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ABsSTRACT. We study limit processes for consecutive return-times of asymptot-
ically rare events in general ergodic probability preserving systems. It is shown
that in every ergodic system on a non-atomic space any non-negative stationary
sequence with expectation not exceeding 1 occurs as a limit process. Moreover,
the limiting behaviour is shown to be robust under small changes of the sets.
We also determine the relation between asymptotic return-time processes and
asymptotic hitting-time processes, and record some consequences.

1. Introduction

The asymptotic behaviour of return-times and hitting-times of small sets A in
an ergodic probability-preserving dynamical system (X, A, i, T) has been studied
in great detail and from various points of view. The purpose of the present article
is to extend several results about distributional limits of first return-times and first
hitting-times to the corresponding return- and hitting-time processes.

Throughout, (X, A, ) is a fixed probability space, and T : X — X is an ergodic
p-preserving map. Also, A, A; and Y will always denote measurable sets of positive
measure. By ergodicity and the Poincaré recurrence theorem, the measurable (first)
hitting time function of A, p, : X — N := {1,2,...,00} with ¢, (x) := inf{n >
1:T"x € A}, is finite a.e. on X. When restricted to A it is called the (first)
return time function of our set. Distinguishing between these two variants will be
an important issue, and we sometimes use the notation » 4 := ¢ 4 |4 when we wish
to make the fact that we speak about the latter immediately recognizable.!

The return time satisfies Kac’ formula [, ¢ 4 dpy = 1/pu(A), where iy (B) :=
w(AN B)/u(A), B € A. That is, when regarded as a random variable on the
probability space (A, AN A, pn,), it has expectation E[@g 4] = 1/u(A4), and we will
usually normalize our variable accordingly, thus passing to u(A) @ 4. Of particular
interest are the (normalized) return-time distribution of A, encoded in Fu(t) :=
wa(p(A)py < t), as well as its (normalized) hitting-time distribution represented
via Fa(t) := p(u(A) o4 < t), with ¢ > 0.

Key words and phrases. Mathematics Subject Classification (2010): 28D05, 60F05, 60B12,
60G10.

LOften there is no logical necessity of writing @ 4 rather than ¢4, but we choose to do so (at
the cost of adding some redundancy or even arbitrariness) where it improves readability.

1



2 ROLAND ZWEIMULLER

Consider a sequence (A4;);>1 of asymptotically rare events, meaning that A; € A
with p(A;) — 0. It is said to have (asymptotic) return time statistics given by a
random variable ® which takes values in [0, 0o, if f‘Al — F, with F(t) := Pr[p <
t], ¢ > 0. As usual, = indicates convergence at all continuity points of the
(not necessarily normalized) limit function. Similarly, (A;);>1 has (asymptotic)
hitting time statistics given by some [0, co]-valued variable ¢ if Fy, = F, with
F(t) := Pr[p < t], t > 0 (where Pr[p = o0] can be positive). To indicate more
explicitly the role of the underlying probability measures, we shall express these

asymptotic relations by writing 1(A;) @ 4, H=A$ @ and pu(A;) pa, £ o, respectively.

There is an extensive literature about limit theorems of these types, with nu-
merous articles studying specific classes of dynamical systems. Remarkably, some
fundamental results regarding the general theory have only been obtained at a
surprisingly late stage. The family of possible limit laws for return-times was de-
termined in [10], which contains the following result. (Note that by normalization
it is a priori clear that E[@] < 1 for any return-time limit @.)

THEOREM A (Prescribing the asymptotic return-time statistics). Let
(X, A, 1, T) be an ergodic probability preserving system on a non-atomic space, and
let @ be any non-negative random variable with E[p] < 1. Then there is some
sequence (Ap);>1 of asymptotically rare events such that

~ Pa, o
(1.1) (A @ a, L% asl— oo

There is a corresponding result for asymptotic hitting-time statistics, first es-
tablished in [9]. The latter also follows from the main theorem of [5], which clarifies
the relation between the two types of limits: The asymptotic hitting-time statistics
is given by the integrated tail distribution of the return-time limit. The result reads

THEOREM B (Return-time statistics versus hitting-time statistics). Let
(X, A, 1, T) be an ergodic probability-preserving system, and (A;)i>1 a sequence of
asymptotically rare events. Then

(1.2) p(Ar) P4, =l @  for some random variable © in [0, x]
if
(1.3) W(Ar) 04, =£5 ¢ for some random variable ¢ in [0, c0].

In this case, the sub-probability distribution functions F and F of v and @ satisfy

(1.4) }[1 — F(s)]ds = F(t) fort > 0.
0

In particular, F is always a probability d.f. with fgo[l - ﬁ(s)] ds <1, and F may
be degenerate, as B[p] = Pr[p < oo]. Through the integral equation (1.4) each of
F and F uniquely determines the other.

The purpose of the present article is to extend these general results about
one-dimensional limit laws to the level of processes.

The point at which the orbit of z first enters A is given by Ty x := T%a(®) g,
x € X. This defines the (measurable) first entrance map Ty : X — A. Restricting
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it to A, we obtain the standard first return map T4 : A — A. It is a well-
known classical result that the latter is a measure-preserving ergodic map on the
probability space (A, AN A, u,).

In the present paper we will focus, for sets A as above, on the random se-
quences of consecutive return- and hitting-times, that is, we are going to consider
the sequences ®4 : X — [0,00)N0, Ng = {0, 1,...}, of functions given by

(1.5) Bp=(pa,pa0Ta,040T%,...) on X.
When regarded as a random sequence defined on (X, A, ), we shall call &4 the
hitting-time process of A. If we view it through u,, it is the return-time process
gf A. To emphasize that we deal with the latter, we sometimes use the notation
D4 := Py |4. Via a natural duality (detailed below), these processes are related to
the counting processes which record the occupation times of A.
~ n ~
We are going to generalize Theorems A and B to convergence p(A4;)® 4, =L 9

and p(A;)®4, == ® of the normalized variants of these processes, and discuss
several related issues.

2. The general asymptotic return-time process

Finite-dimensional marginals and distributional convergence. Let & =
(¢\9)) ;>0 be a random sequence in [0, oc] (that is, a random element of [0, oo]Yo =
{(sj)j>0 : s; € [0,00]} equipped with its Polish product topology). We let Pl .=
(0@, ..., @) denote its initial piece of length d, d > 1. The (possibly degen-
erate) distribution function of the random vector ®l4 is FlI : [0,00)¢ — [0,1],
Flll(to, ... tg_1) :=Pr[®d < (to,...,t4_1)] := Pr[p® < tg,..., 01 <ty 4].
Assuming that each ®;, [ > 1, is a random sequence in [0, o), we shall write

(2.1) o= asl— oo,

if all finite-dimensional distribution functions Fl[d] : [0,00)¢ — [0, 1] converge weakly
to the corresponding distribution functions FI¥ of &, that is, Fl[d] (toy .- ta—1) —
Fld(tg,... ty_1) at all continuity points (to,...,tq_1) of FI%. This way, the law
of the limit process is uniquely determined when conditioned on {® € [0, c0)No}2.
Below, the ®; will be measurable maps defined on the same space (X, .A), but viewed

through different probability measures v; on (X,.A), so that Fl[d] (toy .- stg—1) =
Vl({q)Ed] < (to,---,ta_1)}). We express this by writing ®, =% ®. Specifically, when
speaking about return-time processes, we take ®; = d 4, and v; = py, . Following
the convention for the univariate situation, the limit will then be denoted ZIV),

(2.2) jof PG sl — oo

For a random sequence & = (p@)) j>o0 in [0, 00] its distribution on the sequence
space will be denoted by law(®). Likewise, law(®[4) is the law of ® on [0, o0]?.
Also, let 0™® denote the shifted versions (¢U+™);5,. ® is stationary if c® has
the same law as ®. If ® is a.s. finite in that Pr[p\) < oo for all j > 0] = 1, then
stationarity is a property of the F9.

2As the variables in theses sequences are successive waiting times, details of the conditional
law in the degenerate situation in which some diverge are, arguably, of lesser interest.
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Associated point processes. Let M := M,([0,00)) be the space of counting
measures on ([0, 00), Bjo,«)), that is, measures n : By o) — No U {oo}. Equipped
with the topology of vague convergence, meaning that n; — n in M iff n;(f) — n(f)
for every continuous function f : [0,00) — R with compact support, M is a Polish
space. A point process N on [0, 00) is a random element of M. For a sequence (N;);>1
of point processes defined on (X,.A) and viewed through the probability measures
v; on (X, A), distributional convergence will again be denoted by N; =L N.

