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Abstract

We present a unified approach to the Darling-Kac theorem and the
arcsine laws for occupation times and waiting times for ergodic transfor-
mations preserving an infinite measure. Our method is based on control
of the transfer operator up to the first entrance to a suitable reference
set rather than on the full asymptotics of the operator. We illustrate our
abstract results by showing that they easily apply to a significant class
of infinite measure preserving interval maps. We also show that some of
the tools introduced here are useful in the setup of pointwise dual ergodic
transformations.

Mathematics Subject Classification 2000: Primary 37A40, 60F05; Sec-
ondary 28D05, 37C30.

1 Introduction

The study of ergodic and probabilistic properties of dynamical systems with
an infinite invariant measure has recently led to a number of interesting re-
sults which generalize classical theorems for null-recurrent Markov chains to
the weakly dependent processes generated by certain types of infinite measure
preserving transformations. In the present paper we shall focus on three distri-
butional limit theorems, the Darling-Kac theorem for ergodic sums of integrable
functions, the arcsine law for occupation times of sets of infinite measure, and
the (Dynkin-Lamperti) arcsine law for waiting times, and present a natural uni-
fied approach to them. The following example illustrates the limit theorems we
are going to consider by specializing them to the case of Boole’s transformation



on R, where we obtain results analogous to well known classical facts about the
coin tossing random walk (cf. chapter III of [Fel]).

Example 1 (Distributional limit theorems for Boole’s transformation)
The map T : R — R given by Tx :=x — — presem)es Lebesgue measure \ and 1is
conservative ergodic, cf. [AW] or [Sch). For measurable functions f : R — R let
Sn(f) = Z?:()l foT7, neN. Fizx any Borel probability measure v < \. The
Darling-Kac theorem shows that for the occupation times of any Borel subset
E CR of finite positive measure, as n — oo,

" <{\/7;TLS”(1E) < )\(E)t}) — i/ote—f dy, t>0.

(Here 15 may be replaced by any integrable function f with fR fdx>0.) The
arcsine law for occupation times implies that the proportion of time spent on a
half-line converges to the classical arcsine distribution,

v ({:LS"OA) < t}) — %arcsin Vt, telo,1],

where A is any Borel set with A(A A (0,00)) < co. The arcsine law for waiting
times finally provides us with a similar result for Z,,(E)(x), the time of the last
visit of the orbit (T*x)g>¢ to the set E up to step n (and 0 if there was no visit
at all), showing that

v ({1Zn(E) < t}) — %arcsin Vi, telo,1],

n
for every bounded E C R with A(E) > 0.

For the specific transformation 1" of the example, these statements follow
from earlier work in [A2], [T6], and [T4] respectively. The purpose of the present
paper is to develop an approach to these limit theorems in a general abstract
setup, based on, and improving, ideas from [T6]. Our assumptions are of a dif-
ferent type than those used in [A2], [T4], and constitute a generalization of the
abstract condition which can be extracted from [T6]. They allow simple direct
verification for a significant class of examples. Moreover, the proofs themselves
have a very clear and natural common structure. In the appendix we show that
some of the ideas employed here are also of interest in the setup of [A2] and
[T4] (pointwise dual ergodic transformations).

2 Preliminaries

In order to formulate our results, we need to fix some notation and recall a
number of important concepts. Throughout the paper, all measures are un-
derstood to be o-finite, and we won’t repeat this each time. The key to an
understanding of the stochastic properties of a nonsingular transformation T
on a measure space (X, A, m), i.e. of a measurable map T : X — X for which
moT 1 <« m, often lies in the study of the long-term behaviour of its trans-
fer operator T : Li(m) — Li(m) describing the evolution of measures under



the action of T on the level of densties: Tu := d(v o T71)/dm, where v has
density u w.r.t. m. Equivalently, [, u-(voT)dm = [y Tu - vdm for all
w € Ly(m) and v € Log(m), i.e. v —> voT is the dual of 7. T naturally
extends to {u : X — [0,00) measurable A}. It is a linear Markov operator,
S % Tudm = S udm for u > 0. The system is conservative and ergodic iff
> k>0 Tru = oo a.e. for all w € Li(m) := {u € Li(m) : u > 0 and m(u) > 0}.

Invariance of m under T means that 71 = 1, and we will denote the measure
by p in this case. When dealing with L;-functions, uniform convergence will al-
ways be understood mod m. Similarly, we will simply write inf for the essential
infimum etc.

If, for some measurable function H > 0 supported on Y € A, there is some
K € Ny such that infy ZkK:O TFH > 0, then H will be called uniformly sweep-
ing (in K steps) for Y.

If v is a probability measure on (X,A), (R,)n>1 is a sequence of measur-
able real-valued functions on X, and R is a random variable taking values in

R, then distributional convergence of (R, ),>1 to R w.r.t. v will be denoted by

c
R, == R. Strong distributional convergence R, ‘% R on (X, A,m) means
that R,, == R for all probability measures v < m.

A function a : (L, 00) — (0, 00) is regularly varying of index p € R at infinity,
written a € R, if a is measurable and a(ct)/a(t) — ¢” as t — oo for any ¢ > 0,
and we shall interpret sequences (a,) as functions on R via t —— ap;. Slow
variation means regular variation of index 0. R,(0) is the family of functions
r: (0,e) — Ry regularly varying of index p at zero (same condition as above,
but for ¢ N\, 0). We refer to chapter 1 of [BGT] for a collection of basic results.

Let T be a conservative ergodic measure preserving transformation (c.e.m.p.t.)
on (X, A, pn). Forany Y € A, p(Y) > 0, the first entrance (resp. return) time
of Yis! ¢ : X — N, given by ¢(z) :=min{n >1:T"z € Y}, x € X, and we let
Tyx := T¢® g, o € X. The restricted measure p |yna is invariant under the
first return map, Ty restricted to Y. On the level of densities this means that

kalyﬂ{wzk} =1 ae onY. (1)
k>1

If u(Y) < oo, it is natural to regard ¢ as a random variable on the probability
space (X, A, pty ), where py (E) := p(Y)"u(Y N E), and u(X) = oo is equiva-
lent to [ ¢ dpy = oo by Kac’ formula, see (3) below.

If (X)) = o0, a good understanding of T" frequently depends on its behaviour
relative to a suitable reference set Y of finite measure, defined through some
distinctive property. Specifically, the asymptotic behaviour of the return distri-
bution of Y, i.e. that of the (first) return probabilities fr(Y) := puy ({¢@ = k}),
k € N, is a crucial feature determining the stochastic properties of the sys-
tem. For distributional limit theorems to hold, regular variation of fi(Y") or,

1'We suppress the dependence of ¢ on the usually fixed set Y in our notation.



more generally, of the tail probabilities q,(Y) := > .o, fe(Y) = py ({¢ > n}),

n € Ny, or the wandering rate of Y, given by wy(Y) := u(Y) Eg:_ol a(Y) =

Zg;ol w(Y Nn{p>n}), N> 1, is decisive.

To formulate the key assumption characterizing our reference sets Y € A,
0 < u(Y) < oo, we define

Yo=Y and Y, =Y°N{p=n},n>1L

The standard proof of Ty-invariance of p |yn4 shows that u(Y;) = u(Y) n(Y)
for n > 0. We will need a pointwise version of this. Notice that for any A € A
we have 14 = TlT 14 a.e., and hence

ly, = leﬂ{gp:n_Arl} + flyﬂ+1 a.e. for n € Ny, (2)

repeated application of which (due to u(Y,) \, 0) implies

ly, = Z fk_"lyﬂw:k} a.e. for n € Ng, (3)
k>n

generalizing (1). Observing that Ufj;ol Y = Un o Y, (pairwise disjoint),
we see

wy(Y)=p (Dl T‘"Y) = / <Z T"1y, ) dyp for N > 1. (4)

n=0 n=0

The condition we are going to impose on the reference set Y is that

1y converges uniformly on Y as N — oo. (5)
n=0

The limit function H : Y — [0,00), the asymptotic entrance density of Y, au-
tomatically is a bounded probability density w.r.t. p. (It is the uniform limit
of a sequence of bounded functions.) In addition, we will assume that H is
uniformly sweeping for Y.

The examples discussed in section 9 actually have the property that

1
fe(Y)

. fleﬂ{SFk} converges uniformly on Y as k — oo, (6)

which, by (3), implies uniform convergence of ﬁ . f"lyn, n > 1, which in
turn entails (5).

3 Main results

We are now ready to state the abstract distributional limit theorems which are
the main results of the present paper.



Perhaps the most basic question about some c.e.m.p.t. T on (X, A, u) is
that for the asymptotic behaviour of ergodic sums S, (f) := ZZ;S foTk,
n > 1, of measurable functions f. If p is finite (and w.l.o.g. normalized),
Birkhoff’s ergodic theorem provides us with a strong law of large numbers as-
serting that n=S,,(f) — wu(f) a.e. for any f € L;(u). The picture is funda-
mentally different if T preserves an infinite measure pu: Not only will we have
n~ 'S, (f) — 0 a.e. for any f € Li(p), but it is in fact impossible to find any
sequence (a,) of normalizing constants for which a;, 'S, (f) has nontrivial a.e.
limits for f € L (p), cf. section 2.4 of [A0]. However, the Darling-Kac theorem
shows that there may still be (a, ) such that a; 'S, (f) converges in distribution.

