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INVARIANT MEASURES FOR GENERAL(IZED) INDUCED
TRANSFORMATIONS

ROLAND ZWEIMULLER

ABSTRACT. We show that the general(ized) induced transformation 77 de-
rived from an ergodic measure preserving transformation 7' by means of an
inducing time 7 has an invariant measure canonically related to that of the
original system iff a suitable induced version of 7 is integrable. Moreover, we
prove an Abramov type entropy formula.

1. INTRODUCTION

Let T be a nonsingular transformation on the o-finite measure space (X, A, m),
i.e. T:X — X is a measurable map satisfying moT ! <« m. The first return time
oy(z):=min{n>1: Tz €Y}, zeY, ofaset Y € AT (m):={FeA: m(E) >
0} is a measurable function ¢y : Y — N:=NU {oo}. If py < 00 a.e. on Y, i.e. if
Y is a recurrent set, it gives rise to the first return (or induced) map Ty : Y — Y
defined a.e. by Tyx := T“"Y(f”)z, which is a very useful classical construction in
ergodic theory, cf. [Ka] and [He]. Most important,

if 4 <« m is T-invariant, then v := p | 4ny is Ty-invariant,
and
(1.1) if v < m is Ty-invariant, then v = p | 4ny for the T-invariant

measure p < m given by pu(FE) := Zn>0 v({py >n}NT"E).

Turning to a frequently used generalization of this concept, we shall call a mea-
surable function 7 : Y — N an inducing time (mod m) for T on Y € A*(m) if
it is finite a.e. and 77z := T"® gz € Y for a.e. & € Y. T7 then is a nonsingular
transformation on (Y, ANY,m | any). We call T™ the transformation which 7" and
T induce on Y. Given such a 7 and any measure v on (Y, ANY) (which we will
tacitly extend to (X,.A) by letting v(Y¢) := 0), we define a new measure 7 X v on

(X, A) by

(1.2) (rxpv)(E)=>Y v({r>n}NT"E), EcA
n>0
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Equivalently, [ fd(t x7v) = [3,501{zsny(f o T™) dv for measurable f > 0 on
(X, A). In the special case of first return times 7 = ¢y, we always have

(1.3) (py X7 V) lany="V|any forany v on (Y, ANY)

since {¢y >n}NT™"Y = for n > 1. Notice also that 7 x¢ v is linear in v, and
that for T-invariant measures v and constant 7 = ¢ € N, we have 7 X v =t - v.
The importance of this construction is due to the following fact, the ”if”-part of
which is well known.

Proposition 1.1 (Invariance and absolute continuity of 7 xr v). Let T be
a nonsingular transformation on the o-finite measure space (X, A,m), and T an
inducing time (mod m) for T on'Y € A*(m). Let v be a measure on (Y, ANY),
then

TXrrLm iff v<<m,
and
T X v is T-invariant  iff v is T7 -invariant.

Moreover,

(1 X7 V)(X):ZV({T>TL}):/Yle/.

n>0

Notice that we do not claim that 7 X7 v has to be o-finite, even if v is finite. In
fact, 7 X7 v may have density oo w.r.t. m, see lemma 2.1 and example 2.2 below.

Proof. We briefly recall the argument, compare [Th]. Since for any E € A,
(rxpv)(T'E) =Y v({r>n}nT"E)+ Y v({r=n}nT"E),

n>1 n>0

we have (7 x7 v)(T7'E) = (1 xr v)(E) it (Y NE) = v(E) = X, 5ov({T =
n}NT "E) = v((T")"1(Y N E)), implying the first statement. The assertion
about absolute continuity follows from 7 X7 v > v and nonsingularity of T'. ([l

Proposition 1.1 is the standard tool for constructing an invariant measure p
for T from an invariant measure v for T7: Given a transformation 7" which we
wish to investigate, we may be able to find Y € A*(m) and an inducing time 7
on Y such that 77 is a more convenient map that T, preserving some measure
v=vo(T7)"! < m. The proposition then provides us with an explicit formula
for an invariant measure p := 7 X7 v < m for T, which under natural additional
assumptions inherits properties like ergodicity and conservativity from 77, cf. [Th]
(therefore = 7 X v is the proper condition to ensure that the two measure pre-
serving systems are intimately related). Examples of applications of this scheme
are abundant in the literature.