Specifically, we are interested in the point processes N4 given by the successive
visits to a target set A: The interarrival times between consecutive visits to A are
©aspa0Ta, py0T3, ... and the arrival times are the Oag = 25;3 Ya OTIZA17
k > 1. The number of visits to A within the time set ;(A) "' B € Bjg o defines the
point process Na : X — M,,([0,00)), Na(B) := > 1~1 18(1(A) 4 1)

According to standard results (see e.g. [8]), convergence in law of the point
processes is equivalent to convergence of finite tuples of interarrival times, hence

w ) ~ A, =
(2.3) Na 228N B p(A) Ba, 224 & = (D), 50,
where the &(j ), j >0, are interarrival times of a locally finite process N.

We let g, denote a generic exponentially distributed random variable with

distribution function Fryp(t) := 1 — e, and Ppyp = (gog)}zp,cpg)zp, ...) an iid se-

quence of such variables. In view of the duality above we take the liberty of referring
~ p

to situations in which p(A;) @4, 4 ®ryp as exhibiting Poisson asymptotics, since

in this case the corresponding N is a standard Poisson process.

The possible limits of return-time processes. A large body of work estab-
lishes Poisson asymptotics for natural sets in various types of dynamical systems.
Beyond this, hardly anything appears to be known about the possible asymptotic
dependence structure of asymptotic return-time processes.

Looking at the normalized processes M(Al)i A, for a sequence of asymptotically
rare events, some easy properties shared by any limit process are fairly obvious:

PROPOSITION 2.1 (Stationarity and expectation of return time limits).
Let (X, A, 1, T) be an ergodic probability preserving system, and (A;);>1 a sequence

- “w ~
of asymptotically rare events. Assume that p(A;)® 4, 29 for some random

(0)]

sequence ® = (&U))jzo in [0,00]. Then B[3"Y] <1 and ® is stationary.

PROOF. The statement about the expectation is contained in Theorem A.
Since, for every A € A with u(A) > 0, ® 4 is a stationary sequence on (A, ANA, 11 ,4),
it is straightforward that ® is stationary as well. O

We are going to show that any process satisfying the easy properties found
above is in fact an asymptotic return-time process for every aperiodic ergodic sys-
tem:

THEOREM 2.1 (Prescribing the asymptotic return-time process). Let
(X, A, 1, T) be an ergodic probability preserving system on a non-atomic space, and

let & = (@(0)7$(1),...) be any non-negative stationary process with E[é(o)] <1
Then there is some sequence (A;)i>1 of asymptotically rare events in A such that

(2.4) w(Ay) B a, 3 asi— o
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The proof of this result is given in Section 9 below.

REMARK 2.1 (Possible limits for d-dimensional marginals). The final
section of [4] raises the question of how to characterize all possible limits of the d-
dimensional joint distributions of consecutive return-times. In view of Lemma 4.4
below, our Theorem implies that these are exactly the finite-dimensional marginals
of the stationary sequences ® with E[é(o)] <1.

More specific types of sequences and robustness. Our definition of an as-
ymptotically rare sequence (A;) does not require the A; to form a nested sequence
of sets. This allows to apply the theory quite flexibly to a wide variety of situations.
It is worth pointing out that the limit processes arising in this setup are, however,
exactly the same as in the case of nested sequences.

PRrOPOSITION 2.2 (Limit processes have realizations via decreasing se-
quences). Let (X, A, u, T) be an ergodic probability-preserving system, and (A;);>1
a sequence of asymptotically rare events such that

(2.5) WA B4 22T as 1 — oo

Then the system also admits a decreasing sequence (A})j21 of asymptotically rare
events for which

Har

(2.6) u(A%) E)Aﬁ' =2 ® asl— oco.

Moreover, if (G;)i>1 is another asymptotically rare sequence, then the sequence

(A})j>1 above can be chosen in such a way that each A} includes some G;.

REMARK 2.2. In its original form in [10], Theorem A is stated in the more
specific setup of topological dynamical systems, and also asserts that the A; can be
taken to be neighborhoods of some particular point x € X. That this statement
remains true for processes is immediate from Proposition 2.2 if we take (G;)i>1 to
be a sequence of neighborhoods of some x with u(G;) — 0.

The proposition will follow easily from a robustness property of asymptotic
return-time processes, which is of interest in its own right: Sufficiently small changes
of the sets don’t change the limit processes. (Both results are established in Section
6 below.)

THEOREM 2.2 (Robustness of return-time processes). Let (X, A, u,T) be
an ergodic probability-preserving system, and (4]), (A]') two sequences of asymp-
totically rare events. Suppose that

(27) WAL D AY) = o(u(AD)  as 1 — oo.
Let ® be a random sequence in [0, 00], then

~ Har ~ —~ Hoarr
(2.8) WA)Pay = @ iff wA)Pay = @.

REMARK 2.3 (Robustness of return-time statistics). This implies a corre-

sponding statement for the first return time: Under the assumptions of the theorem,
I

oar
(2.7) ensures that (A7) P 4 =L 5 iIff WA) pay = .
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3. Return-time processes versus hitting-time processes

Asymptotic hitting-time processes, Strong distributional convergence.
Given a sequence (4;);>1 of asymptotically rare events for (X, A, u, T'), we are also
interested in distributional convergence of their hitting-time processes, that is, in
convergence statements of the form

(3.1) AP, == & as | — oo,

where ® is a random sequence in [0, co]. One remarkable aspect of this type of limit
theorem is that it always carries over to many other measures.

Let € be a Polish space, (R;);>1 a sequence of measurable maps from (X, .A)
into (&, B¢), and R some random element of & Suppose that p is some o-finite
measure on (X,.A). Then strong distributional convergence w.r.t. p of (R;);>1 to
R means that

(3.2) R = R for all probability measures v < p,

compare [1]. This type of convergence will be denoted by R; i@ R.

It is an interesting but sometimes neglected fact that various distributional
limit theorems for ergodic processes automatically hold in this strong sense. A
discussion of a natural and widely applicable sufficient condition is given in [12].
In particular, as a consequence of Corollary 6 of [12] we have

PropPOSITION 3.1 (Strong distributional convergence of hitting-time
processes). Let (X, A, u,T) be an ergodic probability-preserving system, and v < p
some probability measure. Let (A});>1 be a sequence of asymptotically rare events.
Then, for any random sequence ® in [0, 0],

(3.3) WA)Ba, =5 ©  implies  p(A) @4 2 .

(The analogous statement for return-times is false.)

The duality. For any sequence (A4;);>1 of asymptotically rare events, its return-
time statistics and its hitting-time statistics are intimately related to each other
via Theorem B. We are going to establish a similar result concerning the associated
processes. (The proof of this result is given in Section 4 below.)

THEOREM 3.1 (Hitting-time process versus return-time process). Let
(X, A, 1, T) be an ergodic probability-preserving system, and (A;)i>1 a sequence of
asymptotically rare events. Then

(3.4) W(A)® s, == & for some random sequence ® in [0, 0]
ilf
(3.5) 1w(A)® 4, S for some random sequence ® in [0, o0].

In this case, the sub-probability distribution functions Fldl gnd Fldl of ®l4 and Pld]
satisfy, for any d >0 (where FI% := 1) and t; > 0,

to ~
(3.6) [F9 . tg) — FO (s 8y, ta)] ds = FU9 (8o, 10,00 ta).
0

Through, (3.6), the families { F\%} 45, and {F\¥} 451 uniquely determine each other.
Moreover, the shifted sequence o® = (1)) ;51 is a.s. finite on {p(®) < co}.
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REMARK 3.1. Theorems 1.8 and 1.4 of [4] clarify the relation between conver-
gence of the (one-dimensional) distribution of the k-th return-time and of the k-th
hitting-time, respectively.

One immediate consequence is that some features of return-process convergence
automatically carry over to hitting-processes. In particular we have

COROLLARY 3.1 (Robustness of hitting-time processes). The assertions

~ Har
of Theorem 2.2 and Proposition 2.2 remain true if convergence /J(A;») <I>A; =% ® of

return-processes is replaced by convergence ,u(A}) P Al SN of hitting-processes.

This duality principle can also be used in the other direction. (For an illustra-
tion in the one-dimensional setup of Theorem B see [6].)

Below we record a few more consequences of the theorem. The proofs are given
in Section 5 below.

Comparing law(c® | ¢(©) < o0) and law(®). Independent sequences. In the
hitting-time process ® 4 = (¢4, 40T, p40T3,...) of aset A, only the first variable
actually sees the whole space, since ¢ 4 o Ti =@ la OTZ1 for 7 > 1. It is therefore
natural to ask whether the shifted version p(A4;)c®,4, (as a random process on
(X, A, 1)) simply converges to the asymptotic return-process ®. Theorem 3.1 shows
that this is not necessarily the case, as it implies the easy

PROPOSITION 3.2 (Characterizing the case law(c® | (@ < 00) = law(®)).
Let (X, A, p,T) be an ergodic probability-preserving system, and (A;);>1 a sequence
of asymptotically rare events. Assume that (3.4) holds, and that Pr[o(®) < oo] > 0.
Then law(c® | (0 < 00) = law(®) iff ® satisfies

(3.7) EEO) =EE” |3",....8) ford>1.
In particular, there are situations in which law(c® | p(©) < 00) # law(®).

