [0,1] = [[0, 1]g] is functionally compact.

(ili) The empty set § =[] & 'R.

(iv) * R™ is not functionally compact since it is not sharply bounded.

(v)  The set of compactly supported points ¢(R) is not functionally compact be-
cause the GSF f(x) = x does not satisfy the conclusion of the extreme value
theorem [20, Cor. 51].

For functionally compact sets, it is easy to prove the following generalizations of
theorems from classical analysis:

Theorem 3.

(i) Let KC X C'R", fe’GC™(X,’RY). Then K @f”ﬁn implies f(K) @f”ﬁd.

(ii) Ifa,be 'R and a < b, then [a,b] € ’R. Let us note ezplicitly that a, b € 'R
can also be infinite numbers, e.g. a = —dp™N, b =dp™™ ora = dp™V,
b=dp~M with M > N.

(i) Let K, H &y /R™. If K U H is an internal set, then it is a functionally
compact set. If K N H is an internal set, then it is a functionally compact
set.

(iv) Let HC K €;"R™, then if H is an internal set, then H €;'R™.

(v) Let K @f”F~2” and H @f"ﬁd, then K x H @f”ﬁ”*d. In particular, if a; < b;
fori=1,...,n, then [[;—[ai, bi] € 'R,

Both in the Banach fixed point theorem and in the Picard-Lindelof theorem, we
want to consider spaces of GSF of the type K’ — ’R%, where K & ’R™. In order to
set natural “R-valued norms in these spaces, we need to talk of partial derivatives
0%f(x) at every x € K. This cannot be performed using only the Fermat-Reyes
[20, Thm. 33], since it requires the point = to be an internal one. For this reason,
we consider only sets K that satisfy the following

Definition 4. We say that K is a solid set in "R™ if int(K) is dense in K (in the
sharp topology).

For example, [20, Lem. 38] and Thm. 3.(v) show that n-dimensional intervals are
solid functionally compact sets. Trivially, every sharply open set is solid.
For this type of sets we have:

Lemma 5. Let K be a solid set in ”ﬁ", and f € "GC™ (K, ”ﬁd) be a GSF. Then for
all « € N™ and all x € K the following limit exists in the sharp topology

lim 07 f(y) = 0" ().

y€int(K)
Moreover, if the net f. € C>®(Qe,RY) defines f, then 0°f(z) = [0“f-(x.)] and
hence 0° f € "GC™(K,"R?).
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Proof. We have
lim  0°f(y) = lim  [0°fc(ye)] = [0/ ()]

Yy—x
yEint(K) y€int(K)
the last equality following by the sharp continuity of the GSF [0 f.(—)] at every
point x € K C () (see [20, Thm. 17.3]). O

From the extreme value property, it is natural to expect that the following gen-
eralized numbers could serve as non-Archimedean ’R-valued norms.

Definition 6. Let () # K & “R™ be a solid set. Let m € N and f € *GC™(K,"R%).
Then B
£l == max (0% f'(Mai)]) € "R,
‘féglz_gn;

where M,; € K satisty

Vo€ K: |0°f (x)| < |0 f (Mai)]| -
Note that the notation | f||,, depends on K through the function f since K is its
domain.

The following result allows the calculation of the (generalized) norm || f||,, using
any net (f:) that defines f.

Theorem 7. Under the assumptions of Def. 6, let the set K = [K.] € 'R, If the
net (f.) defines f, then

[ fllm = | max sup |0%fi(x)|| € R (3.1)
|a|<m rzeK,
1<i<d
Proof. In proving (3.1), we will also prove that the norm || f ||, is well-defined, i.e. it
does not depend on the particular choice of point M,; as in Def. 6. _As in the proof
of the extreme value theorem [20, Lem. 50], we get the existence of M. € K. such
that

Vo € K. |0°fi(z)] < [0%f1(Maic)] -

Thus
max sup |0%f2(z)| < max |0% f(Mac)| .
la|<m reK, [a]<m
1<i<d 1<i<d
But M, € K., so
s sup |90 | = | s o 010 | =
lo|<m zc k. || <m
1<i<d 1<i<d
= max ‘aafi(]b_fm-)’.
ol <m
1<i<d
From this, both the fact that the norm || f||,, is well-defined and claim (3.1) follow.

(]

Even though || f||,» € “R, using an innocuous abuse of language, in the following
we will simply call || f||;» a norm. This use of the term “norm” is justified by the
following
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Theorem 8. Let () # K & ’R™ be a solid set. Let f, g € "GC™(K,’R?) andm € N.
Then

(i) A fllm = 0;

(it) || fllm =0 if and only if f = 0;

(ii)) Ve €R: - flm = el - | fllm

() |+ gllm <[ fllm + lgllm;

) f - gllm 2™ fllm - gl

Proof. (i), (iii) and (iv) follow directly from Thm. 7, as does (v), using the Leibniz
rule. The ‘only if’-part of property (ii) follows from (3.1). |

Using our * R-valued norms, it is now natural to define

Definition 9. Let 0 # K & ‘R" be a solid set. Let f € "GC™®(K,’R?), m € N,

r € "Ry, then

() GF(KRY) i= (*GC®(K,RY), (| = m)men ). We write f € "GF(K,"RY)
to denote f € "GC™(K,’R?).

() BP(f)i= {9 € G (K RY | |If = gllm <7}

(iii) IfV C’GC>(K,’R?), then we say that V is a sharply open set in "GF (K,"R?)
' Yo e V3ImeNIre’Rsg: BM(w) CV.

T

Moreover, we say that V' is a large (or Fermat) open set in "GF (K, "ﬁd) if
YoeVImeN3IreRso: B'(v)CV.

r

A trivial generalization of the classical proofs, though using [20, Cor. 51], shows
that

Theorem 10. Let ) # K &5 'R be a solid set. Then we have:

(i)  Sharply open sets, as well as large open sets in ”g]—'(K/ﬁd) form topologies
on "GC™®(K,"R%).

(ii)  Pointwise addition and multiplication by *R-scalar in "GF (K,"R%) are contin-
uous in the sharp topology. Therefore, "GF (K, ”ﬁd) 1s a topological ’R-module
and "GF(K,"R) is an "R-algebra.

(i) ”g]:(Kﬂ’ﬁd) with the sharp topology is separated.

(iv) If f, g € B™(0) and t € [0,1], then tf + (1 —t)g € BT (0). We can therefore
say that every ball BI™(0) is ’R-convez.

(v) Ift€’R and |t| <1, then t- B™(0) C B™(0). We can therefore say that
every ball B™(0) is "R-balanced.

(vi) For all f € "GC®(K,"R%) there exists t € "Rsq such that f € t - B™(0|x).
We can therefore say that every ball BT(0|x) is ’R-absorbent.

Because of these properties, we will call the space "GF (K, ”ﬁd) an "R-Fréchet mod-
ule. Tt is worth noting that the natural properties stated in the previous the-
orem do not hold if we take the large topology instead of the sharp one, or if
we consider the field R instead of the ring ’R. For example, since there exist
GSF having infinite norms ||f||,, € ‘R, the multiplication by standard real scalar
(r,f) € Rx"GC®(K,’R) — r- f € "GC®(K,’R) is clearly not continuous with
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respect to the standard Euclidean topology on R because r - ||f|| A 0 if r — 0
in this topology. See [18, Sec. 5.1] for general abstract theorems corresponding
to this necessity of using a non-Archimedean topology in dealing with generalized
functions. B

The spaces “GF(K,”’R?) are very rich of examples and convenient properties
which are well fitted for the aims of the present work. For example, let ¢ € D (Q),
K € Q2 C R™, be an ordinary compactly supported smooth function; we can consider
K. = K and f.(z) = ¢(z) if v € Q and f.(x) := 0 otherwise to have that
ol € "GF(K,’R). Moreover, Thm. 7 implies that [|¢|k|m = [¢llm € R is the
usual m-norm of .

The following result allows the inclusion of infinite meaningful examples and to
understand that every f € “GF(K,”’R?) can be extended to the whole "R":

Theorem 11. Let ) # K = [K.] & ’R™ be a solid set, then

Vf €’GC>®(K,’RY) 3f € "GC®("R™,’RY) : flx = f. (3.2)
Moreover, let Q be an open subset of R™ and J = [J.] € ‘R be a positive infinite
generalized number. Set K. := {x € Q| |z| < J.} and K := [K.]. Then for all
f €°GC>(c(),"RY) (in particular, if f is the embedding of a Schwartz distribution)

there exists f € "GC™(K, ”ﬁd) defined by (f:) such that fle) = f, felrmix. =0
for all .

Proof. We start to prove the second conclusion. We set V. := {z € Q | |z| <
1J.} so that V. C K, for € small. Let x. € C*(R™,R) be such that x|y, = 1

and supp(xz) C K.. Let f € "GC™(c(),”R%) be represented by (f.), with f. €
C*(R™,R%), and set f. := x. - f-. Then each f. is compactly supported in K,
and any x = [z.] € ¢(2) satisfies z. € V. for € small because lim,_,o+ J. = +0o0.
Therefore f := [f.(=)]|x € "GC™(K,’RY), and if z. € V. then f(z.) = f-(z.), so
f|C(Q) = f. To prove (3.2), we can proceed similarly by considering x. € C*°(R™,R)

such that x:|x. =1 and supp(x:) € U,cx. BT (2). O

We recall that “GC™(c(€2),”R?) can be identified with the space G*(€2) D D'(Q)
of Colombeau generalized functions on € (see [20, Rem. 26.5]). Therefore, Thm. 11
yields an infinity of non-trivial examples of GSF in spaces of the type "GF(K,* ﬁd).
In fact, even though f depends on the fixed infinite number J € * ﬁ, each such f
contains all the information of the original generalized function f because f leo) =
f. Finally, note that (3.2) trivially yields HﬂKHm = [|f|l,, for all m € N because
the norm ||—||,, is well defined (Thm. 7). Ultimately, this is a consequence of the
Fermat-Reyes [20, Thm. 33] and of Thm. 5, which state that every partial derivative
depends only on the values of the generalized function f at interior points of the
solid set K. _

In the following result, we prove that the generalized Fréchet space “GF(K,’R%)
is complete with respect to the sharp topology.

Theorem 12. Let ) # K €;"R™ be a solid set. Then

(i)  The space ”Q]:(K,”ﬁd) with the sharp topology is Cauchy complete, in the
sense that any Cauchy sequence (uy)nen in this topology, i.e. which satisfies

Vi€ NVg € RogIN € NVm,n > Nt |lun — )i < dp? (3.3)
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converges in "GF(K,’R) in the sharp topology.

(ii)  Any sharply closed subset of "GF(K,’R%) is also Cauchy complete.

(iii) If H C "R is a sharply closed set, then {f €"GC>(K,"RY) | f(K) C H} is
sharply closed in "GF (K, ”ﬁd).

Proof. 1t is only essential to prove the case d = 1. To show (i), let us consider
a Cauchy sequence (up)nen in the sharp topology, i.e. we assume (3.3). Setting
i = q = k € N5, this implies the existence of a strictly increasing sequence
(ng)ren in N such that [|up, ,, — un, |lx < dp*. Hence, picking any representative
(une) of u, by Thm. 7 we have

{max SUP 0% Uy ,e(2) — 0%Un, ()| | < [pE] VK € Nso.
|a‘§kIE€K5

By [20, Lem. 8], this yields that for each k € N5 there exists an ¢ such that e | 0
and

Ve € (0,ex) : max sup [0%un,,, () — 0%un, -(z)| < pr. (3.4)
‘0‘|§k reK, ’ ’

Now set

3.5
0 € C™(R",R) ife € [eg, 1) (3:5)

By = {unkﬂ’e —Up, e €CT(R™R) ifee(0,ex)
c =

oo

Ue 1= Upgye + Z hie Veel.

k=0
Since ey | 0, for all € € I there exists a sufficiently large k& such that we have
e ¢ (0,e) for all k > k. Therefore, u. = up;,, € C*(R",R). In order to prove
that (uc) defines a GSF of the type K — 'R, take [z.] € K and « € N. We claim
that (0“u.(z.)) € R,. Now, for all p € N and for any € R™ we have that, for

€< ¢
oo

10 ()] < |0%Un, ., o(x)] + Z 0%hy o (2)] .
k=p+1

If p satisfies |a| < p, then from (3.4) and (3.5), we get that [0%hy .(z)| < p¥ for all
k>p+1,z e K. and all € € (0,1]. Hence for ¢ € (0,g,), |a| < p and all z € K,
we obtain
p§+1
1- Pe .
Inserting « = z. and noting that (0%uy,,, (2:)) € R, proves our claim.

Moreover, ||u — uy,|l; < dpP~! for all p € N5y and all i < p. This yields that
(tn, )k tends to u in the sharp topology, and hence so does (uy,).

If C C *GC™(K, ”ﬁ) is closed in the sharp topology and (un)nen is a Cauchy
sequence of C, then it converges to a function u € "GC™(K,” ﬁ) We cannot have
u € C° because otherwise u, € B™(u) C C for some r € “Rsq, m € N, and for all
n € N sufficiently big, which is a contradiction. This shows (ii).

Finally, let (i, )nen be a convergent sequence of "GC> (K, “R%) such that u,, (K)
H for all n € N. Set u := limp_,j00un € "GCZ(K,’RY), then |u, — ulf,
[sup,c. |tn,e(®) — uc(z)|]] — 0 in the sharp topology. If z € K = [K.], then x.
K. for some representative [z.] = = and for € small. Therefore, |u,(z) — u(x)]

|0%ue ()] < |0%un, o (2)] + (3.6)

IAm N
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|lun — ul|, and hence the sequence (u,(x))nen of H tends to w(x) in the sharp
topology. Hence u(x) € H because we assumed that H is sharply closed. ([

For a complete theory of (functionally) compactly supported GSF in the case
pe = €, see [18]. In the same particular case, for an Archimedean theory of "R-
modules, see [14, 15, 16].

4. UNIFORMLY CONTINUOUS GSF

In this section, we will present a few basic results about uniformly continuous
GSF that will be later used in Section 7.3. Our goal is to study the possibility
of extending GSF from open intervals (a,b) (for a < b € “R) to their closure
(a,b) = [a,b]. We start by noting that if X C ’R™ is a solid set, then

f\int(x) = 9|im(x) = f=g (4.1)

because int(X) is dense in X and GSF are sharply continuous.
The definition of uniformly continuous GSF is as one might expect:

Definition 13. Let X C’R™, Y C ’R™ and let f € "GC™ (X,Y). We say that f
is uniformly continuous on X if for every n € "R~ there exists § € "R~ such that
for every z, y € X

lr —yl<d = [f(z)—-fy)l<n

All the basic properties of uniformly continuous functions that we will need in
this paper are listed in the following theorem. Notably, almost all the proofs are
identical to their classical counterparts:

Theorem 14. Let X C "ﬁi, Y C ”ﬁj, Z C 'RE. Then:

(i) Iffe€’GC™(X,Y) and g € "GC™ (Y, Z) are uniformly continuous then gof €
’GC™ (X, Z) is uniformly continuous;

(ii) If f €’GC™ (X,Y) is uniformly continuous then f maps Cauchy sequences
in X (in the sharp topology) into Cauchy sequences in'Y;

(iii) Let X be a solid set and let f € "GC™ (X,Y). Assume that for every multi-
index o € N° the partial derivative 0*f € "GC™ (X,Y,) is uniformly con-
tinuous on X, where Y, C 'RI is a sharply closed set. Then f can be ex-
tended to the sharp closure X in a unique way, i.e. there exist a unique GSF

ferge™ (7, 7) such that f|x = f. Moreover, this extension operator (—)

preserves partial derivative, i.e. 0f = 0“f for all o € N¥.

Finally, if i =1 and X is a sharply open set such that for every a, b € X we have

[a,aVb] C X (e.g. if X is an interval; we recall that [x.]V [ye] := [max(z.,y.)], see

[20]) then:

(i) If f € "GC™(X,Y) and f' is sharply bounded on X then f is uniformly
continuous on X;

(v) If X is functionally compact, then f™) is uniformly continuous on X for all
n € N.

Proof. The proofs of (i) and (ii) are identical to the classical one for metric spaces.
Proof of (iii): Let z € X, and let (2,,),.y be a sequence in X such that z =
lim,en @, in the sharp topology. Set

F@) = lim f () (4.2)
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The existence of this limit follows from the fact that (f (z,)), ¢y is @ Cauchy se-
quence in Y, by (i), and Y, is closed by assumption. Moreover, the uniform
continuity of f on X guarantees that (4.2) does not depend on the choice of the

net (z,),cn- In particular, this shows that

F(@) = lm 0°f () = im0 [(x). (4.3)
rzeX z€int(X)
Hence, from Lem. 5 we deduce that every 0%f € *GC™ (7, Y). Moreover, since
every GSF is continuous, we notice that from Lem. 5, we also get that

VYo e N': 9%f = 9of.