We let M, a € [0,1], denote a non-negative real random variable distrib-
uted according to the (normalized) Mittag-Leffler distribution of order «, which
can be characterized by its moments

o TA+ )"

e Np.
rl+ra) ’ re o

Our Darling-Kac theorem for infinite m.p.t.s reads as follows:

Theorem 1 (Darling-Kac theorem) Let T be a c.e.m.p.t. on the o-finite
measure space (X, A, ), and assume there is some Y € A, 0 < u(Y) < oo,
such that

N-1
1 ~n uniformly on'Y as N — oo, with
wy(Y) ;::o My, —H H:Y — [0,00) uniformly sweeping, (7)
and that
(wn(Y)) € Ri—o for some « € [0, 1]. (8)
Then
1 L(w)
—8,(f) =5 ulf) - Mo for all f € Ly() s.t. u(f) #0, 9)
where 1
Ay 1= : n n>1,

T1+a)l(2—-a) w,(Y)’

which is regularly varying of index .

Remark 1 Notice that M1 =1, so that for a = 1 the result provides us with a
generalized weak law of large numbers. For a € (0,1) the conclusion (9) of the
theorem is equivalent to distributional convergence of the j-th return time (suit-
ably normalized) of an arbitrary E € A, 0 < u(E) < oo, to a random variable
G distributed according to the one-sided stable law of index «, characterized by

o

E [efsg”} =e ¥, s>0.

Ergodic sums of non-integrable functions will exhibit a different behaviour.
We shall content ourselves with occupation times S, (14) of sets with p(A4) = cc.
The situation p(A€) < oo being trivial, we are going to compare pairs A;, Ay
of disjoint sets of infinite measure. The additional structure enabling us to
derive a strong result again involves the dynamics relative to a reference set



Y: We say that two disjoint sets A;, Ay C X are dynamically separated by
Y C X (under the action of T) if x € A; and T"x € Ay (resp. = € A
and 7"z € A;) imply the existence of some k = k(z) € {0,...,n} for which
T*z € Y (i.e. T-orbits can’t pass from one set to the other without visiting ).
This condition prevents, for example, trivial periodicities between components
of infinite measure (like A; = 2Z and As = 2Z + 1 in the case of the simple
random walk on the integer lattice). If the sets are measurable, we define
wn (Y, A;) = S0 (Y n T A 0 {p > n}), N > 1. We will see (cf. (50)
below) that if X = A; UY U A, (disjoint),

N-1
wy (Y, Ai) = p(Y N T A) + ) (Yo NA). (10)

n=1

For o, 8 € (0,1) we let L, g denote a random variable with (values in [0, 1]
and) distribution given by

Pr({ﬁa,ﬁ < t}) = dx

bsin o /t 2 (1 —x)et

™ o b2x2e + 2bx(1 — ) cosma + (1 — x)2

-1 arccot <((1_t)/t) + cot 7ra> , te(0,1],
T bsinTa

where b := (1 — 3)/8. Continuously extending this family, we let £, 1 := 1 and

Loo =0, a€0,1], and L15 := 5, Pr(Log=1) =8 =1—-Pr(Los = 0).

These variables satisfy E[L, g] =  and Var[L, g] = (1 —a)5(1 —f), cf. section

3 of [T6], where the relation to one-sided stable variables G, is discussed, too.

Theorem 2 (Arcsine law for occupation times) Let T be a c.e.m.p.t. on
the o-finite measure space (X, A, p), u(X) = oo, and Y be as in Theorem 1,
satisfying (7) and (8). Assume further that X = A1 UY U Ay (measurable and
pairwise disjoint), where (A1) > 0 and Y dynamically separates Ay and As,
and that

N—1
1 “~n uniformly on'Y as N — oo, with
wy (Y, Ay) nz::o Flanm, = 5 Hy:Y — [0,00) uniformly sweeping,
(11)
and
wy (Y, A1)
— — f€|0,1 as N — oo. 12
A —sel (12)
Then
1 L
~8,(14) LW Lo s (13)

for all A € A satisfying p(A A Ay) < 0.

Remark 2 In the « = 1, § € (0,1) case this gives a non-trivial weak law
of large numbers for the occupation times of the infinite measure set A. The
question of the pointwise (a.e.) behaviour in such situations has been discussed
in [ATZ].

The following observations are very useful in applying the theorems, cf. Sec-
tion 9 below. The first enables us to deduce our conditions if we know about
smaller components partitioning Y °.



Remark 3 Let T be a c.e.m.p.t. on (X, A, pn), u(X) =00, X =Y UU,; B,
(measurable and pairwise disjoint), where 0 < wu(Y) < oo, J is finite, and
w(Bj) > 0 for all j € J. Suppose that Y dynamically separates B; and B;
whenever i # j. If, for all j € J,

N-1
1 N uniformly on'Y as N — oo, with
_— T"1p. D, . ’ .
wn (Y, B;) 7;) BiYn = Hj D;:Y — [0,00) uniformly sweeping,
(14)
and
wN(Y, BJ)
— — B, €0,1 N 15
wn (V) B; €0,1] as N — oo, (15)

then T satisfies (7) with H = ZjEJ B;D;j. Moreover, for any partition J = J1 U
Jo, the sets A; = UjGJi Bj are dynamically separated by Y, and if Zg‘eJl B; >

0, then Ay satisfies (11) and (12) with B =3, ; B; and Hy = g1 > e BiDj.

The second provides us with an important way to find or recognize good
components A; in systems known to have property (7).

Remark 4 Let T be a c.e.m.p.t. on the o-finite measure space (X, A, p),
w(X) = oo, and Y be as in Theorem 1, satisfying (7). Assume further that
X = A1UY U Ay (measurable and pairwise disjoint), and that there are disjoint
sets E1,Ey € ANY with TA;\ A; CE;, j € {1,2}. ThenY separates Ay and
Ag, and if 1g, - H is uniformly sweeping for'Y, then (11) and (12) are satisfied
with 8 = fE1 Hdp >0 and H = Billng. Moreover, Aj =,,~; Yo NT "E;
(mod 1), j € {1,2}, which indicates how to construct dynamically separated
pairs starting from subsets of Y. (To see this, verify that A;NY,, =Y, NT™"E;

and hence f"lAjmyn = L@.f”lyn form>1.)

In many situations (see Example 1 and Section 9) there are natural candi-
dates A; which can be shown to fulfill the conditions of Theorem 2. Still we
will show, using the preceding remark, that in the situation of our Darling-Kac
theorem there are always sets satisfying the arcsine law:

Proposition 1 (Existence of sets satisfying the arcsine law) Let T be a
c.e.m.p.t. on the nonatomic o-finite measure space (X, A, p), p(X) = oo, and
Y be as in Theorem 1, satisfying (7) and (8). Then, for any § € (0,1), there
are pairs (A1, As) satisfying the assumptions of Theorem 2.

The second arcsine limit theorem we discuss involves the times at which
orbits visit a good set. For Y € A, 0 < u(Y) < oo, we define the Nyp-valued
variables Z,,(Y), n € Ny, on X by Z,(Y)(z) ;== max({0} U{1 <k <n:Tkz €
Y}). In the language of renewal theory, n — Z,,(Y) is the spent waiting time if
the process is inspected at time n. If u is a probability measure, the ergodic
theorem immediately shows? that

n1Z,(Y) — 1 a.e.

2Since Zn(Y) = Y775 @ o T with Sy, := 371 1y o T9.



The Dynkin-Lamperti arcsine theorem describes the asymptotic behaviour of
these renewal-theoretic random variables in infinite measure preserving situa-
tions: For « € (0,1) we let Z, denote a random variable (with values in [0,1])
distributed according to the B(«, 1 — «)-distribution (sometimes called the gen-
eralized arcsine distribution), i.e.

sina [! dx
Pr({Za < 1}) = =2 /xl*a(l_x)a, te0,1].

Continuously extending this family to « € [0, 1] we let Zy := 0 and Z; := 1. We
are going to prove the following version of the Dynkin-Lamperti theorem for the
reference set Y. (For more specific maps, like the one in Example 1, it is easy
to extend the result to a large family of sets, see Proposition 6 and Remark 9
below.)

Theorem 3 (Arcsine law for waiting times) Let (X, A, pu), T, andY be as
in Theorem 1, satisfying (7) and (8). Then

1
27,v) 2z, (16)

Remark 5 (Alternative formulations) Statement (16) is equivalent to as-
sertions about other renewal theoretic variables (cf. [Dy], [T4]): Let T be a
ceem.p.t. on (X, A, pn), and forY € A, 0 < pu(Y) < oo, define Y, (Y)(x) :=
min{k >n:T*z € Y} = o(T"x) +n, x € X, n >0, so that Y,(Y) — n is the
residual waiting time. Due to {Z,(Y) < k} ={Yr(Y) > n}, (16) holds iff

Y, (Y .
W) 26 51 (17)

n
or, equivalently, (poT™)/n £ Z71—1. Moreover, letting V,(Y) := Y, (Y) —
Z,(Y) denote the total waiting time, (16) and (17) imply

Y "
Vol 2y, (18)

where Vg := 00, Vy := 0, and V,, a € (0,1), has distribution given by

i f1- 1-— o
Pr({V, < 1)) = 22 /0 (mazfm 2O g >0,

(In the situation of [T4] the converse implication holds as well.)