It is obvious from the proposition that law(c® | ¢(© < o0) = law(®) holds
whenever ® is an independent sequence. It is worth recording that, in addition, ®
as a whole is independent in this case.

PROPOSITION 3.3 (® | ¢(® < oo is independent iff & is). Let (X, A,u,T)
be an ergodic probability-preserving system, and (A;)i>1 a sequence of asymptot-
ically rare events. Assume that (3.4) holds, and that Pr[p(® < oo] > 0. Then
® conditioned on {(p(o) < oo} is an independent sequence zﬁ”;l; is an independent
sequence.

Characterizing Poisson asymptotics. Besides its intrinsic interest, Theorem
B has been shown to be useful in proving convergence of return- and hitting time
distributions. Indeed, it is straightforward to check that if F' is a probability dis-
tribution function on [0, c0), then

t
(3.8) J1=F(s)]ds=F(t) for t >0 iff F = Fxp.

0
This easily leads to a method for proving convergence to an exponential law. It is
not hard to see that Fjy,(t) — Fa,(t) — 0 for all ¢ from some dense subset of (0, c0),



8 ROLAND ZWEIMULLER

“w
iff (A1) @4, £ Prxp and (A7) py, =L PExp, compare [7]. We show that the
same principle works for processes.

PROPOSITION 3.4 (Characterizing ®ryp,). Let @ be some stationary random
sequence in [0,00). Then ® = Ppyy, iff the finite-dimensional marginals have dis-
tribution functions Fl9 satisfying

to
(39) f [F[d](tla cee 7td) - F[d+1](57t17 (R 7td)] ds = F[d+1](t07t17 cee 7td)
0

whenever d > 0 and t; > 0.
Just as in the one-dimensional case, this characterizes Poisson asymptotics.

THEOREM 3.2 (Characterizing Poisson asymptotics). Let (X, A, u,T) be
an ergodic probability-preserving system, and (A;)i>1 a sequence of asymptotically

rare events. Let f‘l[d] and Fl[d] denote the distribution functions of @Eﬂ with respect
to py, and p, respectively. Then

(3.10) for each d > 0, f‘l[d} - Fl[d] — 0 on a dense subset of [0,00)%

(3.11) W(A)D 4, = Ppyg
iff

Ha
(312) M(Al)(I)Al :$ (I)Exp-

4. Proof of Theorems 3.1 and 3.2

Our proof of Theorem 3.1 elaborates on an alternative proof of Theorem B given
in [2]. As a first step we provide a lemma which compares conditional distributions
of hitting- and return-times of a set A given an arbitrary conditioning event which
takes place at (or after) time 4.

LEMMA 4.1 (Conditional return- and hitting-time distributions). Let
(X, A, 1, T) be an ergodic probability preserving system, and A, B € A with B C A,
and w(B) > 0. Then, for anyn > 1,

(4.1) p{pa =n}NT'B) = p(An{py 2n}NT;'B),

and for all t > 0,

42 e ea<H0TB) < [ pa({na)en > T3 B) ds
< u({i(A) pa <N T B) + p(A).

In particular,

(4.3)  w(Ty'B) < /OOO pa({u(A) o4 > sy N T B) ds < p(T4 ' B) + p(A).

PRrROOF. (i) We let T denote the transfer operator of T w.r.t. u, so that [ f -
Tudp= [(foT) -udufor f € Loo(p) and u € Ly (). Note that for any C € A we
have 1¢ = Tlp—1c a.c. Writing A(0) := A and A(n) := A° N {p, = n} for n > 1,
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we therefore see that 14(,) = flfm{%:nﬂ} + flA(nJrl) a.e. for n > 0. Repeated
application yields

(4.4) f"l{%‘:n} = Z fklAﬂ{(pA:k} a.e. form>1,
k>n

since p(A(n)) \, 0 (compare e.g. equation (2.3) of [11]). This entails (4.1), as

plloa=mpn 77 B) = [ T,y d

= Z/BfklAﬁ{LpA:k} dp=">Y wAN{ps=k}NT "B).

k>n k>n
(ii) Now take any ¢ > 0. Using (4.1) and the fact that ¢, is integer-valued, we
first obtain
[t/p(4)]
p{u(A) s <3NT'B) = Y u({pa =n}NTy'B)

n=1
[t/n(A)]
= Y wANn{pa=n}nT;'B)

n=1
Lt/n(A)]
:/ wANn{p, >r}NT ' B)dr.
0

On the other hand, an obvious change of variable yields

| ralnaea> s 070 B ds = — [ pAn{ut)es > 075 By ds

t/u(A)
:/ wAn{p, >r}NT'B)dr.
0

Since 0 < fft//’;((’i:)” wAn{py > rHdr < 1-p(A), the inequality (4.2) follows.

Finally, letting ¢ — oo, we obtain (4.3). O

REMARK 4.1. The preceding proof did not require the invariant measure to be
finite. It applies without change whenever (X, A, u,T) is a conservative ergodic
measure preserving system, and A,B € A with B C A, and 0 < u(B) < pu(A) < co.

To deal with integrated tail probabilities like those appearing in (4.2), we use
an analytical observation. (The statement to follow is a bit stronger than what is
actually used in the proof of the theorem.)

LEMMA 4.2 (Convergence of integrated tails). Let (ﬁl)lzl be a sequence of
sub-probability distribution functions on [0,00). Let Fj(co™) 1= limy—. Fi(¢), and
assume that Fi(co™) — § € [0,1] as | — oo.

a) If F is some non-decreasing function on [0,00) such that
(4.5) fot[ﬁl(oo_) — Fy(s)]ds — F(t) asl— oo
on a set of points t which is dense in (0,00), then F is continuous, and

(4.6) F=F asl— oo
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for a sub-probability distribution functz’on F which is uniquely characterized by
(4.7) fo f— F(s)]ds = F(t) fort>D0.
Moreover, if F' is bounded, then F(oo*) =f.

b) Conversely, zfﬁl = F for some sub-probability distribution function ﬁ, then
(4.5) holds for the continuous non-decreasing function F on [0,00) given by (4.7).

PRroOOF. a) By Helly’s selection theorem, every subsequence of (E) 1>1 has weak
accumulation points. Let the sub-probability distribution function F' be any of
these, so that Fl — [ as Jj — oo for a suitable subsequence {; * co of indices.

Since 0 < Fl < 1, dominated convergence ensures that, for every ¢ > 0,
trg = t = )
JilFi(oo™) = By ()] ds — [yl ~ F(s)]ds as j — oo,
We thus see, using continuity of the indefinite integral, and monotonicity of F', that

(4.8) fo f— F(s)]ds=F(t) for allt>0.

In particular, F' is continuous. Being right-continuous, E is uniquely determined
by relation (4.8). Thus, all accumulation points F' of (Fi)i>1 coincide, which (in
view of Helly’s theorem) proves | weak convergence Fl — F to this unique F.IfF

is bounded, it is clear that f — F(s) — 0 as s — oo, hence F(co™) = {.

b) By dominated convergence again, ﬁl = F implies that for all ¢ > 0,
[3[Fi(c0™) — Fi(s)]ds — [J[f — F(s)]ds =: F(t) € [0,00) asl— oo,

and the function F' thus defined is non-decreasing and continuous. (Il

The main step in the proof of the theorem relates the two limit processes in
situations where both sequences converge. For the sake of clarity, we first recall an
elementary fact.

REMARK 4.2. Let Q be a finite Borel measure on R with distribution func-
tion FlH and let mo,m1,...,mq : R4 — R denote the canonical coordinate
projections. Then, for each j € {0,1,...,d}, the set Dj :={t € R: Q[r; =t] > 0}
is countable, and F is continuous outside U?:o Usep, {mi =t}

Now, the crucial step of our argument is contained in

LEMMA 4.3 (Relating the two limit processes). Let (X, A, u,T) be an
ergodic probability preserving system, and (A;);>1 a sequence of asymptotically rare
events. Assume that

(4.9) w(A)®a, = &  for some random sequence ® in [0, 0], and
(4.10) (1(A)® A, TR for some random sequence ® in [0, 00].

Then the sub-probability distribution functions F'¥ and Fld of ® and Pldl re-
spectively, satisfy, for any d >0 and t; > 0,

(4.11) [P [Py, tg) = FE (st )] ds = FE (kg6 ta),
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where we let FI4 = Fld .= 1. Through this system of integral equations, each of
the families {F19} 450 and {F4} 450 uniquely determines the other.