Notice, however, that the proposition does not enable us to go the other way,
it merely ensures that, given p and 7, a measure v solving u = 7 X7 v would be
T7-invariant, but it does not provide any information about the existence of such
a measure. It is this converse which most of the present note is devoted to:
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Question: Let T be a measure preserving transformation (m.p.t.)
on the o-finite measure space (X, A4, 1), and 7 an inducing time for
T on Y. Does T7 preserve some measure v < p with g =7 xpv ?

Although we are going to view this question as one of abstract ergodic theory,
we emphasize that the answer turns out to be a useful tool in situations where
the analysis of specific dynamical systems requires the use of some general induced
transformation not a priori known to possess a suitable invariant measure. These
applications being rather technical, we are not going to discuss them in detail here,
but refer to [PS] for an interesting example.

In view of proposition 1.1, our question is equivalent to asking whether there
is any measure v on (Y, ANY) solving the equation p = 7 X7 v. In the case of
first return times 7 = @y, (1.1) shows that we can always take v := u |4ny. The
only other general result I am aware of applies to the first passage time of a set
Y € AT (p), 7(z) = ¢¥(2) := min{n > 0: T"z € Y} + 1, z € X, for which 77
(the first passage map or jump transformation of Y') is weakly isomorphic to Ty,
cf. chapter 19 of [Sc].

We are going to provide an answer for arbitrary inducing times. Let us state
the results for finite p (see section 4 for comments on the infinite measure case).
The key step will be to show (in section 3) that p-integrability of 7 is a sufficient
condition:

Theorem 1.1 (Invariant measure for 77 if 7 is p-integrable). Let T be an
ergodic measure preserving transformation on the finite measure space (X, A, u),
and T an inducing time (mod p) for T on'Y € At (n). If [, 7dp < oo, then
T :Y — Y has an invariant measure v < p satisfying p =7 Xp v.

Although it turns out that p-integrability is not a necessary condition, cf. exam-
ple 2.3 below, we will see that to avoid the kind of difficulties encountered there, we
need only induce once more. We are going to prove the following characterization:

Theorem 1.2 (Invariant measure for 77 iff 7 has a p-integrable induced
version). Let T be an ergodic m.p.t. on the finite measure space (X, A, ), and let
T be an inducing time (mod u) for T on'Y € AT (u). Then

w=7Xpv has a solution v
iff
there is some Z € AT (u), Z CY, such that [,0(r,Z) dp. 1< oo, where
¢ (x) ==min{n > 1: (T7)"z € Z}, and 0(7,2) == > 7%, 7o (TT).

Let us also point out that, formulated in probabilistic terms, our results can be
interpreted as stationary sampling theorems:

Remark 1.1 (Stationary sampling). Let = (1,,),>0 be an ergodic stationary
sequence on the probability space (2, F, P) taking values in (', 7'),and R : @ — N
a random time measurable w.r.t. the o-field generated by n (but not necessarily
a stopping time). Consider the the canonical shift-space representation of 7, i.e.
let (X, A, 1) = (®,502.&Q,50F s PoO ') where O(w) := (1,,(w))n>0, so that
N, = m(T"O(w)) with 7 denoting the projection from ), -, onto its first factor,
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and T is the shift on this product space, (Tw'), = w; ;. Then R = 700 for
some inducing time 7 for 7' on X, which gives a natural way to iterate R by letting
R, (w):=7((T7)"O(w)), n > 0.

In general, the induced process n® = (nf)n>0 == (Ng, Jn>0 on (2, F, P) is not
stationary. However, theorem 1.1 ensures that n* has a stationary distribution
@ absolutely continuous w.r.t. P (and, for example, therefore satisfies a point-
wise ergodic theorem w.r.t. P) as soon as R has finite expectation. Theorem 1.2
completely characterizes those random times R for which the same conlusion holds.