Having chosen (7) as our starting point, a natural question is how this con-
dition relates to other concepts in infinite ergodic theory. Let us first see what
can be said about the all-important wandering rate (wy(Y)). For a c.em.p.t. T
on (X, A, u) the asymptotics of (wy(Y)) in general depends on the set Y, and
there are no sets with maximal rate, provided p is non-atomic (cf. Proposition
3.8.2 of [A0]). Still, there may be sets Y € A, 0 < p(Y) < oo, with mini-
mal wandering rate, meaning that limy_  wn(Z)/wy(Y) > 1 for all Z € A,



0 < u(Z) < oo. If such sets Y exist, wy(T) := wny(Y), N > 1, defines the
wandering rate of T (up to asymptotic equivalence), whose asymptotic propor-
tionality class is an isomorphism invariant (cf. [T2]). The following result can
be seen as an abstract version of Theorem 3 in [T2]. It shows, in particular,
that (wy(Y')) may be replaced by (wy(T)) in the assumptions of Theorems 1,
2, and 3.

Proposition 2 (Minimal wandering rates) LetT be a c.e.m.p.t. on the o-
finite measure space (X, A, ), w(X)=o00. IfY € A, 0 < u(Y) < oo, satisfies
(7), then Y has minimal wandering rate.

The c.e.m.p.t. T on (X, A, u) is called rationally ergodic if there exists some
YeA 0<puY) < oo, satisfying a Rényi inequality, i.e. there is some M > 0
such that

2
/ S,(1y)?du < M - (/ Sn(ly)d,u> for all n > 1,
Y Y

see Section 3.3 of [A0] and [A1l]. We will prove

Proposition 3 (Rational ergodicity) Let T be a c.e.m.p.t. on the o-finite
measure space (X, A, n), w(X) =o0. If Y € A, 0 < u(Y) < oo, satisfies (7),
then it also satisfies a Rényi inequality, and T is rationally ergodic.

We finally emphasize the difference to earlier work on Darling-Kac- and
Dynkin-Lamperti-type results for m.p.t.s: The original proof (cf. [AQ], [A2])
of the dynamical Darling-Kac theorem applies to c.e.m.p.t.s T on (X, A, u),
which are pointwise dual ergodic (p.d.e.), meaning that there exists a sequence
(an) = (an(T)) in Ry (the return sequence of T') such that

n—1
Z Ty —s u(u) a.e. on X for each u € Ly(u). (19)
k=0

1

Qn

The same is true for the Dynkin-Lamperti theorem (cf. [T4]) which in addition
requires the sets under consideration to be uniform sets, i.e. the convergence
in (19) has to be uniform on Y for some u € L (u). (We shall revisit the
arguments in the appendix.) These are conditions about the full asymptotics
of the transfer operator. Checking them for specific systems like interval maps
with indifferent fixed points is a nontrivial matter, cf. [A3], [T3], and [Z2].

In [T6] a different approach, based on property (6), has been used to derive
a version of the arcsine law for occupation times for certain infinite measure pre-
serving interval maps (including Boole’s transformation). Here, we will develop
this method more systematically, showing that the (much weaker) entrance con-
dition (5) is a suitable starting point for all three limit theorems. On the other
hand, we demonstrate that for a large class of infinite measure preserving in-
terval maps these conditions which only concern the dynamics up to the first
entrance to Y can be verified with less effort than (19).



4 Outline of the approach and analytic tools

We give a brief sketch of our method and provide a few auxiliary results which
will be used in the sequel. To begin with, we recall the most important single
observation concerning strong distributional convergence: Given distributional
convergence w.r.t. some probability measure v < m, strong distributional con-
vergence is automatic if the random variables are asymptotically invariant in
measure® under an ergodic nonsingular transformation 7' on (X, A, m).

Proposition 4 (Strong distributional convergence) Let T be a nonsingu-
lar ergodic transformation on the o-finite measure space (X, A,m). Assume
that R, : X — R, n > 1, are measurable functions satisfying

R,oT .,

R,oT—-R, ™0 or 7 L (20)

If R, == R for some probability measure v < m and some random variable R

taking values in R, then R, @Q R.

(See [Ea] for the probability preserving case, and [A2] or section 3.6 of [A0]
for the case of nonsingular 7' and ergodic sums R,, = a;'S,(f). As pointed
out in [T4], the argument given in the latter reference actually applies to the
more general situation considered here.) This remarkable observation shows
that many distributional limit theorems for dynamical systems, which are usu-
ally formulated in terms of the invariant measure, extend at once to arbitrary
absolutely continuous initial distributions v. Moreover, we shall see that it also
is a strong tool for establishing distributional limit theorems in the first place.

The random variables occurring in our results all satisfy the asymptotic
invariance condition R, o T — R,, —— 0. Therefore it is enough to prove distri-
butional convergence w.r.t. one particular initial distribution v < p, which we
will choose to be concentrated on the reference set Y. Since in each case the
distribution of the limiting variable R is determined by its moments, R,, == R
follows as soon as the moments of the R,, converge, ie. [ ~ B, dv — E[R"]
as n — oo for all + > 1. All variables R,, we are going to consider here are
non-negative.

To establish convergence of moments, we are essentially going to use the
following scheme: We dissect trajectories of points in the reference set Y at their
first return to Y, thus obtaining a recursion formula which, on each Y N{p = k},
expresses R, in terms of R,_j o T%, and automatically gives corresponding
formulae for the R] . These dissection identities being convolution-like, we pass
to Laplace transforms, turning them into product form. The implicit recursive
relations for the Laplace transforms of the moments involve the Tklyﬁ{g,:k}
and f”lyn. Our condition (5) together with regular variation now enables us to
derive explicit asymptotic recursions for the transforms. Technically, this step
is taken care of by Lemmas 2 and 3 below.

. . m
30n a o-finite measure space (X, A, m) convergence in measure w.r.t. m, V,, — V, means
. v . e
convergence in measure, V,, — V/, for all probability measures v < m.

10



We will, however, encounter a problem with the asymptotic recursions thus
obtained: They involve a change of measure, and express the moments of the
R, w.r.t. one probability measure in terms of its lower-order moments w.r.t. a
different measure. This will be resolved by means of an important consequence
of Proposition 4, the equivalent moments principle, Lemma 4 below. Employing
this we end up with a proper asymptotic recursion formula for the transforms
of the moments w.r.t. one particular measure. Completing the proofs then is a
matter of asymptotic analysis.

We supply a number of important analytic tools. Throughout we use the
convention that for a,,b, > 0 and C € [0, c0),

ap~C-b, asn—oco means b, >0Tforn>ngand lim a—nzC,
even if C = 0 (and analogously for functions and f(s) ~ C - g(s) as s \, 0).
We shall heavily depend on Karamata’s Tauberian theorem for discrete Laplace
transforms and the Monotone Density theorem for regularly varying functions,
cf. corollary 1.7.3 of [BGT]. We will need the following version:

Proposition 5 (Karamata’s Tauberian Theorem, KTT) Let (b,) be a se-
quence in [0,00) such that for all s >0, B(s) ==, ,bpe™™ < o0o. Letf € Ry
and p,¥ € [0,00). Then B

B(s) ~ ¥ <1>pz (i) as 50, (21)

S

n—1
¥
~N —nP —_— .
,;_0 by, T+ 1) nl(n) asn— oo (22)

If (b,) is eventually monotone and p > 0, then both are equivalent to

Up

by, ~ ————
T'(p+1)

n?~Y(n) asn — oo. (23)
Remark 6 In corollary 1.7.8 of [BGT], the last equivalence is stated under the
additional assumption ¥ > 0. This is, however, an unnecessary restriction. The
way we have written the constant in (23), the implication (22)=(23) remains
true even for p =0 (but to conclude that (b,) € R,—1 one clearly needs ¥p >
0). The implication (23)=(22) requires p > 0, but does not depend on the
monotonicity condition.

We will also exploit the Monotone Density theorem in the form of the fol-
lowing differentiation rules. To formulate them, define

o i=plp+1)...(p+r—1)=(=1)"7! <rp)

for p € R and r € Ny, and let ¢, —1 := 0. Notice that

Cpr — T Cpr—1 = Cp_1, forall ¥ € Nog. (24)
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Lemma 1 (Differentiation lemma) a) Let f : (0,7) — (0,00) be continu-
ously differentiable, g € Ro(0), and let p € R, ¥ € [0,00). If ' is monotone,
then

f(s) ~9-s%g(s) ass\,0
implies

f'(s) ~Op-s""1g(s) ass\,0.
b) Consequently, if b, >0, n >0, are such that B(s) := ) -, bne™ ™ < 00 for
s> 0, and if a
B(s) ~19-G(s) ass\,0

with G € R_,(0), and p,? € [0,00), then, for r € Ny,

(=1)"B") (s) = Z nbpe " ~d ¢,y <i) G(s) ass\,0. (25)

n>0

(Unless explicitely stated otherwise, we agree that 0° := 1 in coefficients of
power series.) Next, we provide the two lemmas mentioned above.