In fact, for every € X we have

0 flz) = lim 0°f(y) = lim 0°f(y) = 0°F(a).

y€int(X) yeX

Proof of (iv): Let us assume that |f/(z)| < M for every z € X, where M € "Rs.

Let ) € “Rso, and set 6 := 13- Let a, b € X be such that |a — b| < 0. There are a

few cases to consider:

(a) If a < b, by the mean value theorem (that can be applied as, by assumption,
[a,b] = [a,aVb] C X) there exists ¢ € [a, b] such that |f(a) — f(b)| = |f'(¢)|la—
bl < M -6 =7 <. The situation is similar if a > b.

(b) Ifa <b,let (an),cn be a sequence of the sharply open set (—oc,a) N X that
converges to a. As |a —b| < 4, there exists n € N such that |b—a,,| < ¢ for all
m > n. Arguing as in the previous point, we can show that |f (a.,) — f(b)| <
M -6 =1 for all m > n, namely f (am) € Bu.s(f(b)). Hence

f(a) =lim penf (am) € Bars(f(b)) € By (f(b)),

as g > M -§. The case b > a can be handled similarly.

(¢) Tt remains to study the case when |a — b| < § but a,b are incomparable, i.e. if
none of the previous cases hold. Let us consider a V b. As |a —b| < §, we have
that |a —a Vbl < § and |b—a Vb < ¢ (in fact, e.g. [a —a Vb < |a—b|).
Notice that a < a Vb and b < a V b, hence by the previous point we get that
|f(a) = f(aVvb)| < ¥ and |f(b) — f(aVDb)| < Z. We hence conclude as follows

[f(a) = FO)] = [f(a) = flaV D)+ flaVb) = f(b)] <
(d)

F(@) = F@V B +[f(avb) = FB) < 5+ =n.
Proof of (v): If X functionally compact, by the extreme value theorem [20, Cor. 51],
we get that 9™ f is sharply bounded on X for every n € N, and we can conclude by
(iv). d

5. BANACH FIXED POINT AND PICARD-LINDELOF THEOREMS FOR GSF

In this section, we introduce finite sharp contractions for GSF and we prove a
corresponding Banach-like fixed point theorem in spaces of GSF. To motivate our
general approach in this section, let us consider the following simple example. Let
0<a<l, ae’R,and let T, : "R — R be such that

Vo €’R: To(z)=a-z.
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As 0 < a <1, one might expect T, to be a contraction on ﬁﬁ, since for every z,
y € ‘R and n € N we have that

T8 (@) = T3 (W) = o™ o —y| < |z —y|. (5.1)

However, the set of radii of the sharp topology is ” §>0, so for the left hand side of
(5.1) to go to zero in this topology as n — +o00, we need the property

Vr €’RegIneN: o <r. (5.2)
If @ < dp* for some k € Nsg, this property holds, and a similar property will
be used in Section 5.1 to develop a first theory of contractions for GSF which is
very close to the classical one. However, in many natural cases this property does
not hold. For example, if we want that the function T% (x) respects our intuition
of contraction in the sharp topology, we need to generalize our approach, because
(%)n > dp for all n € N. This will be solved in Sec. 5.3 by exploiting the idea of
iterating the function 7, an infinite amount of times, namely of considering objects
like T2V where N is a hyperfinite number in ’R (see [20, Sec. 7.2]):

NE”N:{[nE]E“K’\nEEN VE}.

5.1. Banach fixed point theorem for finite contractions. The notion of fi-
nite contraction we are going to introduce corresponds to the standard idea of
contraction in locally convex spaces, see e.g. [2].

Definition 15. Let (| # K &; ’R™ be a solid set, and let X C "GC*™ (K, ”ﬁd). We

say that T is a finite (sharp) contraction on X if

(i) T :X — X is a set-theoretical map.

(i) VieN3Ja; € 'RogVu,v € X : || T(u) — T)|; <o llu—vl;.

(iii) For all 4 € N, we have lim,,_, { oo &' = 0, where the limit is taken in the sharp
topology.

For every ¢ € N, such an a; € * §>0 will be called an i-th contraction constant for
T.

The adjective finite is motivated by condition (iii), where we consider the limit
for finite n € N and not the hyperlimit for infinite n € * N. This implies that for all
1, k € N we must have o < dpF for n € N sufficiently large, and hence o; < dp®
for some a € Rsg, which is stronger than «; ~ 0 (and it is equivalent to (5.2)).

For finite sharp contractions, we can proceed as in the classical case, as we
are now going to show. The proof of the following lemma is a straightforward
generalization of the classical one.

Lemma 16. Let ) # K €y 'R™ be a solid set, and let X C "GC™ (K,”ﬁd) Then

every finite sharp contraction on X is sharply continuous.

We are now able to prove a Banach fixed point theorem for finite contractions
which is analogous, both in the statement and in the proof, to the classical one.
Theorem 17. Let ) # K &; 'R™ be a solid set, and let X be a nonempty closed
subset of "GF (K, ”ﬁd). LetT : X — X be a finite sharp contraction. Then there

ezists a unique fized point w of T in X. Moreover, for every u € X the sequence
{T™(u)},,en converges to @ in the sharp topology.
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Proof. Let u € X. For every ¢ € N, let o; be an i-th contraction constant for T
on X. We claim that {T"(u)},cy is a Cauchy sequence with respect to the sharp
topology. By induction, it is easily checked that

[T (w) = T™(w)||; < of | T(w) — ul,
so for every n, m € N, n < m, we have

|17 (w) = T (w)ll; < | T (w) = T (w)||, + - + [T (w) = T ()|, <

P
m—1—n

. <
<o |T(u) —ull; - al =
=0
1—a™™"
= o || T(u) —ull; - o =
1
an — o
= ﬁ |7 (w) = ull; -

The conclusion follows by condition (iii) of Def. 15. Thm. 12 therefore yields that
the sequence {T"(u)} has a limit w € X. As T is sharply continuous, we have
that

neN

T@) =T ( lim T" = lim 7" (u) =7

(@) (nlé’I'}l (u)) lim (u) =,

so u is a fixed point of T. Finally, let us suppose that v is another fixed point of 7.
Then

[u = ollp = T(w) = T()ly < a0 flu—-wvl,

and, since 0 & ag < 1, this is possible only if ||u —v||, < 0, and hence v = v by
Thm. 8. (]

5.2. A Picard-Lindel6f Theorem for finite iterations. We first note that,
exactly as in the classical case and thanks to the closure of GSF with respect to
composition [17, Sec. 3.0.3], the higher order Cauchy problem (1.1) can be reduced
to a system of first order equations. Secondly, we introduce the notion of uniformly
Lipschitz function with the following

Definition 18. Let ) # K & 'R be a solid set and let H - 'R? and F €
vGee (K x H, ﬂﬁd). Let Y C ’GC(K,’R%) be such that y(t) € H for all y € Y
and all t € K. If y € Y, we simply denote by F(¢,y) the composition t €
K — F(t,y(t) € ’Re. We say that F is uniformly Lipschitz on Y with constants
(Li)ien € ’RN if

VieNVa,yeY: |F(ta)— Fty)l, < Li- = —yl,. (5.3)

Note that condition (5.3) is formulated in the Fréchet space of GSF *GF (K, ”ﬁd),
because of the use of the norms ||—||;,. In other words, condition (5.3) involves all
the derivatives of t € K — F(t,z(t)) — F(t,y(t)) of any order i. It is therefore
stronger than the usual uniformly Lipschitz condition on F', which involves only
values |F(t,z) — F(t,y)| at points z, y € ‘R? and ¢t € K. Moreover, we also note
that the bigger is Y the stronger is condition (5.3), and hence the smaller is the
class of functions F' that satisfy it.

On the other hand, as with ordinary smooth functions, Def. 18 is not restrictive:
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Theorem 19. Let ) # K & 'R be a solid set. Let H Ey 'R, and consider the
generalized smooth function F € *GC™ (K X H,’Jﬁd), the radii r; € "R for all

i €N and yy € 'Re. Then F is uniformly Lipschitz on the set
{y €"GC> (K, H) | |ly — yol|; < ri Vi e N}. (5.4)

Moreover, if we use the symbols (L;(K));en to underscore the dependence of these
Lipschitz constants by the solid functionally compact set K, then the following prop-
erty holds: if 0 # K' €;'R is another solid set, then

KCK = Li{K)<L(K')VieN. (5.5)
To prove this result, we first need the classical Faa di Bruno formula for GSF:

Lemma 20. Let f € ”QCOO(U,”ﬁd), where U C "R™ is a solid set. Let g €
'GC®(V,U), x € V C 'Rl be a solid set and i € N', with |i| > 1. For a, b € N, we

write a < b if la| < |b| or |a] = |b| and a;j =b; for all j =1,... k but apt1 < bp41
for some k < l. Note that this relation generalizes the usual strict order on N
if l = 1. For a € N™ and for s = 1,...,[i|, set (k,n) € ps(i,) if and only if

(k,m) € (N™)* x (NY°, [k;| >0 forall j =1,...,s, e ki =a, 300 |kilng =i
and 0 < ny < ... <ns. Finally, set

pli,a) = {(o, Ail75 0, k,0,. 075 0,n) € (N™)1T 5 (N) ] (k) Gps(i,a)}.

Then, we have

I = X 0l Y 'Hf’fg, 65:5)

1< ]| <[d] (kn)ep(ia) =1

In this formula, the second factor highlights the polynomial
q(i,a) := {n € (NZ)M |3k : (k,n) Ep(i,a)}

Bi7a : {(an’ .. "Zn[“)nEq(i,a) | Zn; € R™ Vi=1,..., I?,‘} — R
kj

K
Zn]
Bia [(ne oo egim) = 20 ] aroen

(kn)ep(isa) =1
which is called (multivariate) Bell polynomial.

Proof. We can proceed as in the classical smooth case (see e.g. [3]), or simply noting
that the formula holds true e—wise, i.e. for all nets (f.) and (g.) that define f and
g. [l

We are now ready to prove Thm. 19.
Proof of Thm. 19. 1f i = 0, the mean value theorem gives |F' (¢, z(t)) — F(¢,y(¢))| <

IFlgxlly - 2 = ylly- For i > 1, we need to apply (5.6) with F: K x H — "R%,
m=1+d, 1l =1, and g(t) = (t,y(t)) for all t € K, to evaluate j—;F(t,y(t)).
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Therefore, Bell polynomials become

d’nj ,yl

d™iy
B | (s Gt 0 G 0) | =
Jj=1,...,1

. an 1 d™i d kj
50, S
- o2l Foy ()] =
(k,n)ep(i,a) j=1 g \Ttj
k; ) k.
k.»7 dmi 1 §,2 " a Gid41
(51)" - (50) - (S 0)
k]'(n]')|k3| °

:Zi!ﬁ

(kn)ep(ia)  J=1

Introducing a simplified notation, we can therefore write

d' dnjyl dnjyd
jF t y Z O%F (61,nj)n(t)a"'? n; (t)
dt Sl dt™i dt™i Ostn; <i
S 0P (4 y(t) - Qua ().
1<|a| <3

This yields the following evaluations

LR 2(0) - jﬁwtm>ﬂ
S 0 F (ta(t) Qiale®] - Y 0°F (Ly(t) - Qialy(t)]| <
1<]a| <3 1<|a| <3
Y o°F ) Qialz(®)] - Y 0°F ) Qia ly(®)]| +
1<|a| <3 1< <3

Z 0 F Qza Z aaFty Qza[()] . (5'7)

1<]|ef <id 1<|al<i
The first summand in (5.7) gives
[0VF (¢, 2(1)) - Qia [x(t)] = O*F (t,2(1)) - Qia [y(1)]] <
i1 - 1Qia [2(0)] = Qi [y(D]] < [1F 4y - Lisar - [l = 9l 5

where L; o €7 R satisfies the following Lipschitz-like condition for the polynomial
Bi,a:

Bi,a

dnjl'l dnj‘rd
(51@7 Ty (t),..., 7 (t)) 1 _
O¢HJSZ

d’nj 1 dnj d
- Bi,a (51,nj, Cﬁ%(t), AR dtnzi (t)> ‘|
0#n; <i

< Lia- oyl
0
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The second summand in (5.7) gives

|0°F (t,2(1) - Qi [y()] — 0“F (t,y(1)) - Qi,a [y(@®)]| <
<[OUF (t, (1) — 0°F (t,y(t)] - |Qia [y(®)]] <
< ||F||1+1 Nl - y”z ) |Qi,a [y(1)]] -

Now
; d'n.jyl( ) kj2 . . dnjyd( ) kjd+1
dt"i T dt™i
. < § i1 <

(kn)ep(i,a) J=1
’I" . kJ d+1
| n7 cee Ty .
< > zH k'n'\k\ = (5.8)
(kn)ep(i,a) J=1
= B’L',a |:(13 Tnj 3o aTnj)ﬂEq(i,a):l (59)

Jj=1,...2

= Bi,a(rlv e ,’I’i).

because y € {y € "GC™ (K, H) | |ly — yol|; < i Vi € N} and hence
because n; > 0. This shows the stated conclusion with

> A{Lia+Biari,...,ri)} - | Fllyy ifi >0,

1< <i

s
()] < o,

We finally give an estimate of the Lipschitz constants L; «:

|Qia [2(1)] = Qi [y(D)]] <

d+1 dnjxafl Ej.a d+1 dn]ya 1 Ej.a
< ¥ Hk,n,lk| 1T (“) H( ).
(k,n)ep(i,a) kf:%l

But the mean value theorem in several variables yields

d+1 m; a—1 kja d+1 n;,,a—1 Ej,a
d"ix d™iy
_ R S— <
11 ( di (t)) 11 ( dt (t)) =

a=2 a=2
kj,azl k?j,azl
< a=§na)§ ],aTn] -1 H kj7brn7 Nz =yl
k-j’fa"é1 bta
so that we can set

Li,a = Lia(rl,...77"i) = (510)

= Z H kil (n;!) (k] ae §Da>§+1kj a?" ij brn] . (5.11)
(k,n)ep(i,a) [EgSeT bia

To prove property (5.5), it suffices to note that the constants (L;(K));en depend
on K only through the norms || F|l,. O
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The key ideas of the proof of Thm. 19 can be summarized by saying that all the
Lipschitz constants for the Cauchy problem (1.1) can be effectively computed using
the multivariate Faa di Bruno formula, the inequalities ||y — yo||; < r; that define
the space of functions (5.4), the Lipschitz properties of Bell polynomials and the
norms || F||;. Let us also notice that in the proof of Thm. 19 we computed possible
values of the Lipschitz constants of F', proving the following

Corollary 21. In the same notations of Thm. 19, values for the Lipschitz constants
of F on

{y €"GC™(K, H) | [ly — yoll; < ri Vi € N}
are given for all i € N by

Li =: Li(’l"l,...77"i):

= Y A{Lia(iooor) + Bia (r, i)} [ Flligy (5.12)
1<]a|<i
where
— -1
Lia(r1,... i) = Z Z'1_[/€| ) 3] I T Kjary, ijbrm :
(k,n)ep(i,a)  J=1 kja>1 b#a
i kj2 kj a1

_ . ’]”nJ '...‘T'nj
Bia(r,om) = >, ] kjl(n;!)Iki|

(kn)ep(ia) =1

Note that Lo = || F||; by (5.12). Finally, for all i € Nsq, we have
lim . Li(ry,...,m;) =0,

(r15000573)—=0
therefore for all i € N5 there exists R; € Rsq such that for all r1,...,7; € Ry, if
|rn| < R; forn=1,...,1, then
Li(’/‘l,...ﬂ"i) S ||FH;

Notice that the values for the Lipschitz constants given in Cor. 21 are not necessarily
optimal.

One could ask whether the first factor of (5.12) when ¢ > 1, which does not
depend on the function F', were bounded for ¢ — 400 or not. The following result
states that, in general, the answer is unfortunately negative.