In the final section, we study the relation between the entropies of an m.p.t. T
and its induced transformations 77, providing a generalized Abramov type formula.

2. SOME PREPARATIONS AND EXAMPLES
As an easy warm-up we observe the following.

Remark 2.1 (Uniqueness of solutions). Let T be a conservative ergodic (c.e.)
measure preserving transformation on the o-finite measure space (X, A, pn), Y €
AT (p), and 7 an inducing time for T on Y. According to proposition 1.1, any
measure v solving p = 7 Xp v is o-finite and T7-invariant, which determines v up
to a constant factor provided that T7 is conservative ergodic on (Y, ANY,u |y),
cf. theorem 1.5.6 of [A0]. In general this need not be true, but it is in the most
important case of first return maps, where the fact that (¢ X7 v) |y= v also
determines the normalization. Therefore, whenever v is a measure on (Y, ANY),
we have
p=ypy xrrv iff v=ply.

Easy counterexamples for the general case (with nonergodic T7) can be obtained
as follows: Take any partition X = XoU X7 with pu(X;) > 0, and define 7: X — N
by requiring that 7 |x,= ¢x,. Then it is straightforward to check that each v; :=
1 |anx, satisfies 7 X1 vy = @y, X7 v; = p (and so do all convex combinations).

Even if T™ has an absolutely continuous invariant measure (a.c.i.m.) v, its action
may take place on a different time scale than that of 7"

Lemma 2.1 (Dichotomy rule for 7xrv). Let T be an ergodic measure preserving
transformation on the finite measure space (X, A, u), and 7 an inducing time (mod
w) for T on'Y € AT (u). Suppose that T™ has a finite invariant measure v < p on
(Y,ANY). Then either

/le/<OO and p=k- (1T Xpv) for some k >0,
Y

or
/le/:oo and (7 x7v)(E) = oo for all E € A" (u).
Y

Proof. Assume that fY Tdv < 0o. By proposition 1.1, 7 X7 v < p then is a finite
invariant measure for T, hence 7 xpv = k1 for some x > 0 by ergodicity. Suppose
then that [, 7dv = oco. Since 7 xp v <« pand J,~, T "E = X mod p for all
E € AT (u), we have 0 < v(Y) < (1 x7 v)(X) < 3, 50(7 X7 v)(T"E), so that
(tx7pv)(E) > 0 for all E € A*(p) due to the T-invariance of this measure. If there
isan £ € A" (u) with (7 X7 v)(E) < oo, we consider the induced map Tg : E — E
which preserves the two finite measures 7 X7 v |4ng< p |ang. The second one
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being ergodic, we conclude that 7 X7 v |4np= k11 |anE and hence 7 xrv = k1
for some x > 0, contradicting (7 X7 v)(X) = oo. O

While this lemma characterizes all possibilities if 77 is known to have an a.c.i.m.
v, the question whether or not such a measure v exists is more intricate. The most
extreme (and most obvious) way in which 77 can fail to have an invariant measure
v with = 7 X7 v is by being totally dissipative and admitting no a.c.i.m. at all:

Example 2.1 (A totally dissipative inducing time). Consider X := {0, 1}
with o-field A generated by the collection of cylinders of order n € N, i.e. of the
sets [ig, ..., in—1] = {& = (x)jen, € X : x; = i, for j € {0,...,n —1}}, and
Bernoulli (%, %)—pmduct measure . The shift transformation T, (T'x); = ;41 18

an ergodic m.p.t. on (X, A,u). Define 7: X — N by letting
Ti=9) 0 on [0,...,0,1], m € Ny.
s
m+1 m

Then T7 is easily seen to be totally dissipative, and there is no T -invariant measure
v <& i at all. Notice also that T has infinite p-expectation: fX Tdu = 0.