Lemma 2 (Integrating transforms I) Let T be a nonsingular transforma-
tion on the o-finite measure space (X, A,m), Y € A with 0 < m(Y) < oo, and
H a nonnegative measurable function, supported on and uniformly sweeping in
K € Ny steps for Y. Suppose that R, : X — [0,00), n > 0, are measurable
satisfying

0<Z</ Rn~Hdm)e”5<oo for all s > 0,
Y

n>0

and that for all k € {0,..., K},

/RnoTk~Hdm:O</ Rn+k~Hdm) asn — oo.
Y Y

Let v, : Y — [0,00), n > 0, be bounded measurable functions such that for all
5 >0 we have 0 <3, ~o( [y vodm)e ™ < oco. If

n
E:k:ovk — v H

—_ uniformly on'Y as n — oo, (26)
Y=o Jy vn dm

then

/Y Z vpe ] Z R,e ™ | dm

n>0 n>0

NZ(/}/vndm>6”S~7§</}/Rn~Hdm>e"S as s\, 0.

n>0

Condition (26) obviously holds if fY vy, dm is eventually positive and

Z/ vp,dm =00 and . H uniformly on Y. (27)
=0l fY v, dm

12



Proof. We have to show that

/ HS-ZRne_”sdmNZ
Y

n>0 n>0

(/ Rn-Hdm>e_”s as s\, 0,
Y

"o Dnzotne " o 2z (CheovR)e™™
= —

5 oy v ) e 5 (S fy vxdm) e

Recalling that the functions v,, (and hence also H) are bounded, it is straight-
forward to verify that

where

H,— H uniformly on Y as s\ 0.

Therefore, given € > 0 there is some s > 0 such that for s € (0, s;),

5" n —TLSd _ o d —ns < nd —’VLS7
|/YH ZRe m Z(/YR Hm)e <5Z</YR m)e

n>0 n>0 n>0

and the proof will be complete if we show that

5 ([ mom) oS ([ mmam)er) e

n>0 WY n>0

Since H is uniformly sweeping in K steps for Y, we have CZkK:O TFH > 1 ace.
on Y for some C > 0. Therefore, for all n > 0,

K K
/RndmgCZ/(RHOT’“)-HdeCN’Z/ Rk - Hdm,
Y k=0"Y k=0"Y

which implies

Z(/YRndm> e < <5§:e’“>§<LRn~Hdm> e for s > 0.

n>0 k=0

Besides this elementary observation, we will also make use of a more sophis-
ticated version which covers derivatives and also provides us with a monotone
density result. This result also turns out to be useful in other situations, cf. the
appendix. We state it as a separate lemma since it is worth pointing out that
the easy Lemma 2 suffices if we content ourselves with the stronger assumption
(6) instead of (5) in the arcsine theorems.

Lemma 3 (Integrating transforms II) Let (X, A,m), T, Y, H, and (R,)
be as in Lemma 2, and let v, :' Y — [0,00), n > 0, be bounded measurable
functions with fy Y onsoUndm >0, and b, > 0, n > 0, be constants such that

13



B(s) :=>,50bne ™ € R_,(0) for some p € [0,00).
a) Assume that

n .
PN uniformly on'Y
Zkfo k f Y

S v dm 28
ZZ:[) fy v dm as n — 00, (28)

and that for some 9 € [0, 00),

Z/vkdmwﬁ-Zbk asn — oo. (29)
k=0"Y k=0

Then, for all v € Ny,

/Y Z nv,e ™| - Z R,e ™ | dm (30)

n>1 n>0

~ 9 (—1)Tr!<_f> <1)TB(S) 3 (/Y R, - Hdm) e as s\, 0.

n>0

b) If, moreover, v, \, 0 a.e. on Y asn — 00, so that v, = ), ur with
Uy > 0, n > 1, measurable, then, for allr > 1,

/ Z n"upe " | - Z R,e ™ | dm (31)
Y

n>1 n>0

N 19.(_1)”74<1r”> <i)7,_1B(s)Z </YRn-Hdm> e as s\, 0.

n>0

Proof. a) Suppose first that » = 0. By Lemma 2 and (29) we find

/ Z v,e "] - Z R,e ™| dm
Y

n>0 n>0
~ Z Un dm) e ™ Z (/ R, - Hdm) e ™
n>0 </Y n>0 WY
~ 19~B(S)Z</Rn-Hdm)e_”s as s\, 0.
n>0 Y

Ifr>1welet V, :=3 1 vk, Bn = p_gbk, n>0. On'Y we have, for s > 0,

Z nrvn e NS — (1 _ e—s) Z(n + l)rvn e s _ Z ((’I’L + 1)7- . n%) Vi, e~

n>1 n>0 n>0

Since
Va

W — H uniformly on Y as n — oo, (32)
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and (n +1)" ~n", Lemma 2 implies

/ Z(nJrl)TVnef”S . ZRne*m dm
%

n>0 n>0

~ an(/ Vndm) e "? Z(/R,,Hdm)e"s as s \, 0.
n>0 Y n>0 WY
Now 1 ]
Z B,e ™ = — e_SB(S) ~ ;B(S) € R_(p+1)(0)
n>0

as s \, 0, so that by (29) and part b) of Lemma 1,
1 r+1
an (/ Va dm> e ™~ ZnTBn e~ cpp (> B(s)
n>0 Y n>0 5

as s \, 0. Consequently,

(l—e_s)/ Z(n—i—l)"Vn e ™ |- ZR" e™™ | dm
%

n>0 n>0
1 T
~ Vot <> B(s) z </ R, Hdm) e ™ as s\, 0.
s Y
n>0

Due to (32) and ((n+1)" —n") ~ rn"~! as n — oo, we can conclude analo-
gously that

/Y Z((n+ D =n") Ve ™ | - ZR" e " | dm

n>0 n>0

1 " —ns
~ Yrepprieot (s) B(S)Z </YRn-Hdm)e as s \, 0.

n>0
Therefore
fY (Zn21 n"u, eins) ’ (ZnZO R, 67"5) dm
(%)T B(S) ZnZO (fy Rn ‘ Hdm) e~ "ns

as s \, 0, which completes the proof of (30).

— - (Cpt1,r—T Cpy10—1) =V Cpr

b) We need to sharpen (30) to get (31) for » > 1. To do so, we use the
identity

—

r—

Z nu,e " =¢e"° Z <T) Z nv, e — (1 —e™ %) Z nv,e ™ onY,

n>1 J n>0 n>0

<
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which is straightforward from w,, = v,—1 — v,, n > 1. According to (30) we
have, as s \, 0,

r—1
e ? (;) /Y anvn e ™. ZR” e ™| dm

n>0 n>0

S0 () o5 (f o)

n>0

1 r—1
~ Yercppot () B(s) Z </ R, - Hdm) e ™
s n>0 Y

and
(1—e" / Z n"v,e ™| - Z R,e ™ | dm
n>0 n>0
1 —ns
~ V-scpr | — R -Hdm .
s n>0
Combinings these observations with r ¢, ,_1 —c,, = —c,_1,, = (—1)""r! (1;"),

our claim (31) follows. m

To conclude this preparatory section we prove the crucial equivalent mo-
ments principle. As it is of some independent interest we give a version which
is somewhat more general than what we actually need below.

Lemma 4 (Equivalent moments principle) Let T be a nonsingular ergodic
transformation on the o-finite measure space (X, A,m), and let R, : X —
[0,00), n > 1, be measurable, satisfying (20). Suppose that v,v* < m are proba-
bility measures on (X, A) such that for all € Ny the sequences ([ R}, dv)),>1
are bounded, and assume that lim,,_, .o fX R,dv > 0. Then

R d
nan;o ffX R dl; =1 for all r € Ny.
b'e

Proof. Take some p € N and let (ny) be a subsequence of indices such that

exists. We show that necessarily p = 1. By Helly’s compactness theorem and

Proposition 4 there is some subsequence (m;) of (nx) and some random variable

R taking values in [0, oo] such that R, 2 R Since sup,, > [y R dv®) < oo

for each r € Ny, we conclude that E[R"] < oo and lim;_, o, f); Ry, dv*) = B[R"]
for all 7 > 0. As lim,, [ Ry dv > 0, we know that E[R] € (0,00), and hence
E[R"] € (0,00) for all r € Ny (and in particular for » = p). Hence p=1. =
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5 The Darling-Kac theorem

Suppose that the assumptions of Theorem 1 are satisfied. As a consequence
of Proposition 4 for R, = a,'S,(f) and Hopf’s ratio ergodic theorem, the
conclusion of our theorem follows as soon as there is any f € L (1) and any
v < p for which a;'S,(f) = u(f) M,, and we will choose f = 1y and
v := py, thus considering the occupation times?! S, := 2?21 ly oT9, n > 1.
As the Mittag-Leffler laws are determined by their moments, the theorem can
be proved by showing that