Corollary 22. In the notations of Cor. 21, let S(i, k) be the Stirling number of
second kind of a set of i € Nsq elements into k € N~g nonempty sets. Let B; be the
complete (univariate) Bell polynomial. If all the radii satisfy r; <1 for all j € N,
then

> Bialri,...,r <Zl+d S(i,k)=B;(1+d,...,1+d). (5.13)

1<]a|<i
Moreover
> A{Lia(l,..., 1)+ Bia(l,...,1)} > Bi(1+d,...,1+d).
1<|a|<i

Note that the left-hand side of this inequality depends on the dimension d through
the set p(i, ) (see Lem. 20).
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Proof. For a € N4*1 | et

S(i, @) == Z Hk;lnllkl

(k,n)€p(i,e) =1
be the multivariate Stirling number of second kind. If r; <1, then
Bi,a(rl,...,ri) S S(Z,Oé) (514)
To compute S(4, ), in the Faa di Bruno formula (Lem. 20) we recall that l =1, m =
1+ d and we set g(z) := (e*,. 114, %) for all z € (—1,1) and f(y1,...,y114) :=
(evr=t.. . . eyl d eni—l. o e¥1+4~1) Therefore, each component of the
composition (f o g);(x) = eI =D By induction on i, like in the classical
univariate case, we have
0'(fog);(0)=Bi(1+d,...,1+d)=> (L+d)*S(i,k). (5.15)
k=1
On the other hand, Lem. 20 yields
9'(fog);(0)= > S(i,a).
1<]a|<i

From this equality and (5.15), (5.14), the conclusion (5.13) follows.
Now, let us consider the particular case where r; = 1 for all j € N. Then, we
have L; o(1,...,1) > S(i,a), because

max k; kip>1,
a=2,.dt1 2° g
km>1 b#a

and B, (1,...,1) = S(i, ). Therefore
> Lia(l,...,1)+ Bl > > S(i,a)
1< <d 1<|a\<z
=0'(fo9);(0)=Bi(1+d,...,1+d).
(]
Remark 23. In the majorization (5.13) there are two terms that goes to +o0o as
i — +o0: one of order (1 + d)?, and the other of order i* from the Stirling number

S(i,7). One can easily avoid the first one by considering the following equivalent
Cauchy problem, where ¢ € “R* is a fixed suitable invertible constant:

{Z/(t) =F (5’ ngt)) (5.16)
z(ctg) = 2.

In fact, y € "GC™([to — v, to+ ], "R%) is a solution of y/(t) = F(t,y(t)), y(te) = yo if
and only if z(t) = cy (L) solves (5.16) on the interval [c(to — ), ¢(to +c)]. Moreover
if F(t,2) :=F (%,2) for all (t,2) € ¢cK x cH, then

1 .
IFli = Il Vi€ Nox.
Therefore, setting ¢ = 1 + d, we have the desired result.

We can now state and prove our main result of this section.
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Theorem 24. Let tg € ”ﬁ, Yo € ”ﬁd, Q, T € ”§>0 for alli e N. Let H C = be a
sharply closed set such that B, (yo) € H and let F € "GC™([to—a, to+a] x H,’R?).

Set M; = max |F(t,y)]|; and assume that o and (L;)ien € RN satisfies
to—a<t<tot+a
ly—yol<ri,y€H

a-M; <y,

lim o"L}=0 VieN. (5.17)

[
n—-+oo

Set

Yo :={y €’GC™ (to —a,to + ], H) | ||y — yoll; < ri Vi € N},
and assume that F' is uniformly Lipschitz on Y, with constants (L;);en. Then there
exists a unique solution y € *GC™ ([to —a,tg+ ql, "ﬁd) of the Cauchy problem

{ym = F(t,y(1)) (5.18)

y(to) = vo

We note explicitly that a faithful reformulation of the classical Picard-Lindelof
theorem would involve the set

Xo = {y €"GC%([to — s to + o], H) | ly = woll < ro}- (5.19)

The use of Y, instead of X, lies on our Def. 18 of uniformly Lipschitz GSF and
hence on Thm. 19. Anyway, since Y, C X, if F' is uniformly Lipschitz on X,, it
also satisfies the same property on Yy,.

Lemma 25. In the assumptions of Thm. 24, Y, is a sharply closed subset of
"GF ([to — e, to + a],"R?).

Proof. Let y be an adherent point of Y, so that for all : € N and all s € ”§>0,
there exists a point in Y, N Bi(y). Setting s = dp", we get a sequence (y,)nen of
Y, such that ||y, — y||, = 0 in the sharp topology. But

Iy = yoll; < ly = ynll; + llyn = woll; < 1y = ynll; + 7. (5.20)

By Thm. 7?7, [0, +00) = [0, +00)R] is sharply closed, so that taking in (5.20) the
limit for n — 400 we obtain ||y — yo||;, < ;. To show that y([to — a,to + a]) C H,
we can proceed as in Thm. 12. ([

We can now prove Thm. 24:

Proof. We first note that B, (yo) is functionally compact by (??). The previous
lemma and Thm. 12 yield that Y, is Cauchy complete. For simplicity, set K, :=
[to —a, to+a]. The constant function t € K, — yo € H shows that Y,, is not empty.
Now let T': Y, — "GC™ (K, ”ﬁd) be the operator such that, for every y € Y,

T(y)(t) :== yo +/ F(s,y(s))ds Vte K,.

to
Let us note that Thm. ?? and Thm. ?? imply T(y) € "GC™ (Ka,”ﬁd) for all

y € 'GC™ (Ka, ”ﬁd). Our goal is to show that our assumption on « allow to prove
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that T is a finite contraction, and hence to find a solution of equation (5.18) as a
fixed point of T'. Let us observe that, for every y € Y, we have

/Eww@MS

to

<

IT(y) = woll; =

%

IN

t
F ds<a-M; <r;.
max [P y)lids < - b <
Note that the existence of this maximum is guaranteed by Lem. ??. Moreover, for all
t € K, we have |T(y)(t) — yo| < [|T(y) — wolly < 7o, hence T'(y)(t) € Br,(yo) € H.
Therefore, T : Y, — Y,. To prove that T is a finite contraction on Y, let z,
y € Yy, i € N, and compute | T(y) — T'(x)||;:

|ﬁ@TmmLfW@mmF@mess
to . i
< [ 1F(s,9) = Fls ) s <
t
Sg%l;hﬂw—yﬂsﬁalwﬂx—mr (5.21)

Therefore T : Y, — Y, is a finite contraction because of our assumptions. The
existence part of the conclusion follows from Banach theorem 17 (which yields

existence and uniqueness in Y,). To prove uniqueness in "GC™ <KQ, "ﬁd), let z €

rGgec> (Ka,”§d> be another solution of (5.18). As in (5.21), we have (1 —« - Lg) -

ly — z||; < 0. But assumption (5.17) implies o+ Lo &~ 0, so that 0 < 1 —a - Lo and
hence ||y — z||, < 0. Thm. 8 gives hence y = z. O

Now, we can connect Thm. 24 and Cor. 21 to obtain clearer conditions for the
existence of a.

Corollary 26. Let tyg € ”FNQ, Yo € ”ﬁd, B, ri € ”F~2>0 for alli € N. Set K :=
[to — B,to + B], H 2 By, (o) and let F € "GC>(K x H,’R%). Set

M; = max |F'(t,y)| > 0.
(t.y)EK (B, (yo)NH )

Assume that F' is uniformly Lipschitz on

Yo :={y€’GC([to —a,to+a], H) | ||ly — yoll, <7 Vi e N}

with constants (Lia),cn, and that
JR€’RsoVi €N: Lin < R. (5.22)
Take o € (0, 8] such that
dp 7,
Jda €Rsp: a<min( Ip% ,;\}Z) (5.23)

Then there exists a unique solution y € "GC™ ([to —a,tg+ a],”ﬁd) of the Cauchy
problem (5.18). In particular, if R is infinite or R € Rsg, then a =~ 0; if R < dp® for
some b € Rsg and 3, ](4 € R, then any standard real number 0 < a < min
satisfies (5.23).

r;

7Mi
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Proof. Set
K,:= [to —a,tg +a]

My = max |F(t, )|,
(t,y)EKax (Br; (yo)NH)

Since « satisfies (5.23) and K, C K, we have a- M;, < a- M; < 1y, so
0<a™ LY <a R"<dp™.
Therefore lim,,_, oo @™ - qu = 0 and Thm. 24 yields existence and uniqueness of
the solution in "GC™ (K, "R?).
Finally, if R is infinite or R € Rsg, then 0 < a < %% ~ 0. If R < dp’ and

0 < a < min (ﬁ, ](/[f) is a standard real number, then setting e.g. a := %, we also
get o < dp~t/2 < %. (]

It is well known that, for classical ODE on the real field R, the semi-amplitude
a can be estimated independently on the Lipschitz constant L, see e.g. [50]. For
two reasons this result seems not repeatable in a simple way in this generalized
framework: first, the classical proof uses terms of the form e®’ which find a cor-
responding in R only assuming strong limitations on the product aL; second, to
generalize the use of series from R to ”ﬁ, e.g. to prove the analogous of Weissinger
theorem [50, Thm. 2.4], we need the notion of hyperseries in the ring R, see [20].
For these reasons, we present only Thm. 24, which is simpler and seems more gen-
eral (we do not need to assume logarithmic conditions that guarantee the existence
of terms like e®), postponing the use of hyperfinite methods to a subsequent pa-
per. An undesired consequence of this is that in each ODE we want to solve, we
need to estimate the Lipschitz constants L; for all ¢ € N. We finally recall that the
necessity to have a countable family of these constants is tied to the same definition
of GSF, which involves all the derivatives.

5.3. Infinite iterations.

6. A FIRST LIST OF GENERAL EXAMPLES

In all the following examples, we use the same notations of Cor. 26, Cor. 21 and
Thm. 24.

6.1. Relationship with classical solutions.

6.2. An ODE with a non-extensible infinitesimal solution interval. The
fact that, in general, the semi-amplitude « of the time interval is only infinitesimal
could be considered as a deficiency of this approach. On the contrary, this is a
general fact of every non-Archimedean theory having at least one positive and
invertible infinitesimal h. If fact, the Cauchy problem

y’ _ _Ly 1
{y(m o (6.1)

has solution y(t) = =1+ 4/1 — % which is defined and smooth only in the infini-
tesimal interval (—v/h, v/h). Moreover, we have that lim, | 79 (t) = +oo (in the
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sharp topology) and this clearly shows that the solution cannot be extended (see
also Thm. 36).

We recall that a non-Archimedean theory is a necessary consequence of describing
generalized functions as set-theoretical functions, so that their free composition can

be easily defined. If h € ”§>0, h =~ 0, and F(t,y) = —ﬁ . %, then it is easy to
see that, due to the presence of the infinite term %, each norm ‘F|[7a a]XWH is

infinite, so that the constant R of (5.22) is necessarily infinite as well.

This simple example yields another general remark: On the basis of Cor. 22, a
possible simple way to avoid the first factor in (5.12) is to consider sufficiently
small radii r;. For example, we can always trivially take infinitesimal radii r; ~ 0.
However, this would necessarily imply that the semi-amplitude v =~ 0 because the
radii r; measure how much the solution is far from the initial condition yo. Even if
example (6.1) shows that in general a better result is not possible, in specific cases
we can obtain better estimates both of the Lipschitz constants and of the radii r;,
as shown below.

6.3. How to apply the local existence results. Mainly in order to understand
how to apply the previous Cor. 26 of local existence, let us consider the following
’R-linear Cauchy problem:

y(to) = c. (6.2)

where A € "GC™([to — B,to + A],’R?*4) and ¢ € “R?. Since GSF are closed with
respect to composition, and x — x —tg is always a GSF, even when tj is an infinite
number (e.g., this does not hold using Colombeau generalized functions), without
loss of generality, we can assume that {p = 0. using the notations of Cor. 26, we
have F(t,y) = A(t) -y and K = [—3, 8], H = "RY, M; = max <] A(t) - .
—c|<r;
The basic condition we need to satisfy is (5.23). We therefolrye s“cart by estimating

{mwmwy@;

M; and by accordingly choosing the radii r; € “Rsg, in order to simplify the analysis
of (5.23). If y € B,,(c) and t € K, we have

[A() -yl < [A(H) -y — At) - o) +

+[A@®) - e <
< [|Allg i + lef - [| Allg = [1Allg (rs + |cf) (6.3)
where the norms ||—||, are evaluated on the functionally compact set K = [—23, 3].
We assume that [[Al|, > 0, M; > 0, so that M; < ||A]|,(ri + |¢|) and setting
r; = max(|c|,1) > 0, from (6.3) we get +- > ﬁ, which will be useful to
i 0

evaluate (5.23).

In the second step, we compute the Lipschitz constants for our particular prob-
lem, hoping to obtain better values with respect to the general estimates of Cor. 21.
In our case, a direct calculations gives

dt dt

i Fty() = -5 (Ay(t) + (1) =

= <;> AR )y B (1) 4 6O (1),

k=0
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Therefore

di di e

S _F < Al -y — 2|, =

i Fty(®) - o= (t,x(t))‘_kE_OQ) Al - lly — |,
=2"|A[; - lly — |, -

So, we can set L; = 2 ||Al|, and we can fully analyze the following cases:

(1)

(iii)

(iv)

At least one norm || Al|, is infinite, i.e.,

Jn; € Noy o dp ™ < ||A], <dp™™ (6.4)
but all the exponents n; are bounded, i.e.
dneNgVieN: n; <n. (6.5)

Since [|All; < [|All;;,, without loss of generality we can assume that (6.4)
holds for all i € N sufficiently large. Therefore L; = 2 ||A[|, < 2'dp™™ <
dp~™™ =: R. We are thus in the first case of Cor. 26, and for any a € Rsq
we can take o = min (dp"*a, ﬁ) ~ 0 to satisfy (5.23). In general this
0

infinitesimal solutions cannot be enlarged to a greater symmetric interval, as
shown by the trivial ODE 3’ = dipy, y(0) = 1, whose maximal domain is
{te’R|3IN eN: t> Ndplogdp} D [-dp't®,dp't?] for all a € Rsy.

All the norms ||Al|; are finite i.e.

35 €RsoVieN: |A], <S. (6.6)

We are hence in the second case of Cor. 26. We can take, e.g., R := dp™"
where 7 € R so that L; = 2°||A]|, < 2°S < R = dp~". Condition (5.23)

is thus satisfied for all ¢ € Ry and taking a = min (dp”“,ﬁ) =
0

dp"t® because of (6.6). The solution is therefore defined on the union
User., [—dp®, +dpP]. As shown in Rem. 23, we can easily switch to an equiv-
alent Cauchy problem in order to avoid the term 2°, which really forces us
to take an infinite R. Without loss of generality, we can hence assume that
(6.2) is locally Lipschitz with L; = [[A(2 - —)||,- This shows that the solution
of this sub-example is very unsatisfactory because for @ € Ry sufficiently
small, we can get aL; < 1. As mentioned at the beginning of Sec. 5, this can
be better solved using the notion of hyperfinite contraction, or the results of
Sec. 7.3 about maximals sets of existence, see e.g. example 40.

The norms ||Al|; are all uniformly infinitesimals, i.e.

dneNsoVie N: [[A]l, <dp". (6.7)
This is clearly a subcase of the previous one, which is therefore meaningfully
different from the present one only if [|A[|; = S for some j € N. Taking any
0 < h < n, we have L; = 2! ||A||, < 2'dp™ < dp"~" =: R. We are thus in the
third case of Cor. 26 and hence any 0 < o < min (6, m) satisfies (5.23).

Finally note that for any finite 3, equation (6.7) yields min (6, ﬁ) =p
0

and hence the solution y € “GC™([—8, 8],’R%).

For all ¢ sufficiently large, all the norms ||A||, are infinite, i.e. (6.4) holds,
but the exponents n; are unbounded, i.e. (6.5) is false. This is the case,
for example, of the Cauchy problem: y' = ¢ -y, y(0) = 1. More precisely,
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using the notations for the embeddings of Schwartz distributions of Thm. 77,
the ODE y/(t) = 1% (&) (t) - y(t) would necessarily have the solution y(t) =
eR®)® 4 ¢ for some ¢ € ’R. If we want that 1%|¢ coincides with the inclusion
of sheaf C>*°(Q) C "GC™Q, R), then we must take b > dp~* for some a € R5g
(see Thm. ??7.7?7). But then y(0) = eR@O) 4 ¢ = (0 4o = 7" 4
c ¢ 'R, where i is the fixed Colombeau mollifier. Note that the function
F(t,y) = &(8")(¢) - y is uniformly locally Lipschitz with constants L; =
b(1 + b)i. Therefore, if we take b > dp~?, it is easy to prove that

Vb € Rsg3i € N:dp® - L 4 0.