PRrROOF. (i) Due to our assumptions (4.9) and (4.10), we have, for all d > 1,

(Oa) M(Al)‘bgfﬁ £ ol as]— 0, and
(Ga) (A EL B as 1 o,

Note that Theorem B contains the d = 0 case of (4.11). From now on, we fix some
d > 1. Our goal is to prove (4.11) in this case. In step (ii) below we will do so for
(t1,...,tq) from a large set M C (0,00)¢. To be definite, set D; := {t € (0,00) :
Prfr;® = t] > 0} and D; := {t € (0,00) : Pr[r; 1® = ] > 0}, Dy := @. Let
M = {(ti,...,ta) : t; ¢ D; U 5j for 0 < j < d} (so that we remove countably
many hyperplanes).

Once (4.11) holds for (tg,t1,...,tqs) € [0,00) x M, we need only observe that
this set is dense in [0, 00)?*1, and that both sides of (4.11) define right-continuous
functions on this set. (For the integral this is an easy consequence of dominated
convergence.) It is then clear that (4.11) holds for all (tg,t1,...,tq) € [0,00)%+1.

Regarding uniqueness, it is then immediate from (4.11) that F [4+1] is deter-
mined by Fl4 and Fl4+1. Conversely, step (ii) will show that, for (t1,...,tq) € M,
Fli+3 (40, ¢y, ... tq) is uniquely determined by FI% and Fl4+1). By right-continuity,
this extends to all (tg,t1,...,tq) € [0,00)9+. The uniqueness statement follows by
an obvious induction, as Theorem B ensures that FIU is determined by F[.

If (to,t1,...,ta) € D§ x M, then, according to Remark 4.2, (¢ot1,...,%q) is a
continuity point for both Fl+1 and Fld+1], Moreover, (t1,...,tq) is a continuity
point for F [ because P is stationary by Proposition 2.1.

(ii) We fix any (¢1,...,tq) € M. Write, for ¢ € [0, 00),
Fi(t) == p(p(A)®5T < (4,11, t0)), F(t) = FIU(t 01, ta),
Fy(t) o= pa, (AT < (1,11, ), F(t) = F (800, ta),

which defines a family of sub-probability distribution functions on [0,00). Since
¢4, s finite a.e. and @4, is a stationary sequence w.r.t. 4, , we have

(4.12) Fi(oe™) = lim Fi(t) = py, (u(A)DY < (41, ta)).
Since (t1,...,t4) is a continuity point of F@, ({4) ensures
(4.13) Fi(oo™) — Flll(ty,... ty) = §€[0,1] asl— oc.

Similarly, for any tg € D§, (to,t1,...,tq) is a continuity point of both Fla+1 and
FlH1 50 that (Ogr1) and (Ogy1) respectively imply

4.14 Fy(ty) — F(tp), PN’lto —>ﬁt0 for tg € DS as | — oo.
0
In particular, F; = F and Fl = F. Next, defining
(4.15) By = A 0 {u(A)@Y) < (t1,... ta)} = {u(A)DY) < (41, ta)}, 121,
we see that for any t € [0, 00),

(416)  {u(A)T < (t . ta)} = {u(AD) pa, <} NTL B,
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with Ty, : X — A; the first entrance map of A;. Using {u(A)p, > s} NT'B =
T, B\ [{u(A) o4 < s} N T B, restricting to A;, and recalling (4.12) we get

(4.17) pa, ({1(A) pa, > s} N TR B) = Fi(oo™) = Fi(s).
Therefore, the crucial estimate (4.2) of Lemma 4.1 shows that

419 A< [ o) - Fis)lds < B+ pA) Tor 1> 1and £ 0.
In view of p(A;) — 0, (4.14) and (4.18) together prove that
(4.19) /Oto [Fi(co™) — Fi(s)]ds — F(to) as | — oo for ty € D§.
Since this applies for all ¢y in the densefet D(CLQ (0,00), we can appeal to Lemma
4.2 a) to conclude that the weak limit F' of (F}) is the sub-probability d.f. unam-

biguously characterized by

(4.20) [f— F(s)]ds = F(t) fort>0.

ot—

In particular, this proves (4.11) for (to,t1,...,tq) € [0,00) X M, as required. O

The next observation will enable us to reduce everything to the situation of
Lemma 4.3.

LEMMA 4.4 (Sequential precompactness). Let (X, A, u,T) be an ergodic
probability preserving system, and (A;)i>1 any sequence in A with pi(A;) > 0 for all
I > 1. Then there are indices l; / oo and random elements ®,® of [0, 00N such
that

Ha, . o

(4.21) 1( A1) Pa,, £ & and ,u(Al].)tiA,j = & asj— occ.

PrOOF. Given any integer d > 1, the d-dimensional version of Helly’s selection
theorem shows that any sequence m; /" oo of indices contains a further subsequence
lj /" 00, lj = my,, such that there are random elements @Ld] and E’Ld] of [0, co]MNo
for which

~ Ha, .~
(4.22) M(Alj)q)[ﬂ_ =L 3l and M(Alj)q)[ﬂ_ — 3l as j — 00.

(First, do it for the /J,(Al)(bfz, and then apply it again to the subsequence thus

obtained, to also take care of the ,u(Al)é[jz.)

Use this in a straightforward diagonalization argument, to provide [; ' oo

such that (4.22) holds for all d > 1. But then the distributions of the ®\” form

a consistent family, so that by Kolmogorov’s existence theorem there is some ran-
dom element ® of [0, o]0 satisfying old = (I>[*d] in law for every d > 1, whence
M(Alj)(bAlj =£, ®. The same argument applies to the ol d

It is now easy to wrap things up.
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PROOF OF THEOREM 3.1. (i) We check that (3 4) is equivalent to (3.5), and
that each implies (3.6). Assume (3.5), and let Fl4 be the distribution function of

@l ¢ > 1. Note first that by Lemmas 4.4 and 4.3 there is a random sequence ®
whose finite-dimensional distribution functions F!¥ form the unique family {F[4}

related to {F19} via (4.11). Now suppose, for a contradiction, that (3.4) fails. Then
there is some d > 1 such that the Fl[d] (to, ... ta—1) = ,u(u(Al)@Efﬂ < (tgy..-,ta—1))
fail to converge weakly to FI[4. Hence, for some ¢ > 0 and l; /" oo, we have
dist! (F l[;l], Fl)y > ¢ for all j > 1, where dist!¥ denotes Lévy-distance. But then
we can once again appeal to Lemmas 4.4 and 4.3 to obtain a further subsequence

m; =1, / oo s.t. ka] — Fl9 nonetheless. This contradiction proves (3.4).
The same argument works if we start from (3.4).

(ii) To validate the finiteness assertion for o®, fix d > 2. Since d is finite

a.s. by Proposition 2.1, we have ﬁ[d](r,...,r) — 1 and, for any s € [0,00),
Fldtl(s,r ... ,r) — Fll(s) as r — co. Due to (3.6) and dominated convergence,
Pr[p® < o00,..., 0@ < o0] = hm lim Fl, e r)

t—o00 r—oo

= lim lim f [F[d](r,...,r)fﬁ[dJrl](s,r,...,r)]ds

t—o00 r—o0
f [1] (s)]ds = Pr[cp(o) < 0],

where the last step uses Theorem B. This concludes the proof. [

5. Proof of Propositions 3.2 - 3.4 and Theorem 3.2
Now for the (easy) proofs of the advertised consequences of Theorem 3.1.

PROOF OF PROPOSITION 3.2. The characterization is immediate from (3.6).

Elementary arguments confirm that stationary finite-state Markov chains ® typi-
cally violate (3.7). O

PROOF OF PROPOSITION 3.3. (i) Suppose first that ® is an independent se-
quence (necessarily stationary and a.s. real-valued). Let F := FI then (3.6)
immediately shows that

(5.1) Pttty o ota) = (1= F(s)]ds) F(t)- - Flta).

In view of the product form of FI4t1 it is clear that ®, when conditioned on
{p® < 00}, is (a.s. real-valued and) independent, too.

(ii) Suppose that ® conditioned on {90(0 < oo} is an (a.s. real-valued) indepen-

dent sequence. Then F4+1 (¢, .. = (Jy 1= F(s)] ds) FO(tg)--- F(ty) for
suitable probability distribution functlons F (7 ) Note that (1.4) allows us to differ-
entiate F(©), and gives (F(V)/(tg) = ([, [1— F(s)]ds)~* (1= F(to)) for a.e. to > 0.

In view of (3.6), we have

[0 Rl Y (00, by, tg) — FIH (s, by, t0)] ds = [[L — F(s)] ds HF(J)( ts).