However, it can also happen that 7" preserves the same finite measure p =: v
as T, hence is conservative, and still does not satisfy p = 7 X v up to a constant
factor, since [, 7dv = oo (recall lemma 2.1):

Example 2.2 (A situation in which p # 7 xrv). Let (X, A,p), T, and &,, be
as in example 2.1. To any (mod p) partition ¢ C J,,~, &, of X into cylinder sets,
we associate an inducing time T¢ for T on X defined by

Tei=n onZec(nNg,, n>1

Then it is easy to check that T™¢ : X — X which corresponds to a full shift over
the alphabet ¢, and hence again preserves p =: v and is ergodic. Now fX Tedy =
fX T¢ dp, but obviously there are many (’s for which fX T¢ dp = 00.

The fact that in both counterexamples above 7 has infinite p-expectation is
consistent with theorem 1.1. On the other hand, u-integrability of 7 is not a
necessary condition for the existence of such an invariant measure. In fact, 7 xp v
may put much more mass to sets {7 > n} than v does:

Example 2.3 (Inducing times admitting consistent measures need not
be p-integrable). We illustrate this phenomenon by means of discrete renewal
Markov chains. Let X := Ny° = {x = (z;)jen, : ¥; € No}, &, the collection of
cylinders [ig, ... in—1] == {z = (z;)jen, € X 1 z; =45 for j € {0,...,n —1}}
of order n € N, and A the o-field generated by the €,,. Fiz a > 1, let f =
k=t /(37,o k~F9)) k€ N, and define transition probabilities on No by po i, =
fx and pry1x := 1, k > 0. Then the shift transformation T preserves a Markov
probability measure p on (X, A) with p([1]) = O 4~ fr)/Qr>1 kfr), i € No. Con-
sider the inducing time T on X given by T |;;:= 1 + 1. Then T7 corresponds to a
full shift over the alphabet ¢ := {[i] : i € No}, and it preserves the Bernoulli product
measure v < p on X with v([0]) = p([0]) and v([i]) = fip(X \[0]), s > 1. It is
easy to verify that fX Tdv < 00 (and hence p = const - 7 X v) for all « > 1, while
Jx Tdp < oo iff > 2.
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3. INTEGRABLE INDUCING TIMES

Our proof of theorem 1.1 depends on the following construction: Let T' be a non-
singular transformation on the o-finite measure space (X, A4, m), and 7 an inducing
time (mod m) for T on Y € A™(m m). The 7-separating extension of (X, A,m,T) is

the nonsingular transformation (X, A, 7, T) obtained as follows:

Extend the definition of 7 to all of X by letting 7(z) := 0 for x € Y°. The
extension 7' of T we are going to construct will act on a space X CXx Ny x Ny, with
natural projections given by 7 (%) := z, T( ) =t, and A(Z) := 1 for T = (x,¢t,1).
It becomes a o-finite measure space (X .A m) if we regard it as a subspace of
X x Ny x Ny with product (o-field and) measure m ®¢® ¢, where ¢ denotes counting
measure on No. We inductively define the level sets X; = X N {A l}, [ >0, of
the extension: Let Mo := {{r =t} x {t} x {0} : t € Ng}, and X, := U./\/lo Given

= JM, we define My := ={TEx{t} x{l+1}: 0 # Ex{t} x{l} € Ml with
l < t—1}, and let Xl+1 = U/\/ll+1 This determines X := Uiso Xl U/\/l where
M = U0 M. Notice that A <7 on X \ (V¢ x {0} x {0}). Themap T : X — X

is given by
N _ T=z,ti+1)  ifl<t-1
Tlwt,1) = { (Tz ( x),0) otherwise
which clearly is nonsingular on (X m). We have

[+ ifl<t—-1
(3.1) AT (x t,1) = { 0 otherwise,

and 7: X — X isa factor map, i.e. wo T=Tonr on X. ThlS projection also
prov1des us with natural isomorphisms XO = X, and YO = XO Nr~ly =Y. Of
course, Y = Un>0 " YO is forward invariant under T and we also see that YE) is
a sweep-out set for Y, that is, Y C UnZl T—"Yy mod i i. In fact, 7 |Yo_ Tom |Y0

almost surely equals the first return time @;,0 of )A/o under f, so that
(Y, ANY,m,T7) = (Yo, AN Yo, 7 | 3.5, T,
as nonsingular transformations via the identification by 7 |f,0. Therefore,
existence of a finite invariant measure v < m for 7"

(3.2) is equivalent to the existence of some T-invariant
o-finite measure 7 < m on Y with 7(Yp) < oo.