Sa\" . . y T+ )"
/Y() ity — p(Y)" BM] = (¥) v e re Ny (33

an
We proceed along the lines sketched above. The dissection identity is

: k = <k<
Sn:{l—l—Sn_koT onYN{p=k}1<k<n, for > 0, (34)

0 onY N{p>n},
which leads to
Lemma 5 (Splitting moments at the first return) Let T be a c.e.m.p.t.

of (X, A, ), considerY € A, 0 < u(Y) < 0o, and define S, := 2?21 1y o T7,
n>0. For allr > 1 and s > 0 we then have

/ Z f"lyﬂ e " Z Sre " | dp
Y

n>0 n>0
1 =
B L (S rr) (g5 o
e NV y = n>0

Proof. According to the dissection identity (34) and the fact that fklyﬂwzk} =
0 a.e. on Y, we obtain for n > 0 and r > 1,

n

/S:;du - Z/ (1+ Sn—k) 0 T  dps
Y 1 Y n{e=k}

= > /y Ty gpmky - (14 Snk)” dp
k=1

n ~ T r .
= Z/YTleﬁ{<p:k}' Z (j)sik dp
k=1

j=0
T r n N )
= () [ X v S
= NIy

4Working with Sy, rather than S, (1y') leads to slightly nicer formulae.
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Consequently, for s > 0,

([ s5)-

n>0
r—1 r
SO (S () o
=0 M/ Iy \ 03 n>0
+ / Z T\"lyﬂ{s(,:n} e " - Z Sye "] dp.
Y \n>1 n>0

Observe that the sum on the right-hand side agrees with the one in the identity
we wish to prove. Recalling (3) we see that

1-— Z f”LlYﬁ{SO:n} e™ = (1—-¢€77) Z (Z fk1Yﬁ{<p—k}> e "

n>1 n>0 \k>n
= (1-¢79) Z T"ly, e ™ ae. onY, (35)

n>0

and our assertion follows. m

Condition (7) now enables us to convert this implicit recursion formula into
a simpler explicit asymptotic recursion formula. The price we pay is a change
of measure.

Lemma 6 (Asymptotic recursion) If, in the situation of the previous lemma,

N-1
1 ~n uniformly on'Y as N — oo, with
wn (Y) nz:% Ty, = H H:Y —[0,00) uniformly sweeping,

then, for anyr > 1,

T
S;.Hd>e-m~ (/ Sr=tq )e_”s,
S ([ ) g S (s i

as s \, 0, where Qy (s) == 3,50 qn(Y)e™, s> 0.

Proof. As a consequence of Lemma 2 applied to R,, := §] and v, := f”lyﬂ,
we find for the left-hand side of Lemma 5 that

/Y Z T"lyﬂ e "] - Z Sre "™ du (36)

n>0 n>0

~ u(Y)Qy(s) Y </Y ST Hdu) s

n>0

as s \, 0. To deal with the right-hand side, we use (35) and the identity

(1—e7")Qv(s) =1— Fy(s)

18



for Fy (s) :== > 245y fu(Y) e %3, s> 0, to see that on Y,

. S ao Ty, e
1= T'lyngeenye ™ = (1— Fy(s)) ==
= Qy (s)

As in the proof of Lemma 2 we have

ano j'\'nlyn e~ ns
Qv (s)

and since 1 — Fy (s) — 0 as s \, 0, we conclude that

—u(Y)-H uniformly on Y as s \, 0,

z f”lyﬁ{g,:”} e ™ —1 uniformly on Y as s \, 0.

n>1

Hence, for 0 < j < r, we obtain as s \, 0,

s
(37)

We claim that on the right-hand side of Lemma 5 the term with 7 = r — 1
dominates the others, thus determining the asymptotics. To see this, notice
that for 0 < j < r — 1 we have [, S7du = o(fy, S;~"du) as n — oo since
Sp — oo a.e. on X. Combining this with (36) and (37) our assertion follows. m

Z f”lyp,{(p:n} e ™. Z S% e ™| du~ / Z ng e " | du.

n>1 n>0 Y \n>o0

The proof of the theorem makes use of the second of the following simple
observations (see also 2.10.2 and 2.10.3 of [BGT]).

Lemma 7 Let (by)n>0 be a non-negative sequence and let B(s) := >, < b, e™"

s> 0. Then
N-1 1
;bn—O(B<N>> as N — oo.

If, moreover, (by,) is increasing, then

bn0<1B<1>> asn — 00.
n n
1

)

Proof. Forn > 1,

2

N-1 N-1
S ey b
n=0 n=0
If the sequence is increasing, then

2n 2n

1
nb, < Zbk geQZbke*k/” <e?B <)
n

k=n k=n

19



Proof of Theorem 1. We are going to convert the formula of Lemma 6 into
an actual recursion formula by showing that for all » > 1,

/S;~Hdp~/52duy as n — 00. (38)
Y Y

In view of Lemma 6 and the fact that trivially >, oo ([ SO dpy ) e ™ ~ s71,
this will immediately imply that for all » > 0, B

! 1 "
X ([ o)~ Sigm) e o
n>0

To establish (38), we apply the equivalent moments principle, Lemma 4. We
first claim that for all r € Ny,

/S,’;~Hdux/5'£duy as n — 0o, (40)
Y Y

i.e. that the ratio is asymptotically bounded away from zero and infinity. Choose
K € Ny such that ZkK:O T*H is bounded away from zero (mod ) on Y. Since
this function is also bounded above, we obviously have

K
/S;(kaH) d,ux/S;duy as n — oo for any r € Ny.
Y Y

k=0

On the other hand,

/S,Tondu
Y

IN

K K
/S;~ (Zf’“H) dugz:/ ST oT*. Hdy
Y k=0 k=0"Y

K
Z/(S,LM)T’-Hdugcr/ ST Hdu+ K,
k=0"Y v

IN

for constants C, and K, r € Ny, and (40) follows.

Using (40) and Lemma 6 we see by induction that

()=o) <o

n>0

for each r € Ny. As a consequence of the second statement of Lemma 7, therefore

/YS'; diy =0 ((Qy(nl/n))r) as n — oo for any r € Ny. (41)

Since (wy(Y)) is regularly varying of index 1 — a, o € [0, 1], we have

@y<@::<i)lae(i)7 550, (12)

with £ slowly varying at infinity. Thus

n® \"
Sydpuy =0 | — as n — oo for any r € Ny. 43
fosiam =o( (i) ) yrete @)
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Taking r = 1 in Lemma 6 we obtain
o 1 1+ 1
Z /Sn-Hd,u e "~ | = —— as s\ 0,
2\, s) 1)
and, since ([, Sy, H dp) is monotone (cf. KTT),

1 n<

In view of (40), (43), and (44) the sequence given by R, :=n~*¢(n)S,, n > 1,
satisfies the conditions of Lemma 4 with respect to the probability measures in
question and we conclude that (38) holds.

According to our asymptotic recursion (39), and (42),
. e 1 14+ar 1 T
Z Sydpy | e~ ol = —= as s \, 0
nso MY s 03)
for all » > 0. Due to (42) and KTT we have

w(Y)

0 Te g

n'~*(n) asn — oo.

By KTT and monotonicity of the sequences ( [, S, dity )n>1,
1 " Ml+a)"
—Sn | d Y)orle———= = pu((Y)" - E[M., 45
[ (50) auy — oy =y sl 9
as n — oo for all 7 > 0, where

n® 1 n
pNITA+a)ln)  TA+a)l2—a) w.(Y)

Ay ~ as n — oo.

This establishes (33) and thus completes the proof. m

Remark 7 (Formulation in terms of moment sets) We briefly review our
argument in the light of the account of the Darling-Kac theorem given in [A0].
Let T ba a c.eem.p.t. on (X, A,u). We shall callY € A, 0 < u(Y) < 00, a
moment set (for T'), if there exists some function V : (0,17) — (0,00) such that

!
Z (/ Sy d,uy> e v D V(s)" as s\ 0 for all r € Ny.
n>0 WY s

Choosing r = 1 we see that necessarily

V(s) ~ Uy(s) := Z u,(Y)e™, s>0,

n>0

where un(Y) = puy (Y NT™"Y), n > 0. Hence we may w.l.o.g. replace V' by
Uy in the definition of a moment set (as in section 3.6 of [A0]). By KTT one
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sees that this condition implies (338) provided that Uy is regularly varying (cf.
[DK] or Theorem 3.6.4 of [A0]):

If T has a moment set Y with Uy € R,(0), then

18,1 2 u(F) Mo forall f € Lu() s.t. pu(f) 0,
where a, = p(Y)~* Z;;Ol u;(Y), n>1.

The main steps of the proof of the DK-theorem for pointwise dual ergodic
transformations given in [A0] are to show (cf. Theorem 8.7.2 and Proposition
3.8.7 there): If T is p.d.e. andY € A, 0 < u(Y) < oo, satisfies

n—1
1 N
—Zley <M< forn>0,
an] 0

Leo(Y)

then Y is a moment set, and (wn(Y)) € Ri_q implies Uy € R4 (0). We will
reconsider this result in the appendiz.

The main step of our argument above can be summarized as follows: If
Y e A 0 < uwY) < oo, satisfies (7), and (wy(Y)) € Ri_a, then Y is a
moment set with 1/V(s) = s Qy (s) (which is the asymptotic renewal equation,

cf. [A0], 3.8.6).