Therefore, condition (5.17) never holds for any a € "Rs.

All this implies that we only have two possibilities: either we negate the
sheaf inclusion of smooth functions (and we thus remain with the inclusion of
analytic functions, see Thm. 77.77, and only the inclusion up to infinitesimal
of smooth functions, see Thm. ??.7?), or we take another gauge o such that
edr™ e ”ﬁ, e.g. 0. == e=¢'""* . The second choice would imply that we are
indeed able to locally solve y'(t) = d;(t) - y(t), but where §,(t) := bu(bt) is
not the o-embedding (preserving the inclusion of smooth functions) of § in
’GC*(R,R), which would instead be e.g. ng_l((S). These are unavoidable
limitations of this approach.

(i)  Can we say that the previous cases exhaust all the possible instances?

Since in “R we can have generalized numbers like [sin (%)}, at a first

sight the answer seems to be negative. On the other hand, by recall-
ing the interpretation of Robinson-Colombeau generalized numbers as
dynamical numbers in ¢ (see introductions to Sec. ?? and Sec. 3), the
following notion of sample of a point can be of help in the analysis of
the remaining instances:

Definition 27. _
(i) Let z, 2’ € “R™, then we say that 2’ is a sample of x if there exist

representatives x = [z.] and 2’ = [z]] such that

Vedé <e: zl = .. (6.8)

(ii) We say that X C 'R™ contains all the samples of its points if for all
z e X,z €’R", if 2’ is a sample of z, then also 2’ € X.

Note that, as a consequence of the condition £ < ¢ in 6.8, we can define
g(e) :=sup{0 < € <e|aL =z} so that we get

Veel: 0<é(e)<e

el —1

=0t

T, =15 Veel,

therefore, we can roughly state that “being a sample of a point is a property
for e — 01",

This notion has interesting properties. For example, it can be easily proved
(see [20]) that if X contains all the samples of its points, then the GSF
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f €7GC™(X,Y) is zero if and only if f(z) = 0 for all near-standard and for
all infinite points z € X. It is important to note that the set ¢(£2) of compactly
supported points in Q@ C R™ (see (?77)) always contains all the samples of its
points, therefore every equality between Schwartz distributions can be tested
in this way. Analogously, Def. 77 needs to be tested only at all near-standard
and all infinite points z € X (see [20]). Moreover, from Lem. ?? we can also

easily derive the following partial replace of the trichotomy law: for all z € 'R
there exist x1, xo2, 3 samples of x such that

1 =0 or x29<0 or z3>0,
and the inequality = > 0 holds if and only if for all ' sample of x we have
2’ is near-standard or 2’ is infinite = ' >0.

Since from every bounded e-net we can always extract a convergent subnet,
we can say that the previous cases exhaust all the possible instances, in the
following weak sense: for all & there exist a sample A’ of || A, = [||A:];] € 'R
such that [|Az||, = AL and

A’ is near-standard or A’ is infinite.

We can therefore roughly state that all the remaining instances of (6.2) are
e-mixing of some of the previously analyzed cases.

6.4. First order scalar ODEs by quadrature. Clearly, the calculus of GSF
is sufficiently reach to reformulate the usual proof of existence and uniqueness of
solutions of first order 1-dimentional affine ODEs. In fact, we have the following

Theorem 28. Let z € "GC™([to— v, to+a],"R) be the solution of the linear Cauchy
problem

{z’(t) = —A(t) - 2(t); (6.9)

Z(to) = k‘,

where A € "GC™([to—a, to+a],"R) and k € 'R. Assume that y € "GC*([to — v, to +
al,’R) solves the problem

y'(t) = A(t) - y(t) +b(t); (6.10)
y(to) = ¢,
where b € "GC™([to — a, to + ],"R) and ¢ € 'R. Then it results
t
A1) - y(t) = kc+/ 2ob VEe [to— asto +al. (6.11)
to

In particular, if for all t € [tg — a, tg + o] there exists N € N such that

t
/ A > Nlogdp

to
then the GSF .
2(t) = kexp (—/ A) t € [to — a, to + af,
to

satisfies 0.9, and hence, if k is invertible, we have

y(t)z%- [kzc—i—/t:z-b} Vit € [to — a, to + .
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Proof. By multiplying (6.10) by z(¢) and using the Leibniz rule for GSF, we get
(z-y)’ = z-b. Integrating between ¢y and ¢ and using Thm. ?? we obtain (6.11). O

6.5. Polynomial singular ODEs by local existence results. Let us now con-
sider an arbitrary first order scalar polynomial ODE

Y1) = X0 ait) - yt)
{ym) - (612

where n € N, a; € "GC=([—B, 8],"R) and |yo| € “R is invertible. Without loss of
generality, we can always assume |yg| = 1. In fact, if c €7 Ris invertible, and we can
solve 2/(t) = Y1y ai(t)z(t)?, 2(0) = 2, theny := -z solves y/(t) = Y1 “ Wy (1),

y(0) = yo. Therefore, it suffices to set ¢ = |yo| to reduce to the case |yo| = 1. Using
the notations of Cor. 26, we set K := [=3, 8], H := ‘R%, F(t,y) := S gai(t) -yt so
that F' € “GC™ (K x pF~2,”F~Q), and M, := max _g<i<g |F(t,y)|. In order to properly

Yy€B;, (yo)
choose the radii r;, we start by estimating M;. For ¢t € K and y € B,,(yo), we have

n

<D lai®l lyl'-

=0
We set Ny := Z;L:O llally, so that using [yo| = 1 we get

n

|F(t,y)| < No - Z (ly+ vol + lyo))" =

= ZZ()Z/ yo S
= OkAO
_N()'g;(;)rf:No-g(m-i-l)i.

Therefore, if we choose ro = r; =1 for all © € N, we obtain

(To + 1)n+1 —1

To

Ti 1
M; = No(2nt! —1)°
Now, we estimate Lipschitz constants:
d (=9) (4 dj K
o =33 (a0 5 et
k=0 j=0
We estimate the j-th derivative of y(¢)* by using univariate Faa di Bruno formula.

Since jTjj (%) =k(k=1)-...-(k—j+1)2"7 = (’;)j!zk*j for j < k and 0 otherwise,

we get

@ Lk L™
£ - (2 ()

p=1
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where the sum is extended to all multi-indices (m,...,m;) € N/ such that 1-m; +
2-mag+...4+j-m;=jand |m| <k Simplifying the notations, we can write

&’ m
= E :y k Im| | I | A (p) mp7
and hence

. 1/j
ik 1
Aip 1 = | — ! -——— €R
mp{w@ﬁw] iy <R
d’ d’

P [y(t)k] ~ g [I(t)k]

Z H Ajmp - |y(t)

m p=1

<

J J
k=|m| H y P ()™ — z(t)kIml H 2 ®)(t)
p=1 p=1

But [y (1)) < gl < (I = voll, + 30]) < (7 + lyo))® = 2° for all ¢ € Rg and

p € N because the function y belongs to the set defined in (5.4). By the mean value
theorem for several variables, we have

(t)k=lml . ﬁ y P ()™ — z(t)kIml ﬁ 2P (t)
p=1 p=1

< [(k — |ml)2k-Imi=1olml 2k*|m\|m|2|m|*1} . (||y —fly + [lz — pr> <
< k2% flz -y,

mp <

And finally this yields

04~ 5 ")

IN

J
ly — ;- > k2% T Aoy =
m p=1

Hly =l - Con

F(ty(t) - 2o F ’ ZZ( ) lakll;—; Cirlly — =ll; <

k=0 j=0

n
< lly —ll; Y llaxll; 2D <
k=0

<|ly — |, 2'N; D;,

where Dy, = Z;’:O Cji € Rso, D; := > _yDit € Ry and N; := >} |lakll; €
’R>0.
Now, we can proceed by analyzing the following main cases:

(i) At least one N; is infinite, i.e.,

In; €Ny dp T < Ny < dp™™ (6.13)



A GROTHENDIECK TOPOS OF GENERALIZED FUNCTIONS II: ODE 28

but all the exponents n; are bounded, i.e.
dneNgVi e N: n; <n.
Setting R := dp~"™, we are in the first case of Cor. 26, and for any a € Ry
we can take av = min <dp"+a, m) ~ 0 to satisfy (5.23).
(ii)  All the terms N; are finite i.e.
IS eR(VieN: N; < S. (6.14)
We are hence in the second case of Cor. 26. We can take, e.g., R := dp™"
where r € Rsg. Condition (5.23) is thus satisfied for all a € Rs( and taking
a = min (dp”“, m) = dp"t* because of (6.14). The solution is
therefore defined on the union Uyeg_, [—dp®, +dp"].
(iii) The terms N; are all uniformly infinitesimals, i.e.
dneNsoVie N: N; <dp”. (6.15)
Taking any 0 < h < n, we can set R := dp”". We are in the third case
of Cor. 26 and hence any 0 < a < min (5, m) satisfies (5.23). For

any finite 3, equation (6.15) yields min (67 m) = B and hence the

solution y € “GC*([—43, A],’R%).

(iv) For all i sufficiently large, all the terms N; are infinite, i.e. (6.13) holds, but
the exponents n; are unbounded, i.e. (6.5) is false. As seen above in the linear
case, this leads to an ODE which is solvable only changing the gauge p, but
at the price of problems related to the embedding of smooth functions.

6.6. Polynomial singular ODEs by quadrature: Bernoulli equation. A
Bernoulli ODE

"(t) = t)y(t (O y(E)"

y(0) = wo

is classically reduced to a linear ODE. The possibility to extend to R these trivial
steps, depends on the invertibility of the values y(t) € ’R for ¢ belonging to a sharp
neighbourhood of yo. If we assume that yy € “R is invertible, it is plausible to
expect the following

Theorem 29. Let a € ‘R and f € "GC™([to — a, to + ],’R) be a GSF such that
f(to) is invertible, then there exists B € (0,a] such that f(t) is invertible for all
t € [to— B,to+ B).

Proof. By contradiction, let us assume that
VB € (0,a)3t € [to — B,to+ B] = f(t) is not invertible.

Then setting f = min(«,dp™), n € N5, we obtain the existence of a sequence
(tn)nen such that t, € [to — dp™, to + dp”] and f(t,) is not invertible for n € Nsg
sufficiently large. Therefore, (?7) and continuity of GSF (Thm. ?7.7?), yield

i [7(t)] = |f(to)] > dp?

for some g € Rsq, because of Lem. ?7. For n sufficiently large, we thus get

1 1 1
Sdp" < | (t0)| = 5dp" < |£(ta)| < I (to)| + 5"
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Once again, Lem. ?? implies then that f(¢,,) must be invertible, and this yields a
contradiction. (]

Therefore, if (6.16) holds and yo is invertible, then for some 5 € (0,«], y(¢) is
invertible for all t € [—0, 8]. Since n € N1, we can hence set w(t) := y(t)1=" for
all t € [0, 8]. The GSF w satisfies the linear Cauchy problem

{w’(t) = (1 - n)ay(Ow(t) + (1 — n)an(t)

This can be locally solved using the results of Sec. 6.3. Otherwise, assuming that
for all t € [—03, B] there exists N € N such that

t
/ a; > Nlogdp,

to

then

y(t) = z(t)%l {yg_" + (1 - n)/o z(s)an(s)ds} B vt € [0, 5]
solve (6.16).

6.7. Nonlinear ODEs which are not solvable in any gauge. Examples of
nonlinear ODEs that are not solvable using the present approach and, at the same
time, preserving good properties of the embedding of smooth functions, are

"(t) =6 (y(t (1) = e5(0)y(t)
y(0) =0 y(0) =c.
Let us start with the former by showing that Thm. 24 cannot be applied. With
the usual notations, we have F(y) = §(y) for all y € 'R, K := [-«,a], H := "R.

If we use the embedding determined by the infinite generalized number b € 'R and
by the Colombeau mollifier x, then §(t) = bu(bt) and hence 69 (0) = b+ u()(0).
Since p is an even function (see Lem. ?77), we have
@) =0
6@ (0) = p¥ 120 (0). (6.18)
We assume to have chosen p so that 129 (0) is not eventually zero. We have

%

i il (4) mj
o= S I (S2) =

!
m j:1 .]
= 80Dy (1) [Ty ()™ Cijm, (6.19)
m j=1
where the sum is extended to all multi-indices (my, ..., m;) such that 1m + 2ms +

i 1 i . .
L’) 1 Let us assume that F' is uniformly

R zml = 4 and Cijm = (m! GNT

Lipschitz on the space
Y ={y €"6C™(K, H) | [lyll; <ri VieN}
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with Lipschitz constant (L;);en. Assume that 3, r; and « satisfy

0<pBb<r; (6.20)
0<a<l,

and set y(t) := Bbt, 2(t) := 0 for all t € K. We want to choose /3 so as to show that
condition (5.17) never hold. We have |y(t)] < afb < Bb < ro because of (6.20).
Therefore, ||y||, < ro. Similarly, we have ||y||, < r; for all i € N. This shows that ,
y €Y and that |ly — z||, = ||y — z||, = Bb. Lipschitz condition and (6.19) for i > 1
yield

goLi > |3 810 (0) [Ty (0)Cijm| =
m Jj=1

— Za(lml)(o)ﬁmlbmlcﬂml >
m
> 6D(0)8°0".
This inequality and (6.18) finally show that
Lo > b4 321,20 (0).

Now, since a, 8 > 0, we can consider a, ¢ € Rs¢ such that o > dp® and 5 > dp°.
Moreover, we analyse only the case b = dp~!. We thus get

a” - L;n > dpandp—4nidp20ni—cnu(2i) (O)n

Take i € N so that 4i > a, then 4i —a > 0 > —c and hence an — 4ni — cn < 0. If
we take ¢ < 32:‘11 we have that an —4ni+ 2cni — cn < 0 and therefore o™ - L /4 0.
Finally, for ¢ sufficiently large, the exponent ¢ can be taken close to 2 and hence
Bb = dp°dp~! ~ 0, which gives a lower bound to r; since we assumed (6.20). We

therefore proved that
Ya € Rso: a>dp® = 3Jei: oL} > dpninit2enizen (20 ) 4 0.

This shows that Thm. 24 cannot be applied.

It can be easily proved that the GSF F' is locally Lipschitz with constants L; =
D;dp=%, D; € Ryg. We can thus note that, once again, changing the gauge by
using e.g. 0. = ¢~ and taking dp?* > o > do > 0, we have that o"L? — 0 in R

and hence the equation y'(t) = Lgpil(é) (y(t)) is solvable in the interval [—a, a] C

“R. However, the embedding L(Fi{) o preserves analytic functions with respect to the
equality in R, but smooth functions only up to infinitesimal of the form C-dp™ for
C € Ry and for all n € N (see Thm. ??), which does not correspond to equality
in ’R.

Analogously, we can deal with the second example in (6.17), where for sim-

-1

plicity we consider the embedding Lgp . In that case we have F(t,y) := €50
which is hence defined on X := {y €'R |IN eN: y < —Ndplogdp}. Since
X D [—dp't*,dp't?] for all a € Ry, we can set K := [—3, 8] and H := Bg+a(0),
ro := dp'T2. Using once again the previous methods, it is not hard to show that F'
is uniformly Lipschitz with constants L; := dp~*C}, where C; € Rsg. We can hence
proceed as in the previous example to show that Thm. 24 cannot be applied, even
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if the ODE can be solved considering another gauge, as we have seen above for the
previous example.

6.8. Application to physical systems governed by nonlinear ODE with
step input. In the applications, e.g.in the research about viscoelastic materials,
one needs to study the response of spring—dashpot systems to a step input, which
can be e.g. a step loading or a step deformation or the response of an electrical
circuit to a sudden voltage change. The behaviour of these systems is described by
an ODE, and the response of nonlinear systems to step inputs can hence be framed
in the context of GSF. As shown by [44, 45, 46], in this problem we are interested
in the solutions y of Cauchy problems of the type

!/ /
aoll,y)y +y' =b(L,y)l +clt,y)l (6.21)
y(0) = 4(0)
where I(t) = H(t) - I(t), H is the Heaviside function, and a, b, ¢, §, I are fixed

smooth functions (see e.g. [14, Thm. 10]). Due to the term
e(ty)I' = elt,y) [3(t) - 1(t) + H(1) - T'(t)| =
= c(ty) [th(O)(6) - 1(t) + k(H)(E) - T'(1)]

and using the methods we have already seen above, it is possible to prove that the
Lipschitz constants for this problems are L; = C;b?, where C; € Rso. Therefore,
the only way to solve (6.21) is to change the gauge, e.g. considering o, := e":. In
this case, there exists & € "R and a solution y € “GC®([—a, a],’R). Note that
using the new gauge we now have b = [b.] € ”R which is still an infinite number
in the ring °R. Therefore the GSF (4(8) = [bepu(be - —)] = 5(H)' is still a good
model for a unit impulse generalized function. Analogously, one can deal with the
second order ODE y + a(I,t)y’ + by” = 2¢(I,y)I’ + 2dI”, which is also considered

in [44, 45, 46].