(As Yy is a sweep-out set, we must have D(Yy) > 0 in this case, and hence may
take v(E) := 9(Yo N7 'E), E € ANY.) Notice also that the image measure
vom~ ! always is an absolutely continuous invariant measure for 7" in this case (not
necessarily o-finite).

We let £ and L denote the dual operators of T and T (w.r.t. m and m) re-
spectively, i.e. L is the positive linear operator on L; (X, A,m) (with an obvious
extension to all nonnegative measurable functions) characterized by

/Eu-gdm:/u~90Tdm foru € L1(X,A,m),g € Loo(X, A, m),
b's X
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and analogously for L. Then m, oL = Lo Ty, where 7, is the dual of m, that
is, T (U)(2) == Y ger-1(y) U(Z). A measurable function h:X =0, oo] vanishing

outside Y is the density of some T-invariant measure 7 <  on Y iff Lh = h. In
this case we have

IEE = El (1({T=t}ﬁT*lE)><{t}><{O} E) for E =F X {t} X {l} € ./\//Y with [ > 1,

since (T)~'E = ({r = t}NT'E) x {t} x {0}. Projecting h = Y Beri 1@% onto X,
we find that

if U <« M is T-invariant, then Do r~! = 7 xp v,

3.3 ~ . . .
(3.3) where v : =V |37U or~! <« m is T"-invariant.

We are now in a position to prove that fY Tdp < oo is sufficient:

Proof of theorem 1.1. Assume w.lo.g. that u(Y) = 1, and let (X, 4,7,7) be
the 7-separating extension of (X, A, u,T). Due to ergodicity of T, (3.3) together
with our previous observations implies that

i =7 X7 v has a solution <= p lifts to an a.c.i.m. of T Iy

(3.4) = . :
<= T |¢ has a finite a.c.im..

(i) Iterating densities on the extension. We would like to obtain an invariant prob-
ability dens1ty h=LhtforTonY as an accumulation point of the sequence of
averages A, = n~! oz éﬁklA X — [0,1], n > 1 (which vanish outside Y).

Since p is T—mvarlant, we have 1x = LFly = ﬂ'*(Ekl)?O) for k > 0, and hence
(3.5) 0<Lrlg <1g fork>0.

Since, for finite measure spaces, weak sequential precompactness in L; is equivalent
to uniform integrability (cf. [DS], corollary IV.8.11), (3.5) implies that for any
E C X which is bounded in the sense that T(E ) and A(F ) are bounded subsets of
N07

(A, | 5)n>1 is weakly sequentially precompact in Li(E,ANE,f | 2n5)-

As X is the union of an increasing sequence of bounded sets, a straightforward

dlagonahzatlon argument shows that there are n;p /~ o and some measurable

h:X — [0, 1], vanishing outside Y, such that for all bounded E € A,

weakly in Li(E,ANE | z-5) ~ ~ o~
e 1(—> Hlane) 3 |z for all bounded F € A.

k—oo

(3.6) A, |5

Let ¥ denote the o-finite measure with density % on ()/(:, A, 1i). According to (3.6)
we have

(3.7) D(E) = lim [ A,.dj for all bounded E € A.

k—oo |5

Recall that [g 1y dip = p(Y) = 1 by assumption, so that the A, are probability

densities. Hence we see that ﬁ()/(\') < 1. However, we might have v = 0.