6 The arcsine law for occupation times

Suppose that the assumptions of Theorem 2 are satisfied. If u(A;) < oo, then
clearly = 0 and the conlusion follows from the ergodic theorem. We therefore
assume that p(A;) = co. Again appealing to the ergodic theorem we see that
it is enough to consider A := A;. Due to Proposition 4 we need only prove
distributional convergence w.r.t. the particular probability measure v < p with
density H. By boundedness of the variables under consideration, it suffices to
prove convergence of the moments, i.e.

t/<iv “Hdp — BILg, p]  asn — oo forall 7 > 1. (46)
Y

The dissection identity for S, := 2?21 140T9, n>1, reads as follows

k=148, xoTF onYNT'An{p=k}, 1<k<n,

Sp_poTk onYNTtAn{p=k}, 1<k<n,
= =k == >
Sn n on Y NT rAN{p > n}, forn =0,
0 on Y NT~tA°N {p > n},
(47)

which results in

Lemma 8 (Splitting moments at the first return) Let T be a c.e.m.p.t.
of (X, A, ), and assume that X = AUY UB (measurable and pairwise disjoint)
such that Y € A, 0 < u(Y) < oo, dynamically separates A and B. Let S, =
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Z;‘L:1 1laoT9, n>1, then, forr >1 and s > 0,

(1 _ e—s)/ Zj-\vnlYn e ns Z 5777, e s dﬂf
Y

n>0 n>0

r—1
—s r r—j pn —ns j ,—ns
=e <J) / Z n"T +1]—Y0T—1Aﬂ{<p:n+1} € Z S e dp
Y

j=0 n>1 n>0

+ Z nu(YNT AN {p >n})e .

n>1

Proof. Analogous to Lemma 5, compare Lemma 1 of [T6]: For n > 0 and
r21,

n

/S;du _ Z/ (k—1+Sp_p)" 0T du
Y =1 Y YNT-1AN{p=k}

—|— St oThduy+n"u(Y NT AN {p >n})
k=1 Y YNT-tAn{p=k}

r—1 n
r o —~ .
J) Jy 1

7=0

I
M

3

+/ fklyﬂ{wzk} ST pdp+nTu(Y NTPAN{p > n}).
YVig=1

Therefore, for s > 0,

()

n>0
r—1 )
= "), ( ) / S I T M yerangemniy e | | D She
§=0 Y \n>1 n>0
ZT lyn{p=ny e " ZS; e ™| du
n>1 n>0
+Zn p(YNT'AN{p >n})e ™.
n>1

Using (35), the assertion follows. m

Lemma 9 (Asymptotic recursion) Under the assumptions of Theorem 2,
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we have forr > 1, as s\, 0,

1 T —ns
HZ(/YSR-Hdu>e

n>0

~ s S (2) () G (f seoman)

NEION!

Proof. As, in particular, all assumptions of Theorem 1 are fulfilled, we find for
the left-hand side of Lemma 8, exactly as in the proof of Lemma 6, that

(1— e*S)/ STy, e || Yo She | dp (48)
Y

n>0 n>0
~ w(Y)sQy(s) Z (/Y Sy Hd,u) e ™, as s\, 0.
n>0

Turning to the right-hand side of Lemma 8, we consider the rightmost sum.
Letting Qy,a(s) = >_,50 by (Y N T rAN{p >n})e ™, s> 0, we have

Qv,a(s) ~B-Qy(s) ass\0,
since w, (Y, A) ~ 8- w,(Y) as n — oo. Due to (w,(Y)) € Ri_n, we have

av=(1) (). 550

with ¢ slowly varying at infinity, and thus

N /1
Qv,a(s) ~ - <s> 1 <s> , as s \,0.

Therefore, according to Lemma 1, as s \, 0,

_ s - a—1\ /1\"
ST (Y ATTIAN {p > n}) e ~ (1) ﬁr!< ) ) () W(Y) @y (s).
n>1

(49)
For the other summands on the right-hand side of Lemma 8, we fix some j €
{0,...,7—1}. We claim that we can apply part b) of Lemma 3 with R,, := SJ,

Up, = f"‘“llyﬁTqu{@:nH}, ¥ := 3, and p := 1 — «, thereby obtaining

/ Z n"~J anlYmT—lAm{@:nH} e " Z Sje”™ | dp
%

n>1 n>0
<ot () () e
.;)(/Ysg;ﬂldﬂ> e s
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as s \, 0. Combining this with (48) and (49), our assertion then follows.

It remains to check that the assumptions of Lemma 3 are satisfied. We claim
that for n > 1,

Vp_1 = Z fk].yro—lAm{(p:k} = f”lAmyn a.e. forn > 1.
k>n

To verify this, notice that for 1 <1 < k — 1, k > 2, we have, due to dynamical
separation,

YNT'An{p =k} =Y NT'An{p =k},

and hence fllyﬁTflAmw:k} = 1Afllyﬂ{¥,:k} a.e.. Consequently, by (3),

]‘AﬁYn = Z ]_Afk_nlyﬁ{@:k} = Z j—\'k_n].yﬁT—lAm{Lp:k} a.e. for n > ].,

k>n k>n
(50)
as required (hence (10)). It is then clear from our assumption (11) that
ZZZO Vg ZI; fklAmYk " uniformly on Y
T = n 1
Sh—o Sy vrdp S u(ANY) as nm — 00.

Moreover, > p_ [y vxdpp ~ B - w,(Y) as n — oo with (w,(Y)) € Ri_4, and
B(s) = p(Y)Qy(s). The remaining assumptions of Lemma 3 clearly being
fulfilled, we are done. m

Proof of Theorem 2. We first recall that according to Proposition 1 of [T6]
(and by elementary considerations for the boundary cases), if o, 8 € [0, 1],

B[LG5] = (=1)"8 2(—1)j+1<raj)za[£g,g]+(“;1> . or=1 (51)

Taking » = 1 in the conclusion of the previous lemma, we see that

1\2
Z(/Sn-Hdu>e_"S~ﬁ~<) as s \, 0. (52)
n>0 Y 5

Due to monotonicity of ([}, Sy, - H dj),>1 we can conclude (cf. KTT) that
/Sn'HduNBWL as n — oo. (53)
Y

For B = 0 this means n~! fY Sy - Hdp — 0, and hence n=1S5,, i@ Lop=0,as
required.

Assume now that 5 > 0. To obtain a proper recursion formula from Lemma
9, we apply Lemma 4 to the sequence given by R, :=n~1S,, n > 1. As (R,)
is uniformly bounded and by (53) satisfies lim [, R, - H dp > 0, we obtain

n—oo

/s;z-Hdw/Sl;-Hldu as n — o0 for r > 0. (54)
Y Y
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Hence the recursion obtained in Lemma 9 becomes

b (s na)e s [(7) ()

() () A ([ )

n>0

N\ 0. (This is also true in the cases @ € {0, 1} since not all of the
. , O‘;l) vanish simultaneously.) Starting from the trivial » = 0 case,
>nsolfy SO - Hdp)e ™ ~ s!, induction on r together with (51) then shows

1 r+1
s Hd,u> e~ T!E[ﬁgwg] (S> as s\, 0. (55)
Y

(Since we assumed > 0, all the E[L], 5] are positive.) KTT and monotonicity
of ([, S; - Hdp)n>1 now show that (55) implies (46) as required. m

We conclude this section showing that there are many situations in which
Theorem 2 applies.

Proof of Proposition 1. Suppose that the bounded function H : Y — [0, 00)
is uniformly sweeping in K steps. Due to Remark 4, it is enough to show that
for any 8 € (0,1) there is some set F; CY with fEl Hdp = B for which 1g, - H
is uniformly sweeping, and since the latter property is preserved if we enlarge
the set, we need only check that |, B dp can be made arbitrarily small.

Fix e > 0 and take any C' C Y with 0 < fc Hdy < e/2. As T is conservative
ergodic, we have » ;- fl(lc -H) = o0 a.e., implying that there are L € Ny and
Z CY satisfying infy » Zleo T'(1¢ - H) > 0 and pu(Z) < £/(2(K + 1)sup H).