7=0
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Now fix any t1,...,tq > 0. Differentiating, we see that for a.e. ty > 0,
Fltt (oo by, .. tg) — FlF Ut by, .. tg) = [1 = F(to)] FP(ty) - - FD(ty).

As an immediate consequence we see that the Borel probability measure on [0, 00)4+1

with distribution function Fl4+1 is a product measure. ([

PROOF OF PROPOSITION 3.4. Using (3.8) it is straightforward to see that ®py,
satisfies (3.9).

Conversely, assume (3.9). The d = 0 case shows, via (3.8), that the one-
dimensional marginals of ®(p(® 1) . .) are exponentially distributed. We are
going to show that for every d > 1, o9 is independent of (cp(l), ceey <p(d)). Due to
stationarity this implies that ® is iid.

Fix d > 1. We check that for any (t1,...,tq) € [0,00)? (henceforth fixed) for
which Pr[(¢M), ..., o@) < (t1,...,t4)] > 0, we have

(52 Prle® < = Prig® <] (6, ... ¢@D) < (tr,... 1)),

for t > 0. Let F(t) denote the right-hand side of (5.2), then (3.9) means that F'
satisfies fot[l — F(s)]ds = F(t). Hence, by (3.8), F' = Fgxp, and this is indeed the
distribution function of ¢(©). O

The auxiliary results developed in the previous section also lead to a natural

PROOF OF THEOREM 3.2. Equivalence of (3.11) and (3.12) is immediate from
Theorem 3.1 and Proposition 3.4. It is also straightforward that these imply (3.10).

We thus turn to the nontrivial statement that (3.10) implies (3.11) and (3.12).
In view of Lemma 4.4 we need only check that each accumulation point ® coincides
with ®gyp,. (Use the subsequence-in-subsequence argument of the previous proof.)

Now take any sequence [; /oo of indices as in Lemma 4.4. As (A4;) is asymp-
totically rare, Lemma 4.3 applies to this subsequence, showing that (4.11) holds for
all d > 0 and ¢; > 0. But for every d we have

F l[jd] — Fld and F l[jd] — Fld.

Therefore, and since all these functions are right-continuous, (3.10) implies Fld =
Fld This shows that ® = ® (in distribution). According to Lemma 2.1, this
limit process is a.s. real-valued. Therefore, Proposition 3.4 applies to show that
O = Ppyp. |

6. Proof of Theorem 2.2 and Proposition 2.2

We will mainly work with the hitting-time process, and first establish an esti-
mate for the finite-dimensional hitting-time distributions of small perturbations of
a fixed set A.

LeMMA 6.1 (Robustness of individual d-dim hitting-time distributions).
Let (X, A, 1, T) be an ergodic probability-preserving system and A € A, u(A) > 0.
Ifd>1, N >1, and B € A satisfy pn(B) < u(A)/dN?, then, fort; € [0,N],

Fl (N+1 (to,...,td1)> -5 < FYW (to, . tar) < FP(to, ... tar) + e
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PRrOOF. Throughout, we fix d, N, and B as in the statement.
(i) We first show that for ¢{,...,t, ; € [0, N],

61)  {ua) (elpneld) <@t nfn{ell, 2o} ce

where
d—1

C = {u(A)en < NHU [ ({8(A)pa < NINTLGB).

j=1
To this end, take any x € {@Eﬁl]UB # @Eﬁl]}. Then there is some j € {0,...,d — 1}
such that

(6.2) Paus(®) = ¢a(@), .. paup(Thop ) = ea(Ty @),

while ‘PAUB(szuB z) # @A(sz x). Due to (6.2) we have TZ‘UBm = Tf‘ z. Since
Yaup = P4 Nep < @4 we thus see that

(6.3) @AUB(TquB T) = @AUB(Ti T) = QDB(T,Zl r) < @A(Ti\ ).
In particular,
(6.4) ve T 50 (B\ A) c T, 55 (B).

d] d]

Now assume that also z € {p(A)(P4 5 A <I>E4 ) < (ty,--.,t;_1)}. As a consequence
of (6.3) we then see that

(6.5) if j =0, then z € {u(A)pp < N},
while otherwise ¢ 4 ,5(x) = p4(z), so that
(6.6) if 7 >0, then z € {u(A)p, < N}

Combining (6.4) with (6.5) and (6.6) shows that x € C, as claimed.

(i) Now fix %o, ...,tq—1 € [0, N]. In view of (6.1) we may control the event
E:= {M(AUB)q)Eff]UB < (to, ... ,td,l)}

as follows. First,
B ({A)l, < (o, tar)} 0 {2l = 2}
U ({a)ells < (o, ta)} n{elL, # @)
C{u(A)Y < (ty,... ts_)}UC,

so that
(6.7) FII (to, .. tar) = w(E) < Fi¥(tg, ... ta_1) + pu(C).
On the other hand,
A) d d
ol el « _#A o old  _ gl
_{M( ) A—ﬂ(AuB)@Ov stae1) ¢ N{ P At

B {/J(A)@E;i] < [L(ljl(ij)B) (t(h .o 7td1)} \Ca

and hence, since, by our condition, u(A)/u(AU B) > N/(N + 1),

(6.8) FY (to, .. ta1) = w(B) > FY! < (to, ... ,td_1)> — pu(C).

N +1
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(Note that although ¢ 4,5 < ¢4, its d-dimensional version @%LB < CID%] is not true

in general.)

(iii) To conclude, we are going to estimate u(C). Set M := N/u(A), and observe
first that {pp < M} = ULMJ{@B =k} C ULMIJ T-kB. As T preserves p, this gives
(6.9) ulep < M) < M u(B).

Note then that for any j > 0,

{pa <MINTL VB C {panp < MINTL VB
[M]
= U {<PAUB =k}N TAuB (TA )
LMJ
=J,_ {eaus =k} NT*(Dy),

where D; := (AUB)N T;‘ B (recall that Tsyp is defined on all of X). Hence,

p{ps < M}OTA Ul By < ZLMJ (T=*(D;)). But since Taup preserves | aus,
we have p(D;) = ,u( ) for all j > 0, and therefore p (T~ (D;)) = w(B) by T-
invariance of u. We thus end up with

(6.10) ({QDA < M}NT; ““’B) < M u(B).

Together, (6.9) and (6.10) yield u(C) < dM u(B) < 1/N. When combined with
(6.7) and (6.8), this proves the assertion of the lemma. O

The proof of the following auxiliary statement is a routine exercise.

LEMMA 6.2. For any fized d > 1, let Fl[d],Gl[d], and F9 be sub-probability
distribution functions on [0,00)? such that for every N > 1 there is some Iy such
that for 1 > In we have

F (;’ + — ’()7 S 0, NJ.

Then FY = Fld jff GIY — Fld,
We can then complete the proof of the theorem.

PrROOF OF THEOREM 2.2. (i) Consider A;, B; € A with p(B;) = o(u(A;r)).
For any d > 1 let Fl[d] = FE] and Gl[d] = FZ]UBL. Then Lemma 6.1 shows that
(Fl[d]) and (Gl[d]) satisfy the assumption of Lemma 6.2. Therefore, if FI% is any sub-
probability distribution function on [0, c0)¢, then FL‘? — Fld iff FE]U B = F [dl,
As an immediate consequence, given some random sequence ® in [0, c0], we have
(A @4, =2 @ iff (A UB) @a,up, == .

(ii) Turning to (A}) and (A4}), let A, :== AN A). Then A} = A, U B] with
Bj := Aj\ Aj, and AY = A;U B} with B}’ := A]'\ A;. Observe that u(Bj), u(B}') =
o(pu(A;)) as I — oo. Therefore step (i) ensures that both u(A;) @4 £ & and
P(A]) @A £ @ are equivalent to pu(A4;) B4, == P.

(iii) If Pr[ﬁ(o) > 0] > 0, statement (2.8) follows from (ii) via Theorem 3.1. If

é(o) =0 a.s., an simple direct argument proves (2.8). O
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We conclude this section with the advertised application of this principle.

PROOF OF PROPOSITION 2.2. (i) Passing to a subsequence (if necessary), we
may assume w.l.o.g. that > o, 1(A;) < oo. We first construct a certain sequence
l; / oo of indices. Start with [; := 1. If [; has been constructed, consider the sets

Bj i = U121j+k1417 k>1.

Then u(Bjr) \, 0 as k — oo, and we choose k; > 1 so large that u(Bj;) <
M(Alj)/j Now let [; 11 :=l; + k; > ;. Next, using the [;, we define

A; = Uiszli’ ] Z 1.

This is a nested sequence in A which satisfies
A=A UAY, and A, CBjy, forj>1.

Due to our construction, pu(A% ) < pu(Ai;)/Jj, so that u(Aj A Ayy) = o(u(Ar,)) as
j — o0o. Theorem 2.2 thus gives (2.6).