6.9. A classically non-Lipschitz ODE and the problem of uniqueness. Let
us consider the following classical ODE:

y'(t) = /Iy,
{y(()) N (6.22)

By Peano theorem, we know that Equation 6.22 has a solution; however, this so-
lution is not unique. As the continuous function \/[—| : y € R = /Jy| can
be identified with an element of D’(R), in the GSF setting equation 6.22 can be
interpreted as

y(0) = 0.

However, due to the infinite derivatives of the square root at the origin, Thm. 24
cannot be applied to (6.23). To prove this, take an infinite b € R such that b > dp™¢
for some a € Rsg. Apply Thm. ??7.7? to any open set Q C R such that 0 ¢  and

{y’(t) =tk (\m) (y(®)), (6.23)
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Thm. ?7?7.7? obtaining that

(i), = G v0L) = i v, -
= (-1)*27 Y2 Vie Ny (6.24)
Lg(

V) (dp?)| =
sume that F(y) = % ( | — |) (y) were uniformly Lipschitz with constants (L;)
then for all ¢, d € Rs¢ with ¢ > d, and i > 2 we get

Lz(dpc o dpd) > HF(dpc) _ F(dpd)Hz > dp—(i-‘rl)c o dp—(i-‘rl)d > dp_(H_l)C,

Therefore, “tdp3dp=i® > dp~tDe for all i > 2. Now, as-

i€END

where the i-norm is calculated on any closed interval containing dp°. Hence, L; >
% > dp~i. Therefore, condition (5.17) holds only for & = 0 and hence
Thm. 24 cannot be applied. Note that this estimate of the Lipschitz constants is
worst than in the examples listed above because of the arbitrariness of the constant

¢ € Rso. We also note that if y € C*(R,R) is a classical solution of (6.22), and we set
2= LR< ) ”QC°°< G ) R), then (1) = [ih(w)]' (1) = h)(0) = b (Vi) () ~
\/ |k = /|z(t)] and 2(0) = 4(y)(0) =~ y(0) = 0. Therefore the GSF z

satlsﬁes () 23) only up to mﬁmtesunals To help intuition, in Fig. 6.1 we represent
the function /| — | with a grey dash-dot line and its regularization % ( | — |)

with a black line.
It is also not hard to prove that no GSF satisfies (6.23). We have to proceed
along the following schema:

(i)  We prove that i ( | — |> (0) # 0 by contradiction: using (6.24), we prove
that there exists y € [0, 1] such that (% ( | — |) (y) is greater than the max-
imum value of (% ( | — |) on the functionally compact set [0, 1].

(ii) Therefore the constant map y(t) = 0 is not a solution of (6.23), not even for
t > 0.

(iii) So, if y € "GC*([—a, a,”R) were a solution of (6.23), we must have that
y(to) # 0 for some ¢y > 0.

(iv) Therefore, there must exist a sample ¢; of ¢y (see Def. 27) such that y(¢1) > 0
or y(t1) < 0. Both cases can be treated in the same way, so we assume that

y(t1) > 0.

(v) By the intermediate value theorem (see [20]), the function y assumes all the
values between y(¢1) > 0 and y(0) = 0.
(vi) Therefore, proceeding as in (6.24), we can prove that the second derivative

y" is not p-moderate at some point y € [0, t1].

This example clearly shows that in this non-Archimedean theory, we can easily
have infinite derivatives corresponding to an infinite number in the ring 'R, but we
cannot have functions with vertical tangent straight lines.
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\ .
‘ l

FIGURE 6.1. A representation of the function /| — | (grey dash-
dot line) and its regularization (% ( | — |> (black line).

6.10. Relations with previous studies of local solutions of singular non-
linear ODEs. In [13] E. Erlacher and M. Grosser established a local existence
and uniqueness theorem for ODEs in the special Colombeau algebra of generalized
functions. While theirs and ours approach have certainly some similarities, they
differs in the following aspects:

e Composition of GSF is always defined while, in general, the composition of
Colombeau generalized function is not. To avoid this issue, the authors in
[13] based the composition of generalized functions, and hence the concept
of solution, on the notion of c-boundedness, see [13, 25].

e The domain of existence of the local solution in [13] has a positive standard
real radius a € Ry, while, in general, the domain of existence of the local
solution given by Thm. 24 might have an infinitesimal radius « =~ 0. This
is due to the more restrictive hypotheses considered in [13]. Therefore, in
some cases the result in [13] is better since, in general, it gives existence
and uniqueness on larger domains; on the other side, Thm. 24 allows the
studying of a wider range of problems such as those of sections 6.2, 6.3,
6.5. However, we will see how to obtain similar results in our context in the
following Section 7.3 about maximal sets of existence. A large existence
interval is a necessary consequence of the fact that Colombeau generalized
function must be defined on domain of the type ¢(€2), which always contains
finite points and large neighbourhoods. In other words, the definition of
Colombeau generalized function does not allow to have functions defined
only on infinitesimal intervals (or on domains which contain infinite points).

e One of the more restrictive hypotheses considered in [13] is that F is
bounded by some real number on some neighborhood of (g, ). We do
not have to assume such a condition. This boundedness assumption on F
does not allow to solve problems such as those of sections 6.3, 6.5, 6.6.
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e In [13], the restriction to neighborhoods having a real positive radius forced
the authors to assume a logarithmic growth condition on the Lipschitz
constant of the function F'(t,y) with respect to y in order to prove the
uniqueness of solutions. In contrast with their result, Thm. 24 ensures
uniqueness under milder hypotheses. This logarithmic assumption does
not allow to solve problems such as those of sections 6.8, 6.3, 6.5, 6.6.

e In [13], the gauge is fixed to p. = ¢. This does not allow to solve problems
such as those of sections 6.8, 6.7. In particular, we note that [14, Thm. 10]
assume to have a Colombeau generalized function as a solution of the con-
sidered ODE (6.21), but unfortunately no existence theorem in Colombeau
theory allows us to prove the existence of such a solution.

7. CLASSICAL RESULTS FOR SINGULAR NONLINEAR ODESs

7.1. Uniqueness results of solutions.
7.2. Continuous dependence on initial data. Comparison theorem:
Theorem 30. Let H C "R, F € "GC™®([to— o, to+a] x H,’R%), u, v € "GC*([to —
a,to + o], H) be such that

Vt € [to — a,to +a] : W (t) < F(t,u(t)) <o'(t)

u(to) < wv(to).
Then u(t) < v(t) for all t € [tg — a, to + .

Proof. By contradiction, assume that w(T") >1 v(T') for some T € [tg — «, to + &
and some L Cq I . |

7.3. Maximal sets of existence. Properties of the maximal interval of existence
of an ODE are some of the most well known results in the classical theory of ODEs.
In this section we want to study analogous properties in our generalized framework.
As we will show, most of the classical properties have their generalized counterparts.

Crucial for our approach is a sheaf property for GSF proved by Hans Vernaeve
in [53], which is based on the concept of interleave of a subset of “R:

Definition 31. Let A C ’R. We let

interl(A) .= Zeijj | m e N,S,..., Sy, partition of (0,1),z; € A 5,
j=1

where e, = [I Sj] and Is; is the characteristic function of Sj.
The sheaf property that we will use is the following:

Theorem 32 (H.Vernaeve). For each m € N, let Q,, C 'RY be a union of an in-
creasing sequence (Am,n)neN of internal sets with A, 5,41 neighborhood of A, ,, YV €

N. Let u,, € "GC™ (Qm,"ﬁh> Vm € N be such that um|a,,n:. = Um/|a,,ne;, Ym,m’.

Let Q = interl (Umenm). Then there exists a unique u € "GC™ (Q,”ﬁh) such that

u|gm = Uy, Vm € N.
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An useful result about interleaves of finite unions of sets of intervals is the fol-
lowing:

Lemma 33. Letn €N, a1,...,a, € ”§>0. Then:
(i) interl([0,0q]U--- U0, a]) = [0,1 V-V a);

(ii)  Fer, ... cn €[0,1), with >°1 ¢ =1 and ¢ = ¢; for alli =1,...,n such that
for every x € [0, a1 V- - -V ay,] we have that c;x € [0, a4 for everyi=1,...,n;

(iii) letz =", c;x; be the decomposition of x € (0,01 V - -+ V o], wherecy, ..., cp

are the constants given in ((i1)); if x € [0, 4] then cjz € [0,04] N[0, ;] for
every 1,5 < n;

(iv) for every i = 1,...,n let uy, € "GC™ ([0,0zi],"ﬁ) be such that for every
hLj<n

U, |[0,0,]N[0,0;] = Yoz |[0,005]N[0,051

Then the unique common extension u € "GC™ ([O, a1 V- Vo), "ﬁ) Of gy« -+, Uq

satisfies the following property: for every x € [0,a1 V -+ V o)

u(x) = Zciuai (ciz), (7.1)
i=1

where c1,. .., ¢, are the constants given in ((ii)).

Proof. We will prove all the results for n = 2, as the general cases can be easily
proven by induction on n.

((1)) By definition, all the elements in interl([0, a1] U [0, a2]) can be written as
esx1 + egexs for S C (0,1), 1 € [0, 1], 2 € [0, as).

C: Let esz1 + egexa = x. Let 21 = [11,¢], 22 = [22,]. Assume that 0 <z, <
o1 and 0 < 3, < g, for every € € I. Then Ve € Iz, < max(z1.,22,.) <
max(aq e, a,¢), hence 0 <z, < oy Vage, and so z € [0, a1 V az].

D:Let z = [x] € [0, 1 V o], and let us assume that 0 <z, < a1 Vas Ve € 1.
Let S={e€l|aiVas.=ai.}. Let 1. = Ig(e) -z, 22, = Ig» - ©.. Then,
clearly, z1 € [0,a1],z2 € [0,a3] and & = egx1 + egexa € interl(]0,a1] U [0, az]).
Notice that by letting ¢; = eg and co = ege we have also proven ((ii)).

((iii)) Just set #1 = c1x and 23 = cox. As ¢; = eg and ¢y = ege with S =
{e€l|aeVas:=oa1,.}, it follows that 1 € [0,a1] and x5 € [0, as]. Moreover
(since ¢? = ¢; and ¢ = ¢y) we have

ary+ery=cdrtcir=(a+c)r=1-r==1.

((iv)) The existence of a unique extension of uq, ug to [0, a1 Vas] is a consequence
of Theorem 32 together with the fact that interl([0,a1] U [0,a2]) = [0, a1 V ag].
Therefore to conclude it is sufficient to show that the function u given in equation
7.1 is a GSF that extends uq,,Uqa,. And this is trivial: u is a GSF as, for every
n € N, by its definition it is immediate to notice that

HUHn,[O,al\/az] < ||ua1‘|n,[0,a1] + ||ua2”n,[0,a2]7

which proves the existence of polynomial bounds for u as both u,, and u,, are
GSF. To prove that u extends ug, let © € [0,a1]. Then by ((iii)) we have that
cax € [0, 1] and, as Ua,|[0,a,] = Ua, |[0,a,], We have

u(x) = Ccrua, (C12) + CoUg, (C2) = 1, (C12) + Cotg, (c2T) .

n
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To conclude, we show that cjug, (c12) + catia, (C2x) = uq, (). We do this e-wise:
let ug, = [Ua,.c], * = [xc]. Then

ClUa, (1) + C2Ua, (C22) = [I5(€)Ua, = (Is(€):) + Lse(€)tay = (Ise(€)z:)] .
If ¢ € S then Is(e)ui e (Is(€)xe) = Uqa,.e (Te) whilst Ige(€)uq,  (Ise(e)xe) = 0;
if e € 5S¢ then Is(e)uq,  (Is(e)ze) = 0 whilst Ige(£)ua, « (Ise(e):) = Ua, e (2e).
Therefore Ve € I we have
Is(e)ua, e (Is(e)Te) + Ise(€)ta, e (Ise(€)Te) = Uay e (Te)

and so c1uq, (a17) + cotg, (22) = [Uq, e (Te)] = uq, (z) as desired. The case
x € [0, ap] can be done similarly. O

From now on, we let

'(t) = F(t,y(t
y(O) =Y

be a generalized ODE satisfying the hypotheses of Corollary 26. To avoid unnec-
essary complications, we assume that F'(z,y) € "GC™ (”§>0 X "ﬁ”,”ﬁ) and that
vVt € ”§>0 JL € 'R3K Cy ﬂﬁzo neighborhood of ¢ such that all the Lipschitz con-
stants of F(x,y) on K x ’R™ are bounded by L. In this way, by Corollary 26 we

deduce that for every tg € "R, for every yo € ” R™ the problem
y'(t) = F(ty(t)
y(0) = yo

has a unique solution in a neighborhood of t5. We set

(7.3)

T= {a € ”§>0 | 3!'solution of the problem 7.2 inGC™ ([O, a},”ﬁ)}
and M = {J, 70, .

Theorem 34. M is the mazimal set of existence of a unique solution u of Problem
7.2 in the sense that Vo € "Rsg if [0, 0] C dom(u) then [0,a] € M. Moreover:

(i) M ﬁ”§>0 s open;

(ii) VYo,BEeEM aVpeM;

(iii) interl(M) = M;

(iv) if a € Rsg is such that v € T for every v € (0,a) then [0,a) C M.

Proof. The maximality of M is trivial.

((i)) As discussed above, this follows from the fact that, under our hypotheses
on F', Problem 7.3 has always a unique solution.

((ii)) Let uq, ug be the unique solutions of Problem 7.2 respectively on [0, «], [0, 5].
From Theorem 32 we deduce the existence of a unique u defined on interl(]0, o] U
[0, 8]) = [0,V B] such that uljg,a] = Ua, uljo,5) = ug. We claim that u is the unique
solution of Problem 7.2 on [0,V 8]. Let a =[], = [8:]. By Lemma 33.((iv)),
we have that V¢ € [0, V (] u(t) = ciu (c1t) + cou (cat), where ¢; = [Ig], ca = [Ige]
and S={e€l|a.V L =a.}. Hence

u'(t) = A/ (ert) + 2l (cot) =
cru! (e1t) + cou’ (cat) (as €3 = c1,¢2 = cp)=
crf (ertyu(ent)) + caf (cat,u(cat)) = f(t,u(t)),
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where the last equality can be proved e-wise as follows: if f = [f.], u = [u] and
t = [t.] then Ve € I

cif (eit,u(ert)) + caf (cat,u(cat)) =

[IS(E)fa (IS(E)tsy Ue (IS(g)tE)) + Ise (E)fa (IS“ (E)tﬁv Ue (ISCtE))] 5
and we conclude as Ve € 1

Is(e)fe (Is(e)te, ue (Is(e)te)) + Ise(e) fe (Lse(€)te, ue (Isete)) = fe (te, ue (te))

namely
[Is(e)fe (Is(e)te, ue (Is(e)te)) + Ise () fe (Ise(€)te, ue (Isete))] =
[fe (te; ue ()] = f(E, u(?)).

To prove that u is the unique solution of Problem 7.2 on [0, V ], let v be
another such solution. Then necessarily U‘[O,a} = U, and v|[075] = ug, therefore by
Theorem 32 v = u, as u is the unique common extension of uq,ug to [0,V 3].

((iil)) Let & = >_1" | es,x; € interl(M). Then z1, ...,z € M, hence 3ay, ..., o, €
T such that x; € [0, ] Vi=1,...,m. Andsox € [0,1V---Va,,] € M by Lemma
33.

((iv)) Let n € N be such that « > dp™. For every m € N let v, := (a — dp™) V
dp™. Notice that {J,,cn [0, 7m] = [0, @) and that interl (U, ,en [0, 7m]) = interl ([0,a)) =
[0, ). Our thesis follows from Theorem 32 by setting Q,, := [0,¥,] and u,, the
unique solution of Problem 7.2 on €2,,. O

In general, as we will show in Example 40, the set M has not the form [0, @)
for some av €7 §>0 U {oo}. However, M can be considered as an “initial interval in
”ﬁzo” in the following sense: for every a € "§>0, if « € M then [0,a] C M.

