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Let T be a measurable map on (X, A), Y € A, and 7 : Y — N measurable such
that for all z € Y, T72 := T7®)z € Y. For any measure v on (Y,Y N A),

(0.1) (rxrv)(B):=)Y v({r>n}nT"E), E € A,
n>0

defines a measure on (X, .A).

It is known that the measure 7 X7 v is T-invariant iff v is T7-invariant. In that
case one has (7 X7 V) |yna< v. Moreover,

(0.2) (r x7 v)(X) = / T dy

Y

(see [T] or Prop 1.1 of [Z] for these statements). In addition, if v is ergodic for T,
then 7 X7 v is ergodic for T' (cf. [T]).

The goal of the present short note is to also identify the value (7 x7 v)(Y'). Note
that 7 can always be represented via the successive return times ¢; < 5 < @5 < ...
to Y, given by ¢,, := Z;n:_ol po T,j/, m > 1, with Ty denoting the first return map:
There always is some p : ¥ — N (necessarily measurable) such that 7 = ¢ o
compare Remark 4.2 of [Z]. Now we have the following counterpart to (0.2):

Proposition 1. Suppose that 7 = ¢, then
(0.3) (rxpv)(Y) = / pdv.
Y

Proof. Starting form the def of 7 X1 v decompose Y according to the value r
of p, and then according to the values ki,...,k, of the successive return-times
Y1 < gy < ... < ¢,. Then use the fact that a set

Yn{p=rin{e,=k}n...0{p. =k} NT"Y

with n < k,. (= 7 on this set) can only be non-empty if n € {0,k1,...,k-—1}, and
in this case equals

Yn{p=r}n{e =k}n...0{p, =k}
1



This gives

rxr00) = Yol atnr)
— ;1<k<z<k kiu({P—r}ﬂ{wl =k}n...n{p, =k}NT"Y)
- Z;‘;Kkl; kr’"'_”{P: P} {pr = k0.0 {e, = k)
- S,

as required. - .
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