(ii) To validate the statement about the G;, we may assume (replacing (G;);>1 by
a suitable subsequence if necessary) that 1(G;) = o(u(4;)). Set A} := A;UGy, then

~  Har ~
(AL 5 A7) = o(u(Ar)), so that p(A}) ®ax =3 by Theorem 2.2. Now repeat the
construction of step (i), applying it to (A;) instead of (A4;). |

7. Preparations for the proof of Theorem 2.1

Some approximation lemmas. We first record (without the very elementary
proof) a lemma which compares the distribution of a random element of an arbitrary
measurable space (Q', F') to its conditional distributions on certain subsets, in the
sense of the total variation type norm ||Q’|| := supm ez |Q'(F')| for finite signed
measures Q' on F'.

LeMMA 7.1 (Elementary control of conditional distributions). Let (Q2, F, P)
be a probability space, Fy :={F € F: P(F) > 0}, and & : Q — ' measurable.
a) If Qo € Fy, then ||[Po& ' — Po, 01| < P(Q).
b) If Q =, is a finite or countable disjoint union in F,, and Q" a probability
measure on F', then

|Poc™ - @ < sup, [[Pa, 067" - Q-

Next, we check that the prospective limit process in Theorem 2.1 can be approx-
imated by discrete ergodic stationary sequences. In the following, dist!” denotes
the Prokhorov-distance of Borel probabilities on R?. When applied to a random
sequence, it refers to its d-dimensional marginals.

LemMA 7.2 (Ergodic rational approximation of a stationary sequence).
Let © = (0;)j>0 be a non-negative stationary process with E[f;] < 1. Given any
e > 0 and d € N, there is some bounded stationary process ©' = (0);>0 with

E[0%] = 1 and values in some finite subset of (0,00)NQ, such that dist 4(0,0) <e.
Moreover, ©" can be chosen to be ergodic.
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PRrROOF. (i) The following statement can be checked by routine arguments: Let
(Q, A, P) be a non-atomic probability space, and f : £ — [0, 00) measurable with
f fdP < 1. Then there exists a sequence (f,)n>1 of measurable functions with
fn — [ a.e. such that, for each n > 1, we have ffn dP <1, and f,(f) is a finite
subset of (0,00) N Q.

The process © has a representation as §; = foS7, j > 0, where S is a measure-
preserving map on some probability space (2,4, P). The latter can w.l.o.g. be
assumed to be non-atomic. (If necessary, replace it by (2 x (0, 1], A®Bo,1], PaAY,
use the map (w,t) — (Sw,t), and the observable (w,t) — f(w).)

Apply the introductory observation to obtain a sequence (f,,) as specified there.
Let Gy := (fu, fnoS, ..., fno8¥ 1) : Q - R and G = (f,foS,...,foS%1).
Then, G,, — G a.e. and hence also in distribution. Consequently, there is some
n' > 1 such that dist!¥ (PoG™', PoG, ') < £/2. Defining f’ := f,, and 9;- = f087,
j > 0, thus gives a stationary sequence ©’ with the required properties (except,
perhaps, ergodicity).

(ii) To show that one can ensure ergodicity, take ©" as above. Adding some extra
randomness, we find an e/2-close sequence ©” which is also ergodic. To this end,
define a family of stochastic kernels P, : Q@ x A — [0,1], ¢ € [0,1], by letting
P,(w,A):=(1—q)la(Sw)+qP(A). Then each P, preserves P. Each P, defines a
stationary Markov chain (fE'Q])jZO on (2, A) with law( ([Jq]) = P. For ¢ > 0 the chain
is clearly ergodic, while for ¢ = 0 it is given by the process (S7);>0 on (2, A, P)
used to define ©'.

Conditioned on a set of probability 1 — ¢¢, the chain (fg-q])?;é has the same
law as (EBO])?;Ol = (Sj);l;é. Therefore, if ¢ > 0 is sufficiently small, 9;-’ = f ({gq]),
j >0, defines an ergodic stationary sequence ©” with dist[? (0/,0") < /2 and
range contained in f’(£2). O

Convergence of ergodic sums. We will also use the following supplement to the
pointwise ergodic theorem.

LemmA 7.3 (Ergodic averages converging from below). Let ¥ = (¢;);>0
be a non-negative ergodic stationary process with ¢ = E[,;] < co. Set §; := 0
and &, ==Yy + ... +¥,_1, r > 1, and define 5% :=max{¢, : r € {0,..., R} and
& <Ry}, R>0. Then,

(7.1) R — % as andinL; as R— .

PRrROOF. Obviously, 0 < R_lf% < @ for R > 1, so that the L-statement follows
by dominated convergence once we prove the a.s.-statement.

Set Mr := max{r € {0,...,R} : & < Rv}, R > 0, so that 5% = &g
and note that Mp /' co a.s. as R — oo (even if 1) = 0). By the pointwise ergodic
theorem, the event F := {R™1¢; — ¥ }N{Mpg /" oo} has full probability. Moreover,
E C {R %y — 0}. Fixing an arbitrary w € E we check that R‘lf%(w) — ).

Take ¢ > 0, and choose Ry so large that | R™¢ 5 (w)—1 |[< e and R~ z(w) < ¢
for R > Ry. Then there is some R; > Ry s.t. Mg(w) > Ry for R > R;. We claim

(7.2) 0<¢—R 1% (w)<e for R>Ry.
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If Mp(w) = R, this is immediate from the definition of Ry. Otherwise, we have

5%(“) = fMR(w)(W) <Ry < gMR(w)+1(w) = fMR(w)(W) + wMR(wm(w),

and therefore

P — R4 (w) < R (011 (w) < (MR(w) + 1) 0 011 (@) <&,

according to our definition of R;. O

Rokhlin towers. When it comes to constructing sets with prescribed properties
in an ergodic system, unleashing the Rokhlin Lemma often is a good start. Let
(X, A, 1, T) be an ergodic probability preserving system. A finite sequence (X;)%,
of pairwise disjoint sets from A will be called a Rokhlin tower (of height L) if
w(Xp) > 0 and X; = T-EH X, for 0 < [ < L. In this case, each restriction
T:X; — X411, 0 <1 < L, is a p-preserving map (not necessarily invertible).
Points of X, are interpreted to be on level [, which is made precise by introducing
A: X —{1,...,L,00} with A := [ on each X; and A := co otherwise. Then,
AoT =A+1on {A < L}. We shall say that x lies above ' if x = Tz’ for some
j > 0and T'x ¢ X, for i € {1,...,5}. If, in that case, 7 > 0, then x lies strictly
above z'. Note that (a.e. point of) X \ UzL:oXl = {A > L} lies strictly above
each X;. The Rokhlin Lemma guarantees that an arbitrarily large proportion of
the space can be represented as a Rokhlin tower. We shall use the following version
(see e.g. Theorem 1.5.9 of [1]).

LeEMMA 7.4 (The Rokhlin Lemma). Let (X, A, u,T) be an ergodic probability
preserving system on a non-atomic space. Then, for any L € N and € > 0 there
exists a Rokhlin tower (X;)E, of height L with u(X \ U, X;) < e.

The simple transition structure Xo — X; — ... — X on the tower often
allows a good understanding of return times of subsets Y of UlL:oXl C X. We now
record some observations in this direction, henceforth focusing on sets Y € A which
satisfy

(7.3) Xo €Y CUE, X

Recall that ¢y : X — N defines a first entrance map 7y : X — Y on the whole
space X (mod p). Assuming (7.3) we can identify that part of X which (in the sense
defined before) has no points of Y strictly above it as T;lXO. The set Y N T;lXo
can be viewed as the roof of Y. The following is a variant of Kac’ formula. It
characterizes the mean return time of ¥ when restricted to the roof.

LeMMmA 7.5 (Kac on the roof). Let (X, A,u,T) be an ergodic probability
preserving system, (X;)E, a Rokhlin tower, and Y € A with Xo CY C UlL:()Xl-
Then

(7.4) meT;1XO ey du = n(Ty ' Xo).
Moreover, for Y'Y € A with Xo CY' CY C UZL:()XZ; we have
(7.5) Ty ' Xo C Ty Xo.

PROOF. Abbreviate B := T;lXO and B’ := Y N B, and note that
(7.6) {oy >n}NT "B={¢py >n}NB forn>0.
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Recall the canonical representation (from the theory of induced transformations)
w(A) =3 son(Y N {py >n}pNT™"A) for A€ A

Combining these we obtain

1(B) =3, sonl{ey >n}NB') = [0y dp,
which is (7.4). Assertion (7.5) is straightforward. |

8. Small sets approximating a d-dimensional stationary distribution

The key step in our proof of Theorem 2.1 is contained in the following propo-
sition. Take an arbitrary bounded ergodic N-valued stationary process ¥ and any
d € N. We claim that inside every aperiodic ergodic probability preserving system
(X, A, i, T) there is a set Y whose d-dimensional return distribution imitates the
d-dimensional marginal of ¥ up to an arbitrarily small error.