In the classical theory of ODE it is well known that the boundedness of the
maximal interval of existence of the unique solution of an ODE is related with the
so-called “blow up” of the solution. In our generalized setting, the situation is
similar:

Theorem 35. Let o € ”§>0 and let us assume that u is the unique solution of
Problem 7.2 on [0,«). Then TFAE:

(i) «a€eT,ie [0,a] CM;

(i) w can be extended, namely there exists &' > a with o € T';

(i1i)) VneN ‘?;ff is uniformly continuous on [0, o) and there exists H,, €y 'R with

21 ([0,0)) C H,y,.

Proof. The implication ((i))=-((ii)) holds as M is open, whilst the converse is im-
mediate. To conclude we will prove that ((i)) and ((iii)) are equivalent.

((i))=((iii)) If @ € T then there exists a unique solution u of Problem 7.2
defined on [0,a]. As @ € "GC™ ([0, af, ”ﬁ’), by Theorem 14.((v)) we get that w and
all its derivatives are uniformly continuous on [0, &]. Hence they are also uniformly
continuous on [0, &), so we deduce that Vn € N %:}f is uniformly continuous on [0, cv).
Moreover, as [0, «] is functionally compact, for every n € N the set H,, = %([O7 o))
is functionally compact, and 2-%([0,a)) € 2224([0,a]) C H,.

((iii))=((i)) By Theorem 14.((iii)) there exists a unique u € *GC*™ ([O,a]fﬁ)

such that ljp ) = u. The fact that @ is the unique solution of Problem 7.2 in
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rGge> ([O7 a},”ﬁ) follows from Lemma ?7?: in fact, for every t € (0, ) = int([0, a])

' (t) = o' (¢t) = f(t,u(¥)) = f(t,au(t)), and so the same equality holds on (0,a) =
[0, «]. Moreover, if v € "GC™ ([O7 a],"ﬁ) is another solution of Problem 7.2 then

u = v on (0,«), and once again from Lemma ?? we deduce that then u = v on

(0,0z) = [Ova]- U
Corollary 36. Let M be the maximal set of existence of the unique solution
u of Problem 7.2. Then for every a € M \ M there exists n € N such that
limy_yq- |u(™(t)] = +oo.

Proof. By Theorem 34,(iv) we have that [0,a) C M. As « € M \ M, we have that
condition (i) of Theorem 35 is not fulfilled, and the thesis hence follows by Theorem
35. |

In the classical case, the implication ((iii))=-((i)) holds even if we replace ((ii7))
with the much weaker condition “u([0,«)) is bounded”. In fact, this condition,
together with the fact that u, being a solution of Problem 7.2 on [0, @), satisfies the
integral equation

ult) = yo + / f(s,u(s))ds,

is sufficient to ensure the uniform continuity of u on [0, «) (and this remains true
also for GSF). In our setting, we had to strenghten this condition for the reasons
explained in Section 4: in the GSF setting, we always have to take into account all
the derivatives of u. In any case, a simple Corollary of Theorem 35 is the following
sufficient condition for the non-extendability of solutions:

Corollary 37. Let a € 'R and let us assume that u is the unique solution of
Problem 7.2 on [0, ). If there exists n € N such that %Z,;?([O,a)) is unbounded then
ag¢ M.

We will show some examples of maximal intervals of existence in the next Section.

7.4. Gronwall Inequalities and sufficient conditions for global solutions.
In the classical theory of ODE there are various versions of Gronwall inequalities,
the most widely used being the differential and the integral form. In this section,
we want to prove the analogues of these two results for generalized ODE. As we will
see, the smoothness of GSF will allow to relax the regularity assumptions needed in
the classical case; however, the polynomial asymptotic bounds used to define GSF
will force us to assume certain logarithmic bounds similar to those of the previous
sections. Notably, our proofs are substantially identical to the classical ones.
Theorem 38 (Gronwall inequality for GSF, differential form). Let « € ”§>0, Let
u,a € "GC™ ([0,0z],”ﬁ). If w'(t) < a(t)u(t) for every t € (0,a) and |[alljg 4y - <
N -log (dp_l) for some finite N € N then

Ve € [0, a]u(t) < u(0) - elo als)ds,
Proof. Let v(t) = elo @(=)ds - Our assumption llalljp a0 - < N -log (dp™') ensures
that v € "GC™ ([O.a],”ﬁ), as

Wt € [0,0]0 < efo s < ehollalloaods < collolloao o« Nlos(de™") — g,=N
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(the estimates for higher order derivatives can be checked similarly). Notice that
vt € [0, a] we have
o(t) = elo a(s)ds > e~ llellpo,ar0 >
eleog(dp_l) — de > 07
hence also 1 € "GC> ([0,@],’”&). Moreover, v'(t) = a(t)v(t) and v(0) = 1. By the
quotient rule (which is satisfied by GSF) we have that
du(t) _ vv—vu v —au

—_— = = < 0.
vt € [0, o o) 2 - <0

By applying Corollary ?? to —3 we deduce that
t 0

Vte[0,0] — <
namely u(t) < u(o)ef(f a(s)ds O

v(t) ~ v(0)

It is important to notice that the condition ||al|y, .- @ < N -log (dp™"') can
always be satisfied, provided that we take a sufficiently small «; henceforth the
following is a trivial Corollary of our previous result.

Corollary 39. Let a € ”§>0. Let u,a € "GC™ ([O,oz]fﬁ). Let B € (0,a] be such
that v'(t) < a(t)u(t) for every t € (0,8). Then there exists v € (0, 8) such that

vt € [0, u(t) < u(0) . elaals)ds
Example 40. Let us consider the generalized ODE

y'(t) = 2y(t);
{y(O) = 1. 4

For every N € N, e? is a solution of Problem 7.4 on [O, N log (dp_l)]. We claim
that it is the unique solution: let u(t) be another solution, and let v(t) := €2 —u(t).
Notice that v(0) = 0. For every t € [0, N log (dp_l)] we have

v'(t) < 20(t),
therefore, as a(t) = 2 and 2 - N log (dp’l) < (2N + 1) log (dp’l)7 we can apply
Theorem 38 to get that, for every t € [0, Nlog (dpfl)}
v(t) < v(0)e* =0,

namely v(t) = e Combining this fact with Theorem 34 we also get that the
maximal set of existence of the unique solution of Problem 7.4 is

M = U [0, N (logdp™)] ,

as if t > 0 is such that t ¢ M then e?' is not a GSF (since it is not polynomially
bounded by dp~!). Notice that this provides an example of a maximal set of
existence of a solution of a generalized ODE which is not of the form [0, ) for any

[OAS pﬁzo.

2t

We now prove to the integral form of Gronwall inequality which, once again, is
completely analogue (in the statement and the proof) to the classical one:
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Theorem 41 (Gronwall inequality for GSF, integral form). Let o € pﬁ>0. Let
u,a,b € "GC™ ([O.a],”ﬁ) and assume that ||alljg oo - < N -log (dp™?) for some

finite N € N. Assume that a(t) > 0Vt € [0, a] and that u(t) < b(t) + fg a(s)u(s)ds
Then:

(i)  for every t € [0,a] we have

u(t) < b(t) + /Ot a(s)b(s)efst a(r)dr g
(i1) if b(t) is non-decreasing, for every t € [0, ] we have
u(t) < bt)elo *)d;
(iii) in particular, if b(t) = b € 'R then for every t € [0, a] we have
u(t) < b- el a()ds
Proof. As in Theorem 38, the assumption ||al[j 4 o @ < N -log (dp™1) is sufficient

to prove that for every s € [0,a] the function e/s *(Mdr ¢ rGe> ([0, af, "ﬁ)

Notice that ((iii)) is a particular case of ((ii)) which is a particular case of ((i)):
in fact, as b(t) is non-decreasing then

t t
b(t) +/ a(s)b(s)e.f; a(r)dr g < p(t) - (1 +/ a(s)efj G(T)drds) _
0 0

b(t).<1+/01t (s)e J§ a(rydr =[5 a drd5> :b(t),(1+€fga(r)dr.( e de 3)) _

b(t)elo a(dr.
We are left to prove ((i)). Let
t
v@)ze‘ﬁa“msl/<ﬂ@u@ﬁkepgcw(W¢ﬂﬁR). (7.5)
0

As GSF satisfy the fundamental theorem of calculus, as well as product and
chain rules for derivation, we get that

(1) = (u(t> - tu(s)a(s)ds) aftye 13 2> <

b(t)a(t)e o *(=)ds,

since, by assumption, for everyt € [0,a] a(t) > 0 and u(t) < b(t)—i—fot u(s)a(s)ds.
By integrating in ¢, since v(0) = 0 from Theorem ?? we get

/b 6 -J5 a(r)drds

hence by equation (7.5) we obtain

¢ ¢
e~ h a(s)d5~/ a(s)u(s)dsg/ b(s)a(s)e™ Jo aMdr g,
0 0

namely

t t
/ a(s)u(s)ds < elo “(s)ds/ b(s)a(s)e™Jo 4 gg <
0

0
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¢ ¢
/ b(s)a(s)e(fot a(r)dr=[§ a(r)dr) s / b(s)a(s)e-{st a(rdr g,
0

0
and so u(t) < b(t) + fg a(s)u(s)ds < b(t) + fot a(s)b(s)els (rdrgs. O
Example 42. Let us consider the generalized ODE
) =(1 :
w(0) = (1+8) (1) )
u(0) = 1.

By the embedding properties we know that ¢ has its max in 0 and that (14+6)(t) >
0 for every t € 'R. Let a € "ﬁzo be such that (1 +6(0))-a < Nlog (dp~") for some
N € N and let u(t) be a solution of Problem 7.6 in [0, . Then wu(t) satisfies the
integral equation

t t
u(t) =1 +/ (L1+4(s))u(s)ds <1 +/ (14 6(0)) u(s)ds.
0 0
Therefore we can apply Theorem 41 to deduce that
u(t) < (1+6(0)) e(H30OD
for every ¢ € [0, a].

Classically, one of the consequences of Gronwall’s Lemma is that if f(¢, z) satisfies
the inequality

£ (&, )] < a(t)]x] + b(t) (7.7)
with a, b positive functions then the ODE
u = f(t,u)
admits a unique global solution for every initial condition (see e.g. [50, Theorem

2.17]). As Example 40 shows, this result is false in the GSF setting due to the fact
exponential bounds of the form e9®*) are not sufficient to prove boundedness in the
GSF setting. Moreover, the Fréchet structure of GSF spaces forces to extend the
control given by condition 7.7 to all derivatives. Nevertheless, an analogue of the
classical global existence theorem given by the estimate 7.7 is the following:
Theorem 43. Let « € ”§>0, let f € "GC™ ([O,a] X ”ﬁ,”ﬁ) , let up € "R and let M
be the mazimal set of existence of the unique solution u of the initial value problem
"= f(tw);
u' = f(t,u) (7.8)
u(0) = up.

Moreover, let us assume that Vn € N there exists positive functions A, (t), B, (t) €
"Gec> ([O,a},”ﬁ) such that:

(i) [[Anllp,ap0 @ <N -log (dp™t) for some N € N;

(i)  for every t € M|Zou(t)] < A, (t) [u(t)] + Bn(t).

Then [0,a)) C M.

Proof. If B € M for every 8 < « then the thesis follows from Theorem 34,(iv).

Hence let us assume, by contrast, that there exists 3 < a with 3 € M \ M. As u
solves the initial value problem 7.8, by condition ((ii)) with n = 0 we deduce that

()] = |uo + / £(s,u(s))ds| < ol + / (s, u(s)] ds <
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¢ ¢
[uol +/ Bo(s)ds+ | Ao(s) |u(s)|ds,
so by our assumptions ((i)) Wg can apply Tli)eorem 41 with a(t) = Ag(t) and b(t) =
luo| +ft By(s)ds to get
lu(t)] < b(t)elo Ao(r)dr
In particular, lim,_, - b(t)efot Ao(r)dr ¢ 'R by condition ((i)). Therefore by condti-
tion ((ii)) it follows that lim;_, 5 ’%u(tﬂ € "R for every n € N, and this contradicts

that 3 € M \ M by Corollary 36. O
Remark 44. Notice that Condition (ii) in Theorem 43 could be substitued with the
weaker condition ’%u(t)‘ < A, (t) | Zu (t)| + By (t), which is sometimes easier
to prove.

We will study the structure of the space of solutions of linear generalized ODEs in
Section ?7. However, let us show an interesting particular consequence of Theorem
43 for GSF solutions of classical linear smooth problems:

Corollary 45. Let a(t),b(t) € C®(R). Then for every ug € ‘R the initial value
problem

(7.9)

has a unique solution in "GC™ (”ﬁfm N ”§>0,”§).
Proof. Let v = log (log (dp_l)) and let o € Ryg.
Claim 46. For every n € N there exist p,(x), g,(x) € R(x) such that

P () [w()] + gn(7)-

Let us prove the claim by induction on n: for n = 0, since 1 (a)(t) < 7, (& (b)(t) <
~ for every t € [0, @), we have

[/ (t)] = g (@) (B)u(t) + R(B) ()] < ylult)] + .

Now assume the claim proven for every j < n, and let us prove it for n + 1 :

8tn+1 u(t)) <

n—+1 n
%“(t) = %(Lg(a)(t)u(t)+Lg(b)(t)) _
; (?)gt (tr(a)(®)) 88; l, (t) + % b(b)(t)] =

5 (1) (e (0 gmmratt) + i (b)) <

S0 (@)l e ()

For every t € "ﬁga we have that ‘Lg (8—,@) (t)‘ < v and [uf (%b) (t)‘ < 7,

ott
hence

‘ 6n+1

n n 8n—i
Wu(t)’ < Z (i)v'at”iu(t)‘ +7;
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to conclude, we use the inductive hypothesis to get

n

‘85;“@ <2 (?)v B (D) [u®)] + 2a(1)) + 7,

=0

which is an expression of the desired form.

Having proven the claim, we now let A, = p, and B, = g¢,. Conditions
((i)), ((ii)) of Theorem 43 are immediately proven, and this shows that [0,a) € M
for every a € Rsg. Therefore ﬂﬁfin N’Rso C M and our thesis is proven. O

Remark 47. More in general, assume that we are given the initial value problem

W = A(t)u + B(t);
{u O = (7.10)

and assume that A(t), B(t) € "GC™ (” R,” ﬁ) are “logarithmic in all derivatives

in a Fermat neighborhood of 0” (namely Vn € N3r € Rso, N € N such that
Al (—rr) < N -log(dp™'),||Blln,(=rr) < N -log(dp~')). Then with a very
similar proof to that of Corollary 45 it is possible to show that the maximal set of
existence of the unique solution of the initial value problem 7.10 contains a Fermat
neighborhood of 0.

Of course, the converse of Remark 47 does not hold true, as the following example
shows:

Example 48. Consider the initial value problem

{u' = Lg (0) - u;

w(0) = 1 (7.11)

This problem has a global solution, namely u(t) = er(H)®)  Observe that,
in the notations of Remark 47, we have A(t) = 46(¢), B(t) = 0, and A(t) is not
logarithmically bounded on any Fermat neighborhood of 0, as §(0) > N -log (dp™!)
for every N € N. However, notice that whilst the initial value problem 7.11 has a
unique solution, the seemingly similar problem

{u’ =15 (0') - u;
u(0) =1,

has no solutions, as its solution would have the form eLg(‘;)(t), which is not a GSF
in any sharp neighborhood of 0.

7.5. The flow of a generalized ODE. Flow for weak solutions/Mardsen/Spornberger
thesis

Theorem 49. Let ) # K Cy 'R be a solid set and let F € rGC>® (K X ﬂﬁd,”ﬁd),

Let us assume CHECK. Then there exists a unique GSF ®(t, x) : M x ”ﬁd — 'R
such that

(i)  Gotx)=f(t,o(t1);

(i) ®(0,-) = id;

(Z”) (P(t + s, ) =0 (tv (I)(Sv )) :
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Proof. First of all, let us notice that in such a function ® (which, in analogy with
the classical case, we will call “fux of the ODE”) exists, then for every z € "R% we
have that u,(¢) := ® (¢, ) is the unique solution of the initial value problem

u = F(t,u);
(t,u) (7.12)
u(0) = x,
hence the uniqueness of ® is an immediate consequence of Theorem 24.
~  ~d

Regarding the existence, for every (¢t,x2) € M X "R~ we let ® (¢, 2) be the unique
solution of the initial value problem 7.12. It remains to prove that (¢,z) — ®(¢, z)
is a GSF. Va fatta e wise, copiare Sporneberg sistemando solo la cosa sulle derivate.
O

8. CHARACTERIZATION OF DISTRIBUTIONS AMONG GSF

8.1. Embedded distributions. In this section we want to characterize those GSF
that are obtained as embedding of distributions with respect to an abstract embed-
ding L’é
Wy D — PGC™(N°,"R)
defined by using an infinite b € ’R and a Colombeau mollifier 1, where
Q* ={zec(Q)|Iz° €}

(see Section ?? for details).