(i) Obtaining an invariant density if fX Tdp < 0o. To see that U is a nonvanishing
invariant measure for 7', we need some control of how much mass will be pushed to
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sets B x {t} x {l} € M with large t and I if we start with the initial density 1y, on
X and iterate £. Because of A < 7 on )A/, and (3.1) we see that for any ¢,1, k € Ny,

N ~l . L Pk—l1 ; -
T (1Xm{?=t} Ve 1Y0) ith>land >0 oo o gy
0 0 otherwise

and therefore, recalling (3.5) and 7 =7 om on Xo,

rk—l ~ .
(3.8) / LMo di = f)?oﬁ{?>tvl} L8 g dp itk > 1
X\ﬂ{?>t and A=I[} Yo 0 otherwise
< ul{r>tvli}) itk >1
o 0 otherwise

Decomposing X N {7 >t} = Uiso XNn{F>tand A =1}, we end up with

k

k
(3.9) /A ) LM di <> p({r>tviy) =Y p({r > 1)+t p{r > t}).
XNn{T>t} 1—0

=t

Since, by assumption, [, 7du < 0o, we conclude that there is some sequence (t;);>1
in N such that ¢; / oo and

(3.10) /A LM dfi < L foralljeN, ke N
Xn{F>t;} J

Now consider the bounded sets lA)j = Uﬁj, where each ﬁj ={E x{t} x{l} €
Mt < t;}, j > 1, is a finite collection, and ﬁj /! X. Since (3.10) ensures
that [5. Andfi < % for all n,j € N, we see that D()?) = 1 and ’1)(135) < % for
all j. dbserve next that (3.7) remains true if we replace n; by ng + 1, and that
Jr-15 A\ndﬁ = "T'Hfﬁ f/l\m_ldﬁ — %fﬁ lg dpi for all n > 1 and E € A. Fix any
bounded E and j € N. Then

(T 'E) = a(f—lﬁmﬁj)wlzknm Ay di+a
— JT-1END;

lim AA\nkdﬁ""(Sl + 0o
E

k—oo -1

= lim [ Ay 1dfi + 01 + 62 = D(E) + 81 + s
E

k—oo

with [0;] < %, which implies T-invariance of . O

Remark 3.1. The concept of the 7-separating extension was inspired by lifting
results for Markov extensions, cf. [Ke]. Parts of our argument can also be found
there. The idea of representing certain inducing times as first-return times of an
extension also appears (in the special setup of interval maps and Markov extensions)
e.g. in [Br].
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4. A COMPLETE CHARACTERIZATION

We turn to a complete characterization of those inducing times 7 : ¥ — N
for a conservative ergodic m.p.t. on a o-finite measure space (X, A, u) for which
i = 7 X7 v has a solution. The proof of theorem 1.2 and the subsequent short
discussion of infinite measure preserving situations depend on the following (hardly
surprising) observation.

Lemma 4.1 (Chain rule for xr). Let T be a nonsingular transformation on
(X, A,m). Consider Y C Y' in A*(u), and assume that 7 and v respectively
are inducing times for T on'Y and Y' such that 7 = v, = Ez;éw o (T¥)* for
some inducing time p for TY onY, i.e. T™ = (T¥)?. If v < m is a measure on
(Y, ANY'), then

TXp V=10 XT1(p Xy V).
Proof. Fix E € A. As |+ 1, is strictly increasing, we have {p > I} = {7 > ¢},
and hence
¥ x7 (p xpv v)(E)
S (p xpe v)({ > m} N TE)

m>0

= Y v{p>n@")'{¢>m}NnT"E))

m,l>0

= 2 v(e>n{u=rinT"({y >m}nT"E))

m,l,r>0
= Z v ({T >rin{y, =r}NT"{ >m}nN T‘“”*”E) .
m,l,r>0

Let L(i) := max{l > 0: ¢, <i} and R(i) := ¢ (;y, ¢ > 0. Then, for any ¢ € N,

> Y v({{r=tn{g =0T >m}n T E)

m,1>00<r<t

- ¥ ZV({T:t}ﬂ{rzwl§m+r<wl+1}ﬁT’(m+T)E>

m,1>00<r<t

= Z Z 4 ({7' =t}N{R(m+r)=r}n T*(m+r)E)

m>00<r<t

= > > v{r=t}n{RG) =r}NTE)

i>0 0<r<t
= Y v({r=t}nT7'E),
0<i<t
where the last step uses the fact that i <t on {¢;) = R(i) =7 <t=71=1,}.
Since (1 x7 V)(E) = Y151 Yo<ict ¥ ({7 =t} N T'E), the proof is complete. [

Remark 4.1. If, more specifically, v < m is invariant for 77, and one of 7 X7 v and
¥ X7 (p Xy v) is known to be finite, an alternative quick proof of the chain rule
is as follows: According to proposition 1.1, both measures are a.c.i.m.s for 7. By
ergodicity it is therefore enough to show that they have the same total mass. But
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(¥ %7 (pxpe V)(X) = [¥d(pxpuv) = [ 50 Lipony (o (T¥)") dv = [Tdv =
(7 x7 v)(X) by proposition 1.1.