THEOREM 8.1 (Approximate embedding of a stationary sequence). Let
(X, A, 1, T) be an ergodic probability preserving system on a nonatomic space, and
U= (I/Jj)jzo any bounded ergodic N-valued stationary process. Then, for any d € N

and € > 0, there is some Y € A, 0 < u(Y) < 2/, where 1 := E[y;], such that
(8.1) dist!) (u(y) Sy, \IJ) <e.

ProOF. Throughout, we fix d > 1 and any € € (0,1). If A € A, u(4) > 0, and

= is any measurable map defined on X, we will write law(Z |4) := 4 0=~ for the
law of the restricted map = |4 w.r.t. the conditional measure p 4.

(i) We begin with some preparations. First, choose some § > 0 such that

(8.2) dist W (c W,y ' W) < /2 force (b — 0,0 +96).
Take any rational &’ € (0, min(t,§/24)), and fix some ” € (0,¢/6) so small that
(8.3) e'/(1-2e")<6/4 and 2¢"/(1—2e") < §/4.

Write €, := 1y +...+,_;. By the ergodic theorem, R~*¢, — 9 a.e., which shows
that there is some Ry > 1 such that

(8.4) Pr[R7'¢g > +€] <&’ for R> Ry.

Moreover, according to Lemma 7.3, there E some R > Ry such that the variable
€% = max{¢, : 7 € {0,...,R} and &, < R9} satisfies

(8.5) Y —¢ < (R+1)7'E[¢Y] for R> Ry.

Choose some integer M > d/e". Henceforth we fix an integer R > max(Ry,1/¢’,d(1—
gy /e") for which L := R (¢ + ¢€’) is an integer which satisfies L > M supt),.

(ii) Appeal to the Rokhlin Lemma to obtain some Rokhlin tower (X;)& , with level
function A, for which p(X \ UzL:oXl) = u({A > L}) < min(1/2,5/(64%)). Since
¢ < 1), we have

(8.6) BYR)' < (L)< (LH+ D) Tu({A < LY) = p(Xo) < (L+1)7

Since p is non-atomic, Xy, admits a sequence (7,),>1 of measurable partitions
N, = {Xr(ko,...,kr—1) : ko,...,kr—1 € N} (where we allow some partitioning sets
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to be empty), with 7, ; refining n,. as X1 (ko, ..., kr—1) = UpenXr(ko, .- kr1, k),
and such that their distributions model the finite-dimensional marginals of the
process U in that py, (X1 (ko,... kr—1)) = Pr g =ko,..., ¥y =k,_1]. As ¥
is bounded, each 7),. is essentially finite (it only contains finitely many sets of positive
measure). We define corresponding partitions of the other floors X;, 0 <1 < L, by
letting X;(ko, ..., ky_1) =T "Xy (ko,... k_1) for 7, ko,...,k.—1 € N. Then,

(8.7) Xi(koy oo k1) =T " X1 (koy ..., k) for0<1< L,
and whenever 0 <[ < L and 7, k; € N, we have
(88) MXZ (Xl(k07 ey kr—l)) =Pr [wO = k‘o, ce ,1/)7._1 = kr—l] .

Associated with these partitions are the indexing functions v, : {A < L} — N,
i >0, given by v,(z) :=k if z € X;(ko,...,ki—1,k) for suitable I, ko, ..., k;—1. Let
I := (v;)i>0 : {A < L} — N denote the (product-measurable) sequence of the ~,.
Note that 7; 0T =+, (and hence 'o T =T') on {A < L}. Due to (8.8),
(8.9) law (T |x,) coincides with law(¥), for 0 < < L.

Let 0T := (v;1m)i>0, m > 0, denote the shifted versions of I'. As W is stationary,
so is each I' | x,, and the preceding statement immediately generalizes to

(8.10) law(c™T |x,) coincides with law(¥), for 0 <! < L and m > 0.

(iii) Let ¥ :=0 and &, :=v5+...+,_; on {A < L}, which satisty ¥, o T = 3,
on {A < L}. Next, we define pairwise disjoint sets Yp,...,Yr C {A < L}. Starting
from Yy := X, the Y., 1 <r < R, can be viewed as (parts of) the graphs of the
sum functions 3, above Yy. Formally, we set

(811) yT" = {Xk0+---+k7‘—1(k07 R k?"—l) : ki € N with kO +...+ kT—l < L} )
r € {0,..., R}, which is a collection of pairwise disjoint sets, and let
(8.12) Y, =UV.={E. =A< L}

Finally, we define Y := Ufonr, so that z € YV iff ¥,(z) = A(z) < L for some
r € {0,...,R}. For convenience, set p(z) := r if € Y,., which defines p : ¥ —
{0,...,R}.

The set Y satisfies (7.3). Note that Yz C Y N7y ' X,. We can identify the
roof Y N TQIXO of Y, and the set T;ng of points below the roof, in terms of
¢ {A<L}—{l,...,L} given by

¥ (2) := max{¥,(z) : 7 € {0,..., R} and ¥,(z) < L}.

By the corresponding property of the ¥, we also have X% o 7= %* on {A < L}.
We claim that

(8.13) (ASLYNTy X = {2 <A< L},
and
(8.14) YNTy ' Xg={Z* =A< L} =Y Nn{x*=A}.

These follows from the definition of Y. To validate (8.13) we fix any « € {A < L}.
Assume first that ¢ (x) > A(x). Then there is some 7 € {1,..., R} for which
A(x) < B,.(z) < L. Letting j := X, (z) — A(z) we then have 0 < A(T?z) = ,.(z) =
¥, (T9x), and hence T7z € Y. But since Tx,...,T72 € {A > 0}, this implies
x ¢ T;lXo. Conversely, suppose that x ¢ T;lXO. Let j := @y (), then there is
some 7 € {1,..., R} and some Xj,+. +k,_,(ko,--.,kr—1) € Y, which contains T7z.
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Also, as {A > L} C Ty' Xy, we have @, Tz,..., T 'z € {A < L}. Therefore, by
(87), T € Xk0+.,,+k1,71,j(k0, .. .7]{,},1)7 and ¢ (:C) > ZT({E) =ko+ ...+ k—1 =
A(z) + j > A(x), as required. The formal proof of (8.14) is similar.

For points in Y which lie below the roof, ¢y is easily understood because

(8.15) oy =7, onY,NTy'X¢.

Indeed, let Z = X;(ko,...,kr—1) € Vr, then Z N {~, =k} = X;(ko, ..., kr—1,k).
Ifz € Zn{y, = k}NTy' X, then 7 < R and %,41(x) = | + k < L since
Y (x) > A(x) = [ by (8.13). But then, A(TVz) = [+ j for 1 < j < k, and
k=inf{j > 1: A(T7z) = 3,,(z) for some m € {0,...,R}} = ¢y ().

Recalling (8.7), we see that for X 1 4k, (koy-. k1) €V, 1 <7 <R,

(8.16) Kot otys (ks - oo kr—1) = Ty KXoty (Ko -, K1),
Moreover, it follows that poTy =p+1on Y N T;ng.

(iv) As Yy is just the base Xy =: Xy ¢ of the Rokhlin tower, (8.9) identifies the law
of I" on Yy as being that of U. Forr € {1,..., R}, we can still relate Y, = YN{p =r}

to X in order to understand the law of " on Y.
Repeated application of (8.16) shows that for Xy, + 1%, _,(ko,...,kr—1) € Vr,

(8.17) Xo(koy .o kr—1) =Ty " Xiot .. 4her_1 (Koy o -y krz1).
Combining these preimages by letting

(818) X()’T = UkieN:k0+»--+kr—1§L Xo(k‘(), ey krfl) =XoN {Er < L},
we thus see that Y, and Xj , are related via the py-preserving map 77,
(8.19) Xor=1y"Y, for0<r<R.

As an immediate application, we record that u(Y;.) < u(Xo) for all r, hence
(3.20) u(Y) < (R+1D)u(Xo) <2/

(recall (8.6)). Moreover, if 0 < r < M, then ¢y +... +9,_; < M supyp, < L, and
hence Xy, = Xo mod p. Therefore, M < ¥j; < L, and

(8.21) w(Yy) = u(Xo) for 0 <r < M.

Next, if we take any Z € ANY, with u(Z) > 0, then I' |z has the same law as
r |T;'r' , since T3, preserves py-. This statement trivially contains the corresponding
assertion for any shifted version of I'. Hence we conclude that
(8.22) if0<r <R, m>0,and Z € ANY, satisfies u(Z) > 0,

then law(o™T |z) = law(c™T |T;7‘Z).