Remark 50. By Theorem 18 of [20], we have that if f € PGC(c(f),”R) is such
that f|qe = 0 then f = 0, and by Theorem 21 of [20] we have that 2, is injective.
Thus also B
T € D'(Q) — 15(T)|qe € °GC>(Q°,’R)
is injective. We identify a distribution T' € D’(2) with a function g € C*(Q) if
T(f) = [o f(z)g(z)dz for every f € D(Q).

Definition 51. Let V C Q°, f € »GC>(V,’R) and F C D’'(Q). Then we say that:

(i)  f is an embedded F-function (relatively to :) if V = Q® and there exists
T € F such that f = (&(T); if the distribution T' corresponds to g € C¥(Q)
we will say that f is an embedded C* () function;

(ii)  f is a restricted embedded F-function (relatively to ¢) if 37" € F such that

f=uw(Dlv.
Remark 52. Let us notice that from the definition it easily follows that f is a
restricted embedded F-function iff 3f € PGC>(Q*,”R) such that f is an embedded
F-function with f|y = f.

In this section we want to characterize which GSF are embedded distributions.
The main technical result involving embedded GSF that we will use is the following
localization Lemma.

Lemma 53. Let f € GC= (Q',"ﬁ) . Assume that F' C D' be a subsheaf such that
YW € Trn tw|paw) 2 F(W) — PGC=(Q°,"R)

and B
(LW|F(W)) F— ”QCOO((—)',/JR)
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is a natural transformation. Then the following facts are equivalent:

(i) [ is an embedded F(Q)-function;

(ii)) Vx € QIW € mre such that © € W C Q and flwe is an embedded F(W)-
function;

(i) Vx € QIW € 1rn such that x € W C Q, W is relatively compact in Q and
flwe is an embedded F(W)-function

Proof. (i)=(ii) It sufficies to set W := , so f|,5; is an embedded distribution.

(ii) = (i) For every x € Q let W, be an open subset of 1 with x € Q, and let
gz € F(W,) be such that

Floive = . (92).
C ={W, | x € Q} is an open covering of Q and {g, | = € Q} is a coherent family

of distributions with respect to C, since for every z,y € 2 we have

Svaow, (9zlw.nw,) =y, 92)l, ) = o,y =

L?/Vy (gy)|p(me) = Ll{)/vwmwy (9y|WmﬂWy) )
and as L?ngy is injective by hypothesis, we get that g.|a,na, = 9yla.n, -

By the sheaf properties of F' we get that there exists g € F' such that for every
r € Qglws = go = flwe. In particular, for every y € Q° we have that y € Wy,
hence we deduce that Yy € Q2° g(y) = f(y), and we conclude by using Remark 50.

(iii) = (i) is trivial.

(ii)=>(iii) Let z € W = |J{A C W | Ais relatively compact in W}. Hence there
exists a relatively compact set A such that x € A C W C Q. In particular,
Q* CW*. Let T € F(W) be such that f|ws = %, (T). Then

flas = (flwe) |ae = Gy (T)|ae =& (T]a),

and we conclude as T'|4 € F' by hypothesis. (I

Our characterization relies on the notion of “standard part” of a GSF.

Definition 54. Let f € #GC>(0*,’R). Then we say that:

(i)  f is near standard if and only if Vo € Q f(z) € "R*;

(ii)  f is strongly near standard if and only if Va € Q° f(x) € ’R®:

(iii) if f is near standard, then we will denote by f° : @ — R the function such
that Vo € Q f°(x) = (f(z))° € R;

(iv)  f is standard if and only if there exists g € C°(Q,R) such that f = (%(g).

Remark 55. If f is near standard then Vz € Q f°(x) = (f(z))° ~ f(z) exactly as if
x € ° then z° ~ z. This justifies the names in Definition 54.

The following result is a modification of Theorem
in [20].
Lemma 56. Let g € C°(Q,R). Then:

(i) & (g) is strongly near standard;
(i) YxeQ° (L?z(g)(a:))o = g(z°). In particular (L?z(g))o =g.
Therefore, every standard GSF is strongly near standard.
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Proof. (i) Let = [z.] € Q° with y = 2° € Q. Let r,s € Ry be such that
Voed(ze, Q%) > 1, |ze| < s. Then x. (z.) =1, and so

b b

1 (9)(@) = [(9* n2) (a2)] .
As x° € Q, there exists a relatively compact set K C ) such that for e sufficiently
small z. € K. But (g * ulg) — g as € — 07 on compact subsets of €2, therefore

(9% 12) (2) = g(2°)] < | (9 p2) (a2) = g(ae)| + [g (@) — g(a°))]
(9 1t) — gl +lg(z:) — g(a®)| = 0.
Then f(z) = [((xe - g) * #2) (x)]. Then
(F@)° = tim £.(r.)

as g is continuous. Hence f strongly admits a standard part, and f° = g, so
f=1(9) = (f°).

(ii) is an immediate consequence of (i). O

m_((x - 9) * 1) (ze) = g(y)

=1l
e—0

Remark 57. Notice that Lemma 56 is easily generalizable to all ¢ that satisfy the
following property: Vg € C°(Q) 3 (g:) € C*(Q)! :

e (g-) defines t(9);

e (g.) — g as € — 0T uniformly on compact subsets of 2.

Together with Lemma 53, the following result will provide a characterization of
all embedded distributions.

Theorem 58. Let f € "QCO‘D(Q',”ﬁ)7 F(Q) C C%Q), and let b, satisfy the prop-
erties of Remark 57. The following properties are equivalent:

(i)  f is an embedded F(Q2)-function;

(is)  f is near standard, f° € F(Q), f =12 (f°);

(iii) f is strongly near standard, f° € F(), f = 5(f°).

Proof. (i)=>(ii) Let g € F(2) be such that f = (g). As F(Q) C C%Q), by
applying Lemma 56 we get that (%(g) = f is near standard. But then f° =
(L?)(g))o =g € F(Q), and so f = 5(f°) as desired.

(ii)=(iii) As f° € F(Q) C C%), by Lemma 56 we get that 2(f°) = f is
strongly near standard.

(iii)=-(i) This is trivial. O

As an immediate corollary we obtain the following characterization of embedded
C*(€2) functions.

Corollary 59. Let o € N"and let f € "QCOO(Q‘,”FQ), The following properties are
equivalent:

(i)  there exists g € C*(Q) such that f = 1%(g);

(ii)  f is near standard, f° € C(Q), f = 5(f°);

(iii) f strongly admits a standard part f° € C*(Q) and f = &(f°).

Both requests in Condition (iii) of Theorem 58 are needed to prove that f is an
embedded continuous function.

Example 60. Let f be the GSF such that for every x € Q® f(z) = b=!. Then f
strongly admits 0 as its standard part; however, i%(0) = 0 # b~ 1.
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Definition 61. Let F' C D'(£2) be a subpresheaf, and let « € N™. We set
F~(Q) = {D°T | T € F}.

Theorem 62. Let « € N and let f € ng"o(Q',”ﬁ). Let FF C D’ be a subpresheay.
The following properties are equivalent:
(i)  f is an embedded F~*(Q)-function;
(i) there exists g € PGC™(Q®,"R) which is an embedded F(Q)-function such that
0“g=f.
Proof. (i)=(ii) Let T' € F~%(Q) be such that f = (% (T). Let g € F be such that
T = D%g. Then 9 (12, (9)) = 14, (D*(g)) = i&,(T) = f.
(ii))=(i) Let g € ”gC‘”(Q',”ﬁ) be such that f = 9%g, and let g = (& (T) for
T € F. Then f = 0% (g) = (:5,D(T)) = 0*(:4(9))- O
The characterization of embedded distributions can be deduced from Theorem

7?7 and Lemma 53 by applying the local characterization theorem of distributions
as weak derivatives of continuous functions (see e.g. [19], Chapter 6):

Theorem 63. Let f € pQC“(Q',”ﬁ). The following properties are equivalent:

(i)  there exists T € D'(Q) such that f = 1(T);
(ii)  for every x € Q there exists K € §, a multi-index o and a continuous

function g € C(K) such that x € K and fi, = 0% (Lb0 (g))
K K

Proof. (i)=(ii) Let x € Q and let K € Q be such that + € K. By the sheaf
properties of i%, (see Theorem ??) we have that flo = & (T|K) . T}, is a compactly
K K

supported distribution, hence there exists g € C(?) and a multi-index « such that

Ty =0%(g). Honce fi, =1 (11,) =% (0°(0) =0 (¢4 @)
KK K K
(ii)=(ii) For every x € Q let K, € Q, o, g, € C(K) be such that z € K, and
fi, =0° <Lbo (gm)> . In particular, this shows that for every = € ) there exists
Kg K,

T, €D (KI such that f|, = ¢% (T,;). The family {Q, | z € Q} gives an open
K K

covering of {2; moreover, for every z,y € () we have that
(TI)|O . (T:r)

| o

KzNKy Kmmél
By the sheaf properties of D’(Q2) hence there is T' € D’(€Q) such that for every
z€QT), =T,, and hence by Lemma 53 we deduce that f = %, (7). O
Ky

Example 64. Let (e(%)) = O(p:) and let f(z) = elZ)t. Let b € 'R be positive
infinite and let Q be an open neighborhood of 0. Is f(z) an embedded distribution
in PGC>(0°,"R) w.r.t 15?7 The answer is no: no primitive of f(x) strongly admits a
standard part on any Fermat neighborhood of zero, hence we conclude by applying
Theorem 63.

Condition (ii) in Theorem 63 can be summarized by saying that f, to be an
embedded distributions, needs to have locally standard C*-primitives. As in the
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classical setting, two different primitives of a GSF differ by a polynomial (which,
in the GSF case, has coefficients in "ﬁ’). Hence, for applications, it is important to
know two things: when a generalized polynomial admits a standard part, and when
it is an embedded distribution.

Lemma 65. Let P(z) € ‘R[z]. Then P(z) admits a standard part if and only if
all its coefficients are near standard.

Proof. Let P(xz) = Y. | c;z’. If ¢; is near standard for every i < n then P°(z) =
Sor Szt so P(z) admits a standard part.

Conversely: let us assume that P(x) admits a standard part and, by contrast, let
us assume that at least one of the coefficients c; is not near standard. Let ¢; = [¢; (]
for every i < n. There are two possible cases:

Case 1: all the nets (¢; ) are bounded. Let ¢; be a coefficient that does not
admit a standard part; as c; does not admit a standard part, there are two se-
quences (0m)ens (O )men Such that limg, 4o 6 = limgy, 44006y, = 0, and
limy, s oo ¢j,5,, and limy, oo ¢j 5 exist finite with limg, 4 oo ¢j5,, 7 1My 400 ¢j5r -
By using a classical diagonal argument, as all the nets (¢; o) are bounded we can
extract subsequences (&,,) C (6 ), (€1,,) C (81,) such that for every i < n the limits
limy, s oo Cire,, and limy, 400 ¢i e exist finite. As P(z) admits a standard part,
for every = € {2 we have that

Po(x) = mLHEOO <Z Cz”,;-mxi) = mlﬁn}kloo (Z Ci,s{'nzi> .

i=1 =1

Since the limits limy, 4 o0 ¢; c,,, and limy, 4 oo ¢; s exist finite, we also have that

n n
lim g Cie,, X' :g lim ¢, |2
m——+oo — i m—+oo
i=

i=1
and
n n
lim E Cier x| = E < lim ¢; o )x’.
m—+00 m m—+oo ™
i=1 i=1
In particular, we have that

n n
: 3 M 1
Yz € Q ; (ml_lg_loo Ci,m) Tt = ; <mll>r£_1m Cz‘,e;n> x,
and this is possible if and only if Vi < n lim,, 400 Cie,, = liMyy 100 € er , Which
is false for i = j. Hence we have an absurd.
Case 2: There exists an index j < n and a subsequence (€,,,) s.t. limy, 100 € =
0 and lim,,—4o0 Cje,, = Foo. By the usual diagonal arguments, it is possible
to extract a subsequence (g;,,) C (&) such that lim,, , o ¢~ exists (finite or
infinite) for every i < n. We set I = {Z =0,...,n[limy, 40 cier € {400, —oo}}.
For every i € I we let

M; = {m €N | ’ci,e’m

vj € {0,...,n}}.

As N = (JI_, M;, there exists an index i such that M5 is infinite. For every
m € N let f(m) be the m-th element of M; and let §,, = s}(m). By construction,

> |¢jer,

there are sequecences (r95,.) - - ., ("n,s,, ) such that
e Vi=0,...,n,YmeN |ris,.| <1;
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e Vi=0,....,n,VYm €N ¢;5, =ris, s -
For every z € Q we have that ¢, 5, 2"+ +cos, =5 ("ns, 2"+ +704,)-
As P(x) has a standard part and lim,, oo ¢is,, = 00, it must be

lim (rps, 2"+ --+710s,)=0.
m——+o0o ’ ’

By extracting a subsequence (/) C (d,,) we can suppose that for every i =

0,...,n limy, 400 7i6,,exists finite. Then for every x € 2
n
0= lim (rn(;/ A R S ) = E ( lim 7; )xl,
m—}-‘rOO m m ‘ 0 m—>+OC m
1=

and this is possible if and only if lim, o 755, = 0 for every ¢ < n, which is
absurd as lim,, 4 Tis = 1. [l

Theorem 66. Let P(z) =) i ciz’ € ’R(z). Then P(z) is an embedded distribu-
tion if and only if ¢; € R for every i =0,...,n.

Proof. 1f P(z) € R(x) then P(z) € C>®(12), and so (% (P(z)) = P(z), which shows
that P(x) is an embedded distribution.
Conversely, let us assume that P(z) € “R(z) is an embedded distribution. Let
x € Q. By Theorem 63 locally P(x) is the derivative of an embedded continuous
function, namely there exists & € N such that locally a k-th primitive of P(z) is an
embedded continuous function. The k-th primitives of P(z) have the form
PMa@) =) '™t + Q(a),

=0
where Q(z) € “R(x) is a generalized polynomial with degree smaller than k. Let
Qx) = Z;:S gjz?. As P~F(x) is an embedded continuous function, it must have

a standard part, so by Lemma 65 we deduce that Vi = 0,...,n ¢; is near standard
and Vj =0,...,k —1 g; is near standard. Hence

n k—1
(P~5)° (z) = Z (¢;)° 2" + Z (¢;)° 27 € C=(Q),

so, as by Theorem 58 it must be P~%(z) = i}, ((P_k)o (a:)), we deduce that
Pr@) =" ()2t + Zf;é (q;)° x7. Therefore Vi =0,...,n¢;=cf €R. O

Example 67. Let Q C R be open, and let 7 € R. Let f € #GC>(Q°,”R) be such
that f(x) = r for every z € Q°®. Is f(z) an embedded distribution? Let z € Q,
and let us assume that f is an embedded distribution. By Theorem ?? we find a

Fermat open neighborhood €’ of z, a natural number k and a continuous function
g € C°(Q) such that
Fk = Z.?Z/ (g)|ﬂ§77

where F} is a k-th primitive of f. As f is constant, this k-th primitive has the form
Fy(z) = ra* + P(x), where P(z) is a polynomial whose degree is less than k. From
Theorem ?? we get that F), has to have a standard part F and F, = i (F¢). As
F}, has to be equal to the embedding of its standard part, which is a polynomial,
we also deduce from Theorem 66 that it must be » = r°, and this happens if and
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only if r € R. Therefore we have that f is an embedded distribution if and only if
r € R, in which case f is actually an embedded C*°-function.

Example 68. Let Q C R be open, let h € D(Q), h #0 and let J € ’R be infinite.
Let f(x) = J - h(z) for every z € Q° (we identify h(z) with its embedding). Let
us assume that f is an embedded distribution. Let z € . As usual, by applying
Theorem ?? we find a Fermat neighborhood ' of z, a natural number k£ and a
continuous function g such that

Fr =i(g)

on €V, where F} is a k-th primitive of f. The k-th primitives of f have the
following expression:

F, = J - (H(z) + P(z)),

where Hy(x) is (the embedding of) a (classical) k-th primitive of h, and P(z) €
”ﬁ[x} is a polynomial whose degree is less than k. From Theorem 7?7 we get that
Fj must have a standard part. As J is infinite, this entails that Hy(x) + P(x)
must have the function constantly equal to 0 as its standard part. In particular, as
(Hy)® = Hj,, we deduce that P has to have a standard part, and so Hy = P°. As
deg P < k we deduce that deg P° < k, namely Hj is a polynomial whose degree is
less than k. But then h = 9 Hy, = 0, and this is absurd. Hence we have that f(x)
is not an embedded distribution on €.