Proof of theorem 1.2. Notice that for any Z € A'(u) with Z C Y, 0 :=0(r, Z)
is an inducing time (mod p) for T on Z satisfying (T7)z = T°.

(i) Assume that [ 4 0dp < co. By theorem 1.1, there is some invariant measure
v |z< pon Z for T? for which = 0 x1 (v |anz). Extend v |4z to a T7-invariant
measure v < g on (Y, ANY) by letting v := ¢4 Xpr (v |anz). According to the
chain rule,

p=0x7(V|anz) =7 X1 (97 X177 (V |anz)) =T X7 V.

(ii) Conversely, assume that ;4 = 7 X7 v has a solution v. Take Z C Y with
v(Z) > 0. Since v = ¢4 X~ (Vv |anz), we have

=T X7V =TXT (gp} X (I/ |AOZ))7
so that the chain rule applies to show that p = 6 X7 (v |4nz). In particular,
J,0dv=pu(X) <oco. Now pi | 45K V | g5 Where Y := d—z >0} CY, and if we
take any Z € Z(v) := {E € A" (u) : essinfg g—; > 0}, we have [, 6dyu < oc. O

If T preserves an infinite measure u in the first place (cf. [A0Q]), it is clear that
we cannot directly use integrability arguments, since for any Y with pu(Y) < co we
have fY py dp = 0o and hence fY T dp = oo for any inducing time 7 on Y. Instead,
we show that we can always pass to first return maps on arbitrary subsets Z C Y
without losing any information. Choosing Z to have finite measure, the following
proposition together with theorem 1.2 yields a complete answer to our question,
even in the pu(X) = oo case.

In order to state it, observe that if T" is a c.e.m.p.t. on the o-finite measure space
(X, A, ), 7 an inducing time for T on Y € A% (u), and Z € A" () NY, then the
first return map of 77 to Z can be represented as (17)z = (Tz)” with ¥ : Z — N
an inducing time for 7.

Proposition 4.1 (Passing to first return maps). Let T be a c.e.m.p.t. on the
o-finite measure space (X, A, 1), and T an inducing time for T on' Y € A% (u).
Suppose that Z € A () NY with (T7)z = (Tz)?, then

w=7Xpv has a solution v
iff
planz="9 X1, v has a solution U.
In this case, v = @ X+ U, that is, V=V | anz.
Proof. Suppose that there is some measure v on (Z, A N Z) satisfying p |4nz=
I X7, V. Then 7 < p1 | anz is a o-finite invariant measure for (T7)z = (Tz)?, hence
v = @} Xp- U is a o-finite invariant measure for 77. The chain rule implies that
po= ¢z %1 planz= 0z X7 (¥ X1, V)

= TXp (P Xpr V) =T Xp V.

Conversely, suppose that ;1 = 7 X v for some measure v on (Y, ANY). By the chain

rule again, pp = 7 Xpv =7 X7 (P X7V |anz) = @z X1 (O X1, V | AnZ). According
to remark 2.1, this implies p | anz= ¥ X1, vV |anz since T is a c.e.m.p.t. O
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We conclude with another observation of similar flavour.