(v) On a large part YV of Y, its d-dimensional return time function &)[Yd] allows an
explicit description in terms of I'. Define, for r € {0,..., R — d},

y? = {Xko+--<+kr71(k‘0a ey kr—l—&-d) tk; € Nwith kg + ...+ k7._1+d < L} s
Vo =YY CY,, and Y := P /Y,¥ C Y. This is the set of points in Y for

T

which the next d steps under Ty do not lead out of {0 < A < L}. We claim that
(8.15) and (8.16) imply

&;gﬁi] = (kr, ceey kr—1+d) on each Xk0+...+kr_1 (k()a sy kr—l—i—d) € y?
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To validate this, note that, for 0 < j < d, Ty "Xy 0 4 1 u(Koy -y kr1va) =

Koo tbr1s; (kos oo v kr14a) € Yeo14; NI 1 XS, and ¢y = k,—14; on this set.
We therefore have complete control of @gﬁl] on YV in that

(8.23) &)gc,l] = ("D onY? for0<r<R-—d.

Define X, € Xo, by X5, = T5"Y,? = Up enko stk 1y u<r X0(kos s kro11a)-
Combining (8.23) and (8.22) we see that

(8.24) law (Y |.0) = law((0" ) |0 ), for 0<r<R-—d.

(vi) We are now ready to show that the distribution of &)gﬁl] on Y9 is close to
the law of W[4, First, since X \ Xé?r = UkieNkot. k11 a>1X0(K0, -, kr—144)
(disjoint), we need only recall (8.8) and (8.4) to see that

(8.25) Hxo (X0 \ Xg,) = A Yrria > L]

Pryg
<Pr[R>L]<€ for 0 <r<R-—d.
Note then that, due to (8.24) and (8.10), we have
law(®Y |,.9) — law (1) = law((o"T) | o ) = law((0"T) |, ).

Therefore (8.25) allows us to apply Lemma 7.1 a) to get

I law(&)gf] lyo) — law(U) |< &’ for0<r<R-—d,
and part b) of Lemma 7.1 then ensures that
(8.26) [ law (DL o) — law(T) ||< &

For later use we record, as another consequence of (8.25), that

(827) 2 U R+ u(Xo) < (1— 2" (R+ Dp(Xo) < ju(Y) < (R + Dpa(Xo).

The upper bound is trivial since u(Y;.) < u(Xo). For the lower bound, recall that
wYy) = w(Xoy) > M(XS?T), so that (8.25) ensures p(Y,) > (1 —&”)u(Xyp) for

0 < r < R — d, which proves that u(Y) > (1 —&”)(R+ 1 — d)u(Xp), and hence
(8.27) since, by our choice of R, (1 —2¢")(R+1) < (1 —-¢")(R+1—d).

(vii) Next, we compare the law of &)gil] on Y to its law on Y by estimating the
relative measure of Y\ YV, Note first that since pu(Y;) < u(Xo) for all r, we have

WU g Ys) < dp(Xo) <" u(Y),
where the second inequality uses (8.21) and the definition of M. Next, u(Y;\Y,¥) =
w(Xor\ Xg?r) and (8.25) gives u(Xg?r) > (1—€")u(Xo) > (1 —€") u(Xo,r), that
is, MXW(XOW \XS?T) < g"” for 0 < r < R — d. Therefore,
- - R—d
S S Y\ YY) < u(Y) = & u(UrSYy) < & ().

But Y\ YV = Uf‘ Redi1Yr U U (Y \ Y,¥). Therefore, combining the two
estimates above yields

(8.28) py (Y \ YY) < 2",
Consequently, Lemma 7.1 a) shows that

(8.29) [ law (D o) — law(®L |y) ||< 2¢”.
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Together with (8.26) the latter proves the encouraging estimate
(8.30) [ law (! |y) — law(Wl)) ||< 36" < £/2.
(viii) To pass to the appropriately scaled variants, note first that
dist! (u(Y) By, ¥ 71 ) < distl” (u(Y) @y, u(Y) ©) + dist!! (u(y) ¥, 1 ),
where, due to pu(Y) < 1 and (8.30),
dist! (u(Y) @y, (V) U) < dist!) (D, )
< law(®) — law (T || < /2.

Therefore, once we check that dist! (,u(Y) U gt \I/) < €/2, the proof of the propo-

sition will be complete. In view of (8.2) it suffices to show that | u(Y)~! — % |< 4.
But according to Kac’ formula, u(Y) ™! = [, ¢y duy. To complete the proof of the
proposition, we are going to check that

(8.31) | fymT;lxgsoY dpy — E |<d/2,
while
(8.32) fymT;1XO<py dpy < 6/2.

(ix) To get a better understanding of X*, we define a related function ¢ : {A <
L} — {1,...,L} by letting ¥°(z) := max{Z,.(z) : r € {0,...,R} and ¥,(z) <
R%}. Note then that due to (8.9) the law of X¢ |y, coincides with that of £%,
(8.33) law(20 |x,) = law(¢%) for 0 <1< L.

This is clear since we can represent 2 as a function T(I') of I', and €%, = Y () for
the same measurable map Y : NYo — Nj. In particular, on S0 dpy, = E[fQR].
Since ¢ < %% < L, (8.5) therefore ensures

(8.34) P—e <(R+1)7" [ S duy, <¢+¢.
(x) We now show that
(8.35) Syorgixs ey du =[x, =¥ dp.

To see this, note that due to (8.12) and (8.13), ¥, NTy,'X§ = {A = %, < ©¢}.
The T-invariance of the 7, (and hence of ¥, and ©*) on {A < L} observed before
implies that

v, 0Ty =7 S oTy =%, and ¥ o Ty =% on Y N T, 1 XS,
Therefore, Ty." (Y, N Ty ' X§) = Ty, " (Ve N {E, < X4}) = Xo,, N Ty {%, < B¢} =
XoN{%, < X*}. Since Ty preserves iy, we thus see that (8.15) entails

meTglxg‘pY dp = meTglxg’Vr dp = [xonis, <soy Ve A
Our claim (8.35) follows, since
R R
meT;lxg‘pY dp = Erzofynglxg‘PY dp = Er:Oonﬂ{Er<Z’ } Y dp
R
= [, Crol(s, <z, dp = [ 5% dp.
When combined with (8.34) and (8.27), the identity (8.35) yields
oy _ o IN\=1 7 /
(8.36) P —¢e < fYﬂTglxg‘PY dpy < (1 —2¢")" (i +¢).
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Recalling (8.3), we see that the latter implies (8.31).

(xi) Turning to (8.32), we note that by Lemma 7.5,
fYﬁT}leO(pY d:uY = HY({A > L} N T};IXO) + MY({A S L} N T}leO)'
By construction of the Rokhlin tower (in particular (8.6)), and (8.27),
(.37) iy ({A > LY N Ty Xo) = iy (A > L}) < u(¥) "+ 6/(647)
< 2/(Ru(Xo)) - 8/ (647) < 8/4.
By (8.13), T-invariance of ¥*, and the fact that 7 is measure preserving,

py({A S LINTY'Xo) = py ({3 A< L}) = S oy (N {E4 < 1)

= Y ony (X0 N{Z® <1}) < [y (L+1— 5% duy.

Moreover, due to (8.34),
fro (L4 1= 3% dpy, = R +2) = [, 9 duy, +1
<2Re' +1<3RE.
Combining these, we find via (8.27) that

(838  py({A < LYNTy'Xo) < p(Xo)/u(Y) - [y, (L+1— 5% duy,
<2/(R+1)-3Re <6 < /4.

Together with (8.37) this proves (8.32), and hence the proposition.

9. Proof of Theorem 2.1

All the tools required for the proof of the main result are now ready.

PrOOF OF THEOREM 2.1. For every [ > 1 use Lemma 7.2 to obtain a positive
ergodic stationary sequence ©; = (6; ;) >0 with finite range in (0, 00) NQ, and such

that E[el’o} = 17 while

dist™(®,0,) < 1/21 for I > 1.

Choose integers m; > [, I > 1, such that each m; 6, is integer-valued. Then each
of the processes W; = (¢, ;) >0 := MmO = (my 0, ) >0 satisfies the assumptions of
Theorem 8.1, and 1), := B[y, ;] = my. Therefore, for every I > 1, the proposition

provides some A; € A such that 0 < p(4;) < 2/l and
dist" (1(A) @ 4,,0;) = dist (u(A) Ba,, b, 1 0)) < 1/21 for 1> 1.
Hence, (A4;);>1 is an asymptotically rare sequence in A which satisfies

dist™ (@, u(A) D a,) < 1/1 for I > 1.

The latter evidently implies p(A;) ® 4, A ®, as required.
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