Example 69. Let Q, h and J be as in Example 68. Let f(x) = J - h(J - 2)
(notice that f(z) has some similarities with ¢ (8)). Let us assume that f(x) is an
embedded distribution, and let € 2. By applying Theorem ?? we find a Fermat
neighborhood €’ of x, a natural number k and a continuous function g such that

Fre =ity (9)

on ', where F}, is a k-th primitive of f. The k-th primitives of f have the
following expression:

F,=J""H,(J-2) + P(x),

where Hy,(z) is (the embedding of) a (classical) k-th primitive of k, and P(z) € *R[z]
is a polynomial whose degree is less than k. From Theorem 7?7 we get that Fj must
have a standard part. But, as Hy(z) € D(£2), we have that

i B PO(.’I,'), lf.'L' 7é 07
F(x) = {J1_ka(0) + P°(0), ifz=0.

In particular, this means that P° exists, and so P°(0) € R. Therefore, as J is
infinite, if £ = 0 and Hy(0) # 0 we have an absurd. If £k = 0 and Hy(0) = 0 we
have that Fy is a polynomial with degree less than k and, since Fy, = iq/ (F), we
deduce that F}, is a polynomial with degree less than k and so f = DFF, = 0,
and this entails A = 0, which is absurd. So we can assume that &k > 0. It must
be J1=*H(0) + P(0) € R®. If k > 1 then (Jl_ka(O))O = 0, hence F = P° and
we can argue as before. And this concludes the proof as, if F; is an embedded
C-function then also Fy is (for some P(z)), and we showed that this is impossible.
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8.2. Association. In Colombeau theory it has been also considered a weaker cor-
respondence between distributions and generalized functions, called association (see
e.g. REFERENCES). An analogous notion can be introduced also for GSF:

Definition 70. Let  C R™ be open, and let f,g € ”ng(Pﬁ,pﬁ). We say that
f, g are associated (notation: f ~ g) if for every h € D(2) we have that

/~(f—g)hdwz0.
Q

A straightforward consequence of Definition 70 is that, for every GSF f, g, if
f~gthen Df ~ Dg.

In Section 8.1 we showed that not all the functions that have a continuous
standard part are embedded distributions. However, they are always associated
to the embedding of their standard part:

Theorem 71. Let f € pQCOO(c(Q),”ﬁ), If f strongly admits a continuous standard
part f° then f ~ 12 (f°).

To prove Theorem 71 we will use the following Lemma

Lemma 72. Let f,g € *GC®(c(Q),’R). If f(x) ~ g(z) for every near standard
point © € ¢(Q2) then f(x) = g(x) for every x € c(Q).

Proof. By contrast, let z = [x.] € ¢(R2) be such that f(z) % g(x). Hence there
exists a sequence (Em)meN and a real number r > 0 such that lim,,_, - €, = 0 and
limy, i o0 | fer, (Te,,) — Ge,, (Te,,)] > 7. As x € ¢(£2), we can extract a subsequence
(0m) C (Em) such limy,,— 4o 0y exists finite. For every e € (0,1] let m(e)
min {m € N | 6,,, < e}. Let y = [yum(s)] . Then y is near standard but | f(y) —g(y)|
r, which is absurd.

ov i

We can now prove Theorem 71.

Proof. f strongly admits a standard part f°, hence for every near standard point

x € ¢(Q2) we have that f(x) ~ f° (z°). By hypothesis, f is continuous, therefore for

every near standard point x € c¢(Q) f° (2°) ~ & (f°) (z). Therefore for every near

standard point = € ¢(Q) we have that f(z) ~ % (f°) (z), and hence by Lemma 72
we get that f(z) ~ (& (f°) (z) for every x € ¢(Q). Now let ¢ € D(2). As ¢ has a
compact support, we have that

/~ (F— b (f°))-<pdw=/ (b)) - pda
°Q

P supp(p)

Let M = max |p|. Then

[ =) o
P supp(p)

M - max |f =16, (f°)] - p(supp(p))
which is infinitesimal as M € R, p(stsupp(p)) € R and max | f — o, (f°)| ~ 0 as
Pstsupp(p) C c(). O

s/} = ()] el da <

supp(yp)

As a consequence we get a criterion to test if a given GSF is associated with a
distribution.
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Theorem 73. Let Q C R™ be an open set, and let f € PGC™(Q°*,’R) be a GSF that
strongly admits a continuous standard part g on 2. Then f ~ g.

Proof. f strongly admits a standard part, therefore
Vo € 0 f(2)~g(a°).

As g is continuous, by Lemma 72 we have that g(z°)au2(g)(z) for every z € Q*-.
Hence we have that

Vr € Q° f()mi0(9)(@)-
From Lemma 72 we get that

Vo € ¢(Q) f(z)=id(g9)(z). (8.1)
Now let ¢ € D(Q?). As supp(p) = K is a compact subset of €2, we get that

/p (@)= thlo)@) - pla)de = / (f(@) - h(9)(@) - pla)d.

e
Now let M = max,ex |o(x)|. We have that

/~ (f(@) = tt(9)(2)) - p(x)dz| < /~ (@) = tqy(9) ()] - ()| da <
K K

M%f(\f(m)—t?z(g)(x)!dw-

But K is compact (hence it has a finite measure) and, as an immediate consequence
of equation 8.1, we have that Va € PK f(z)=t%(g)(x), so the integral

[ 1@ = (o)) da
PK

is infinitesimal. As M is finite, we deduce that | [,z (f(z) — 14 (9)(2)) - p(z)dx|
is infinitesimal, which entails that f ~ % (g) as claimed. O

Example 74. Let ¢ # b be two infinite positive numbers and let h € C(Q2) be
such that (k) # 1§(h). The standard part of 1§ (h) is h, so we deduce from
Theorem 71 that i (h) ~ 2 (h), even if 1§ (h) is not associated with a distribution
with respect to «%: in fact, let T be such a distribution. Then we would have
B (h) ~ 1§ (h) = & (T), and so 5 (h) = 15(T), hence h = T, which is absurd as we
assumed that (2 (h) # 1§,(h).

We want to prove that Theorem 73 gives a sufficient condition for a GSF to
be associated with a distribution. To prove this result we will need the following
technical Lemma:

Lemma 75. Let n € N, let Q@ C R™ be open and let f € ng°°(Q',”§). Let
{Q; | i € I} be an open covering of Q such that for every i € I f|p(~2i 1s associated
with a distribution T; € D'(;). Then f is associated with a distribution T € D' (Q).

Proof. The hypotheses of the Lemma ensures that {T; | ¢ € I} is a coherent family of
distributions with respect to the open covering {€; | ¢ € I'} (this can be proved as in
Lemma 53). Hence there exists T' € D’(Q2) that is a gluing of the family {7; | i € I'}.
We claim that f ~ T. To prove the claim, let ¢ € D(2). Let K = supp(p); as K
is compact, there is a finite subfamily {Qq,...,Q,} C {Q; | ¢ € I} that covers K.
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For every i = 1,...,n let ¢; € C°°(Q;) be such that >." , 1; =1 on K. Moreover,
let ; := @ - ; € D(;). Then

R re

Q

—|[ - D@l

K

<

n

>

i=1
As f|,g ~ T; for every i = 1,...,n, we have that 7" ‘ pa (f — E)(x)g@z(x)da@‘
is a finite sum of infinitesimals. Hence it is an infinitesimal, and so

/"U—mew@m

e

n

23

i=1

£~U—Eﬂwwwmx

Q;

[ﬁw—ﬂuwmwx

~0

for every ¢ € D'(2), namely f ~ T. O

Theorem 76. Let n € N, let Q@ C R™ be open and let f € pQCOO(Q’,"ﬁ). Let
us suppose that for every point p € Q) there exists a bounded open subset Q; of Q
that contains p, with Qigj CQ,aGSFF,c pQCO"(Q',”ﬁ) that is associated with a
distribution g, and a multi-index o, € Ni such that f|g; = D (F},) |g;. Then f
is associated with a distribution.

Proof. For every p € Q, let Qp, F,, g, and «;, be given as in the statement of
the Theorem. From Theorem 73 we deduce that £, ~ g, for every p € Q, and
hence f@; ~ 0%g, for every p € Q. As 0%g, € D' (Q,) for every p € Q, and as
{Q, | p € Q} is an open covering of 2, we deduce our thesis as a consequence of
Lemma 75. 0

Let us notice that, in the hypotheses of Theorem 76, Lemma 75 gives a procedure
to find the distribution associated with f by means of a gluing procedure involving
the continuous standard parts g,. Moreover, by mixing Theorem 76 with Theorem
73 we directly deduce the following result:

Theorem 77. Let n € N, let Q@ C R™ be open and let f € GC*= (ﬁ,ﬁ) Let us
suppose that for every point p € Q there exists a bounded open subset Q;, of
that contains p, with (T; CQ, a GSF F, € GC™ (ﬁ,ﬁ) that strongly admits a

continuous standard part and a multi-index o, € Ni such that flg; = D (Fp) g
Then f is associated with a distribution.

Notice that the converse of this result does not hold: there are GSF associated
to continuous functions that does not admit a continuous standard part

We conclude this section by proving for GSF a very well known fact in Colombeau
theory regarding the product of embedded smooth functions with embedded distri-
butions.

Theorem 78. Let T € D'(Q), f € C=(Q). Then in general £, (f-T) # 1§ (f) -
&, (T) 5 however, vy (f-T) ~ &, (f) -6 (T).

Proof. To prove the first claim just let f(x) =2, T =4§. Asx-§ =0 in D'(Q), we
have that 5 (z - §) = 0. However, (§,(z) = z, hence ¢, (x) - £, (§) # 0 on any sharp
open neighborhood of 0.
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To prove the second claim, let ¢ € D(2). Then

[ t@bD)vta)de = [T (- 0) @)~

<T,f~w>:<f~T,w>~/Lg<f.T>.¢dx.

9. THE CLASSICAL THEORY OF LINEAR ODESs rFor GSF

In this section we want to give a few simple examples involving linear (homo-
geneous and non homogeneous) ODEs. As we already discussed, in Colombeau
Theory (see e.g. [13, 22]) existence and uniqueness results for generalized ODEs
need some additional hypotheses involving, usually, certain “loge” growth condi-
tions for the coefficients. On the contrary, the following analogue of the classical
theory holds also for GSF (where we have to talk about “modules” instead of “vec-
tor spaces” as ’ R is not, in general, a field).

Theorem 79. Let ag,...,an € ng“(Q',”ﬁ), ay = 1. Then:
(i)  the space S of local solutions of the linear homogeneous ODE

N .
> ay® =0 (9.1)
=0

is an "R-module of dimension N ; N
(1) let f € PGC(Q°,’R) and let y, € PGC>(Q°,"R) be a solution of the equation

N
> aiy® =f. (9.2)
=0

Then the set of all solutions of equation 9.2 is y, + S.

Proof. (i) It is immediate to prove that the set of local solutions S of equation 9.1
is an “R-module. To prove that its dimension is IV, as in the classical case we first
rewrite equation 9.1 as a system 2z’ = F(x,z) (this can be done as ay = 1). For

every j =1,..., N consider the Cauchy problem

' = F(x,2),

zi =1,

zj =0, Vj £ i.
Let z; be its local solution, whose existence is ensured by Theorem 24. We claim
that {z1,...,zn} is a basis for S. Obviously, z1,...,znx are linearly indipendent.

Now assume that y € S. For every i = 1,...,N let y; = ¥ (0). Then y and
z = Zﬁl y;z; both solve the Cauchy problem

2= F(z,2),
Zi = Yi,

hence by Theorem 24 we have that y = z.
(ii) is a trivial consequence of the linearity of the problem. O

The following result is an immediate consequence of Theorem 79.
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Corollary 80. Let ag,...,any € C°(Q), with ay = 1. Let f1,...,fn € C®(Q)
be a basis of the vector space of solutions of the classical homogeneous equation
Zilio aiy® = 0. Then 1§y (f1),...,t5 (fn) is a basis of the *R-module of solutions
of the problem Zﬁvzo W8 (a;) y@ = 0 in PGC>®(Q°,"R).

Proof. The only nontrivial point to prove is that ¢f (f1),..., 5 (fn) are linearly
indipendent on ’R. Assume, by contrast, that there are constants c¢1,...,cy € R
such that ZfLLO citgy (fi) = 0. Following the same ideas of the proof of Lemma 65,
without loss of generality we can assume that ci,...,cy are near standard, and
that there exists j < IV such that ¢; = 1. Then

N N
0=st(0) = st (Z it (fz)> = Z st (et (fi)) =
i=0 i=0
N N
> stle) iy (fi) = fi@)+ Y st(a) filx),
i=0 i=0,ij
and this is absurd as f1,..., fy are linearly indipendent. O

For the non homogeneous case we have the following result, whose proof is trivial
due to the linearity of the problem and the fact that ¢f, is a differential embedding.

Theorem 81. Let T € D'(Q) and let ag,...,an € R. Let y € D'() be such that
SN aiyD = T. Then 5(T) solves the ODE Y Y aiy) = 1£(T) in GC™(Q*,"R).

Example 82. Let us consider the equation

(dcfv + a) y =90, (9.3)

where a # 0 € R. In [28] it is shown that the weak solutions of equation 9.3 are
H(z)e  + Ce *. Hence, by Theorem 81 we have that the GSF solutions of
equation 9.3 are iy (H(z)e %) + C (e~ **), where C' € "R.

Let us notice that Theorem 81 does not hold true if we let ag,...any € C*(Q),
as the following examples show. In, particular, this means that in GSF theory we
are able to detect certain infinitesimal differences between weak and GSF solutions.

Example 83. Let m € N, m > 1 and consider the equation
™y = 0. (9.4)
It is known (see e.g. [28]) that for every c¢i1,...,¢, €R
y=ci+coH+ -+ cpp6mY

is a weak solution of equation 9.4. However i) (y) is not a solution of equation 9.4

in PGC*>(02°*,"R) if some of the coefficients ¢y, ..., ¢;nt1 is nonzero. In fact,

m (d(L5(01 +02H+"'+Cm+15(m_1))>
x .
dx

2P (d (Cl el -+ Cm+15(m1))> #0
@ dx ’
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p [ d(citesHttemp16m D)

(01 +02H+"'+0m+15(m71>)
as tq Iz

> = 0 if and only if a e =0,

which is not the case.
Nevertheless, as a consequence of Theorem 78, we have that

oy (et e 4t pd D)

~ 0.
. Q dzx

Finally, it is immediate to prove that the unique local solutions of equation 9.4
in PGC>(Q°*,”R) are the constant GSF. In fact, let y € GC>®(Q°*,”R) be a solution.
Let O be a sharp open neighborhood of 0, and assume that 2™ -y’ = 0 on O. Hence
y' = 0 on every invertible internal point in O and, as this is a dense subset of O,
this means that ' = 0 on O, hence y is constant on O.

Example 84. Consider the equation

xy = 1. (9.5)
In [28] it is shown that the weak solutions of equation 9.5 are y = ¢; +co H +log|z]|.
However,
d (4 H+1 1
p. 4l (@ +c; +log|z])) _ . <02H+me <||>) 21
x x

(but x - f, (czH + Ptin (ﬁ)) ~ 1 by Theorem 78). Finally, let us observe that

equation 9.5 has no GSF solution in any neighborhood of 0: in fact, if y solves this
equation then y(z) = % on every invertible point z, and this is absurd as % is not
a GSF.

10. CONCLUSIONS AND FUTURE DEVELOPMENTS

(i)  GSF as a framework very similar to smooth functions. Differences

(i)  The theory resembles the classical one

(iii) Considerations about solutions on infinitesimal intervals. Hyperfinite con-
tractions

(iv) application of the theory using only real numbers and using the e-definitions

(v) replication of these results for another set of indices by using our intrinsic
proofs. Axiomatic approach

(vi) a general transfer theorem using the notion of sample of points and restricting
only to properties of near-standard or infinite points

(vii) Similar approach using NSA

(viii) morphisms of gauges and e-wise solutions
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