Remark 4.2 (Factorizing through first-return maps). Let T' be a nonsingular
transformation on the o-finite measure space (X, A, i), and 7 an inducing time for
TonY € AT (u) with (X \'Y) > 0. Notice that for a.e. x € Y, 7(z) has to be
one of the successive return times @y ,, = ZZ;& oy o TE n > 1 to this set, i.e.
T = ¢y, a.e. for some p: Y — N which is measurable since {p = k} = {7 = ¢y, }.
Hence T factorizes through Ty in that 77 = (Ty)”. The chain rule and (1.3) are
easily seen to imply that for any measure v on (Y, ANY),

p=1xrv it plany=pxr, v
Observe that, via theorem 1.1, this shows that

/ pdu < oo implies that © = 7 X7 v has a solution v.
Y

This sufficient condition is more general than [, 7du < oo since p < 7. (However,
it is not necessary, as example 2.3 shows, where Y = X and hence p = 7.)

5. A GENERALIZED ABRAMOV FORMULA FOR THE ENTROPY

For (X, A, ) o-finite and Y € A" () with p(Y) < oo, we let py = pu(Y)~t-
i | any, the normalized restriction of i to Y. Abramov’s classical entropy formula
for first return maps states that whenever (X, A, u, T), u(X) < oo, is an ergodic
measure preserving system and Y € AT (), then
(5.1 Ty ) = B (T = [ oy diny BT )

u(Y') Y

We are going to show that an analogous relation holds for general induced trans-
formations T7, even in the case of infinite measures. In order to state the result in
full generality, we recall Krengel’s notion of entropy for conservative systems (cf.
[Kr]): For any c.e.m.p.t. T on (X, A, y1), (5.1) shows that

(5.2) M, p) := w(Z) - W(Tz, pz),

where Z € AT (u), u(Z) < oo, does not depend on the choice of Z and therefore
defines the entropy of T w.r.t. p unambiguously. (Combined with other charac-
teristics like minimal wandering rates or asymptotic type, this yields rather strong
isomorphism invariants if u(X) = oo, cf. [Al] or [Th].) Notice that using this
formalism, Abramov’s classical result (5.1) simply becomes

h(TY,,LL |.Af‘|Y) = h(Ta :U’)a

if we abstain from normalizing the measures. (If 4 = 7 X v, then p and v have
infinite or different total mass unless 7 = 1.)

Theorem 5.1 (Generalized Abramov formula). Let T be a c.e.m.p.t. on o-
finite measure space (X, A, ), and T an inducing time (mod u) for T on'Y €
At (n). Assume that TT has an invariant measure v < i satisfying p = T X V.
Then the respective entropies agree:

(5.3) h(T7,v) = h(T,p).
If 1 and v are finite and we normalize them, this amounts to

h(T",vy) = ZLE‘;(; (T, py) = /Yrduy “h(T, px)-
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Proof. (i) Consider finite measures u, v first. We are goint to use the representation
of T™ in terms of the 7-sepaparting extension developed in section 2. By statement

(3.4) in the proof of theorem 1.1, p lifts to an a.c.im. ¥ for the nonsingular

1

extension (X,,Zl\, 1L, f), and vy = (Vg ) om . By the classical Abramov formula

for the induced map f?o of the tower system we have

h(T?o’Df’o) = /? ?0170 di/\f,ﬂ WT,Ug).
0

~

Due to the natural isomorphism of the m.p.t.s (?O,ﬁﬁ }/}O,D%,T%) and (Y, AN

Y, vy, T7), it is clear that h(ﬁ;07

see that f% $p, dvg, = [y Tdvy. Hence,

Vg ) =hT7,vy), and since Py |p=Tom [, we

h(TT,vy) :/ rdvy - W(T,Dg).
Y

It remains to check that h(f, Ug) = (T, juy). This, however, is automatic for any
extension with countable fibres, cf. [Bu], proposition 2.8.

(i1) Eztension to possibly infinite measures. Take any Z € AT (v), v(Z) < oo, so
that 0 < u(Z) < oo as well, and (5.2) applies. Then

W7, v) =v(Z) - h(T7)z,vz) = v(Z) - M(T2)",vz),

where 9 is such that (T7)z = (Tz)?, and p |anz= ¥ X1, v |4nz as in propo-
sition 4.1. By the finite measure version of our theorem and proposition 1.1,
h((T2)?,vz) = (u(2)/v(Z)) - MTz, puy), and (5.3) follows. O
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