By assumption, Z,{;O T*(lpory - H) =1y ZkK:O T*H has positive infimum on
Z, and hence the same is true for Zf:o Tk(].p -H), where F := YﬂUkKZO T*Z.
Since u(F) < (K + 1)u(Z) < e/(2sup H), we see that [, Hdp < €/2, and
FE{ := CUF is a suitable choice. m

7 The arcsine law for waiting times

Suppose that the assumptions of Theorem 3 are satisfied. Due to our Proposition
4 and Lemma 1 in [T4], it is enough to prove that n~'Z,(Y) == Z, for one
probability measure v < . We shall use the measure v given by the asymptotic
entrance density H of Y, and henceforth abbreviate Z,, := Z,,(Y"). Since for
any « € [0,1], Z, is a bounded random variable, its distribution is determined
by its moments E[Z] = (—1)" (%), 7 € Ny, and it suffices to prove

/ (Zn> -Hdp — E[Z]] asn — . (56)
Y n

The dissection identity for Z,, is

7 _{ k+Z, poT* onYn{p=k}1<k<n,

0 on Y N{p>n}, forn21,  (57)
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leading to

Lemma 10 (Splitting moments at the first return) Let T be a c.e.m.p.t.
of (X, A, ), considerY € A, 0 < u(Y) < o0, and define Z,, := Z,(Y). For all
r > 1 and s > 0 we then have

/ Z f”lyn e Z Zye " | du
Y

n>0 n>0

r—1

§=0 n>1 n>0

Proof. Due to the dissection identity (57) and the fact that fklyﬂw:k} =0
a.e. on Y° we get for n > 1 and r > 1, by the same calculation as in the proof
of Lemma 5,

n

/Z};d,u _ Z/ (k+ Zo_4) o TFdp
Y k=17 YN {p=k}

T r n . .
Z()/ Zkr kalYﬂ{w:k}'me dp.
Y

=0 M k=1

Consequently, for s > 0,

()

n>0
r—1 r
= Z()/ S oI T ey e ™ | [ D] Zh e | dp
=0 M/ Y\ n>0
S Py e | [ S zie ) an
Y \n>1 n>0

Recalling identity (35), the assertion follows easily. m

We now exploit our condition (7) together with regular variation of the
wandering rate to turn this implicit recursion formula into an explicit asymptotic
recursion formula (again involving a change of measure).

Lemma 11 (Asymptotic recursion) If, in the situation of the previous lemma,

1 Nz_l Tny I uniformly on' Y as N — oo, with
wy(Y) — Yo H:Y — [0,00) uniformly sweeping,

and (wy(Y)) € Ri—a, a € [0,1], then, for any r > 1, as s \, 0,

]' T —ns
HZ(/yZn-Hdu>e

n>0
r—1 r—j
) 1 71 )
~ Z(—l)“]”( ¢ ) () =D (/ zZ -Hdu> e
o r—7 S 7! "0 v
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Proof. Observe first that
ZnoT* < Z,yp, forall n,k € Ny. (58)

Lemma 2, with R,, := Z] and v,, := f”lyﬂ as in the proof of Lemma 6, yields

/ Z Ty, e ™ | - Z Zhe ™ | du (59)
1%

n>0 n>0
~ uer) X ( [z mau) e

as s N\, 0. Turning to the right-hand side of the preceding lemma, we fix
Jj €10,...,7 — 1} and apply Lemma 3 with u, = T"lyn{,—n}, 7 > 1 (so
that v, = f"lyﬂ)7 p:=1—q, and ¥ := 1, to see that

/Y Z nrfjfnlyﬂ{g,:n} e ™ |- Z Zie ™ | du

n>1 n>0
, a IR .

~ oo ) (5) T mene X ( [z ) e
r—J 5 n>0 WY

as s \, 0. Combining these observations with Lemma 10, our assertion follows.

Here the measure changed on both sides, and we can immediately continue
to exploit the recursion formula.

Proof of Theorem 3. Using the identity Z;:o (Tfj) (Za) =0, r €N, we see
that the moments of Z, satisfy the recursion formula

r—1
EZD) =S (=)t * VB[] N. 60
2= (0 Bz forre (60
7=0
An induction based on Lemma 11 therefore shows that for any r € Np,
1 r+1
3 (/ zr -Hdu> e gl () BZ7]  ass\0,  (61)
Y S
n>0
By KTT and monotonicity of the sequence ([, Z, - H djt),>1, this asymptotic

equation implies (56), as required. m

To deal with subsets of our reference set Y, we will use the following obser-
vation. To formulate it, we note that Ty is a nonsingular map from (X, A, )

to (Y, ANY, u |y), with transfer operator Ty : Ly () — L1 (1 |y )-

Proposition 6 (Dynkin-Lamperti law for subsets) Let T be a c.e.m.p.t.
on (X, A, u), and assume that Y € A, 0 < u(Y') < oo satisfies

1
*Zn(y) l::(ﬂg Za
n
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for some a € [0,1]. If there is some probability density u such that the sequence
(fy (f”u)) is uniformly integrable, (62)
neN

then every E € ANY with u(E) > 0 satisfies

) L(p)

1
~7,.(B) =% z,.
n

Proof. Fix any F € ANY with pu(E) > 0, and let 7 denote its first entrance
c

(return) time. Recalling Remark 5, our assertion is equivalent to (707™)/n LW

Z71 — 1. Since it is easy to check that (7 o 7"t — 70 T")/n £ 0 (notice

ToT —7=(ly 7)oT — 1), this is the same as

To ™

v —1
= Z " —
n «

where v is the measure with density u, cf. Proposition 4. Observe that 7 =
¢+ (1y\g 7) o Ty. Since, by assumption, (¢ 0 7™)/n = Zo1—1, it suffices to
check that

ToT"—poT™ (Iy\gT)oTyoT" ,
= — 0 asn— oo,

n n

or, equivalently, that for any ¢ > 0,

/ Ty (f”u) duy — 0 asn— co.
Yn{ly\g 7>cn}

Due to (62) this is an immediate consequence of u(Y N{ly\g7 >cn}) — 0. =

8 Minimal wandering rates and rational
ergodicity

We prove the results relating our condition (7) to other ergodic properties.

Proof of Proposition 2. Take any Z € A, 0 < u(Z) < oo, and let YV :=
uUNtr—ry, zN.=UN)T"Z, N > 1. Then,

wn (V) = (YY) < p(ZY) + p(¥V\ 2Y) = wn(Z) + (YN \ 2.

Taking into account that ZN D T="Z,0<n<N, we get

N-—1
pYN\2Z%) = Zu(Yn\ZN)
N-—1

S Yo, nT Y\ Z))
n=0

/Y\Z (Z T"1yn> du.
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Therefore, for all N > 1,

Z
i )21—/ gwduzl—sup/ gidp,
wy(Y) Y\Z 1>1 JJy\z

where gy == wy(Y)? Zf::ol f”lyﬂ, N > 1. Applying this estimate to Z* for
fixed L > 1 and using wy(Z%) < wn(Z) + L u(Z), we obtain

A4 Lu(Z
wi )zl—sup/ qgrdp — w2) for N > 1,
wy (Y) 1>1 Jy\z- wy (Y)
and thus 7
@wN( )Zl—sup/ gi dju.
NoooWn (Y) 1>1 Jy\zr

By (7), however,
lim sup/ grdu =0,
L—oo>1 Jy\zL

and our result follows. m

Remark 8 This argument shows in fact that uniform integrability of the se-
quence (wy(Y)~! Zf:[;ll T™1ly, )N>1 is sufficient for Y to have minimal wan-
dering rate.

Proof of Proposition 3. We exploit an observation made in the proof of
Theorem 1. Without using regular variation, we had found that

foo(am)) =

cf. (41). To show that Y satisfies a Rényi inequality, it therefore suffices to

check that
n

Due to the first bit of Lemma 7, we have wn(Y) = O(Qy (1/N)) as N — oo,
and it is enough to verify

n
—— =0 /Snd> as n — 0o,
wy(Y) (Y :

which is immediate from the stronger statement in Theorem 3.8.1 of [A0]. ®

9 Application to interval maps with indifferent
fixed points

An important family of infinite measure preserving dynamical systems is given
by piecewise C? interval maps with indifferent (neutral) fixed points. We are
going to show that the approach developed above applies to them in a very
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natural way. The following class of transformations has been studied in [Z1],
[Z2] generalizing earlier work from [A0], [A3], [ADU], and [T1]-[T3]. Notations
and terminology below are the same as in [Z1], [Z2], except that (as above)
T denotes the transfer operator w.r.t. the invariant measure p. Throughout
this section A will denote one-dimensional Lebesgue measure, and B will be the
Borel-o-field of the space under consideration. If £ C R is a finite union of
intervals, we let BV(E) denote the space of real-valued functions of bounded
variation on E.

A piecewise monotonic system is a triple (X,T,§), where X is the union
of some finite family of disjoint bounded open intervals, ¢ is a collection of
nonempty pairwise disjoint open subintervals with A(X\ | J¢&) =0,and T : X —
X is a map such that T" |z is continuous and strictly monotonic for each Z € &.
We let £, denote the family of cylinders of rank n, that is, the nonempty sets
of the form (/=) T~'Z; with Z; € €. U W C Z € €,,, we let fyy := (T |w) "
be the inverse of the branch T™ |y,. Our maps will be C? on each Z € ¢ and
satisfy Adler’s condition

T" /(T")? is bounded on Ug, (64)

as well as the finite image condition
T¢E={TZ : Z € &} is finite. (65)

There is a finite set { C ¢ of cylinders Z having an indifferent fized point xz
as an endpoint (i.e. limy_;, zez To =z and lim,_.,, ez T’z = 1), and each
Tz is a one-sided regular source, i.e.

forz € Z, Z € ¢, we have (v —x)T"(z) > 0. (66)

The second endpoint of Z € ¢ will be denoted by yz. Our maps are uniformly
expanding on sets bounded away from {xz : Z € (}, in the sense that letting
Xe = X\Ugzec (zz —€,22 +€) N Z) we have

|T'| > p(e) >1 on X. for each ¢ > 0. (67)

Following [Z1], [Z2], we call (X, T,&) an AFN-system if it satisfies (64)-(67).

Henceforth we assume that 7" is conservative ergodic and ¢ # @& (a basic
AFN-system in the sense of [Z2]). (See Theorem 1 in [Z1] for ergodic decom-
positions.) The system then has an invariant measure p < A with pu(X) = oo
whose density du/dA has a version h(z) = ho(x)G(x), where

=2z forx e Z €(
= z—fz(z)
Glo): { 1 for x € X\ UG,

and 0 < infx hg < supy hp < o0, and hy has bounded variation on each X,
e>0. For Z € (welet By := fz(Z), Z € {,and Z(1) := Z\ Bz. We are going
to show that

Y=Y(T)=X\|JBz= |J WwulJZ1) (mod)), (68)

ZeC Weg\¢ zZeg
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is a suitable reference set for T. It is clear that Y dynamically separates the
(infinite measure) components By = YN Z, Z € ¢, of its complement, so that
we are in the situation of Remark 3 with X =Y Uy, Bz. Our aim is to
check the sufficient conditions (14) and (15) given there.

The first one is taken care of by the following stronger result. For B € BNY*
we define f,(Y,B) == puy (Y NT BN {p=k}), k> 1.

Theorem 4 (Return properties of AFN maps) Let (X,T,£) be a basic AFN-
system, and Y as in (68). Then for each Z € ( there is some probability density
Dz € BV(Y), positive on Z(1), such that

1 ~ uniformly on' Y

k
FviBy T roantemn) —#() Dz (69)

and any D € BV(Y) with D > 0 and fy D dX > 0 is uniformly sweeping for'Y .

The key to this theorem is a lemma about the asymptotic behaviour of high
iterates of (the inverse branch of) T near an indifferent fixed point, cf. Lemma
2 of [T6], or Theorem 17 of [Z3].

Lemma 12 (Asymptotic shape of high iterates at a regular source) Let
f:00,y] = R be C', satisfying 0 < f(x) <z, f'(x) >0 on (0,y], f'(0) =1, and
let f be concave on [0,n)] for somen > 0. Then there exists a positive continuous
function g on (0,y], non-increasing on (0,n)], such that

@) (f") ~ (f"(y) = [ (y)) - g as n — oo uniformly on each (¢,y], € >0,

(ii) J;J:J(ffl) <g(z) < x_}(w) on (0,m], and

(iii) ff(w) g(t)dt =1 for all x € (0,y].

Proof of Theorem 4. Instead of directly using T it will be convenient to deal
with the dual operator P of T' w.r.t. Lebesgue measure A (the Perron Frobenius
operator). The two are related via T"u = P"(hu)/h, n € Ny, and P" has an
explicit representation P"u = EZEEn (wo fz)- | f% |. We shall henceforth use
the version given by the expression on the right-hand side. Fix any Z € (.

a) By the finite image condition (65), there are L € N (w.l.o.g. L > 2) and
) #£n C ¢suchthat if [ > L, then TWNY) D ZN{p > 1} for W € n, while
TWNY)N(ZN{p >1}) =0 for W € £€\n. Clearly, ZN{p > 1} = ByzN{p > 1}
if [ > 2. For k > L therefore

P (lynr-15,00056 - h) = lzafesk—1} Z P (1w h)
Wen

Lznfp>k—1} Z (ho fw)- | fiv |

Wen

(fOI‘ all W € n we have 1Zﬂ{<p2k—1}P(1WﬂY h) = 1Zﬂ{<p2k—1}P(1W h)) Ob-
serve that the restriction to Z N {p > k — 1} of each ho fiy, W € n, is of
bounded variation with positive infimum. Adler’s condition (64) implies that

32



the same is true for the restriction of the sum V := 3y, (ho fw)- | fiy | on the
right-hand side. (As sup | fiy |< e AX)%inf | £, | with a := sup | T"/(T")? |,
and [ | fiy | dX = A(W).) Now, on Y,

T (lyrrsunemky) = 7 PF (yarip,agpen - )
Rt P U (P (Iynr-1pungesky - 1))
= h P (Lznppzko1y - V)
= gk (Ve sk (5

Notice that the limit V(zz) = lim; ., »ez V(z) € (0,00) exists since V €
BV(ZNn{y > k —1}), and recall that h is bounded on Y. By Lemma 12,
there is some positive continuous function gz on Z(1) such that ( 571)/ ~
’fé(yZ) - §+1(ZUZ)| - gz uniformly on Z(1) as k — oo. Consequently, we also

have

T* (Iynr-18,n{p=k}) ~ lzayh ™" V(zz) ’fg(yz) - §+1(?JZ)| gz

uniformly on Y as k — oo, and letting Dz := 1701y (9z/h)/ fZ(l)(gz/h) du €
BV(Y) completes the proof of (69).

b) We check that D is uniformly sweeping for Y, by showing that there is
some K € Ng such that infy Z?:o P*D > 0, which suffices since 0 < infy h <
supy h < oo. Due to our assumptions on D, there is some nondegenerate interval
I C Y such that inf; D > 0 (by bounded variation, D is lower semicontinuous
mod A). As T has bounded derivative on each cylinder and satisfies (65), we
have infpx (p) P*D > 0 for all k € Ny. Our claim therefore follows once we prove
that

K

for any interval I CY there is some K = K(I) € Ny s.t. U TFI D Y. (70)
k=0

Standard arguments (compare e.g. Lemma 10 of [Z1]) show that the induced

map Ty on Y is uniformly expanding and satisfies (64) and (65), implying that

for any interval I C Y there is some L € N s.t. Uf;ol T{/I DO Y. However, as T’

satisfies (65), we see that given any interval I C Y, we have Ty I C U%I:l 1
for some M = M(I) € N, and that 771 and Ty I are finite unions of intervals.
Together, these observations yield (70). m

Given a basic AFN system (X, T, &) we take Y as in (68). To ensure regular
variation of wandering rates and condition (15), we assume that for each Z € ¢
there are az # 0 and pz € [1,00) such that

Tm:m+az|xf:rz\1+pz+o(|xf:cz|l+pz) as ¢ — xz in Z, (71)

and let p := max{pz : Z € ¢}. Then (as in [T2] or Theorem 3 of [Z2]), as
n — oo,

ho(Z log N it py =1,
wN(Y,BZ)NM { g Dz

1/pz pgl/PZ pz _ . N1-1/pz if py > 1,

|aZ| pz—1
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where ho(Z) = limy—z, zez ho(x) = |az|limg—y, zez |z — 22|77 h(z) € (0,0)
exists, cf. [Z2], p. 1534. Of course, wn(Y) ~ > .- wn(Y, Bz). (For the as-
ymptotics of fr(Y, Bz) see e.g. Remark 1 in [Z4].) In particular, condition (15)
is satisfied, and we can apply our abstract Theorem 1 to obtain a Darling-Kac
theorem for AFN-systems (compare Theorem 5 of [Z2]).

Corollary 1 (Darling-Kac theorem for AFN maps) Let (X, T,£) be a ba-
sic AFN-system satisfying (71), and o :=1/p. Then

Ls, ()2

an

u(f) - Mo for all f € Li(pn) s.t. p(f) #0,

1 n

where a, = AT e=a) " wa(v) " > 1, which is reqularly varying of index c.

Again appealing to Remark 3, we can also apply Theorem 2 to extend the
arcsine law of [T6] to a considerably larger family of AFN-systems. Given
2 GnC(welet A, :=Uy, Bz

Corollary 2 (Arcsine law for neighbourhoods of neutral fixed points)
Let (X, T,€) be a basic AFN-system satisfying (71) and let o :== 1/p. Suppose
that @ G C C. Then

o ZZEn,pZ:p hO(Z) |a'Z|_1/p
- —1
> secmy—pho(Z2) laz] ™17

wy (Y, An)
U}N(Y)

—)B:

€1[0,1] as N — oo,

and 1
~8,(14) W or s

for all A € B with n(A A A;) < oo. Here § ¢ {0,1} iff max{pz : Z € n} =
max{pz : Z € (\n} =p.

While unions of neighbourhoods of different xz, Z € (, are the most obvious
candidates for components of infinite measure in the regime of the arcsine law
for occupation times, Remark 4 provides us with a very general method for
finding further examples. In fact, Proposition 1 promises sets satisfying the
arcsine law even for maps with a single indifferent fixed point, and our general
construction amounts to splitting neighbourhoods in this case. We illustrate
this in the simplest setup:

Example 2 (Arcsine law for split neighbourhoods) For fized p > 1 let

D 1+p
Tx::{m+2x forx € (0,1/2)

2z —1 forx e (1/2,1),
which defines a basic AFN map satisfying (71) for its single indifferent fized

point at x = 0. For vy € (0,1) we let z:=1—/2 € (1/2,1), denote the inverse
of T |(0,1/2) by f, and consider the set

A= U f(z,1).

n>0
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Employing Remark 4, we see that

1
Esn(lA) Lég ‘Eoc,ﬂ

where a := 1/p and § = B(y) with B8 an increasing homeomorphism of (0,1)
onto itself. To obtain examples with « = 0 and arbitrary B € (0,1), play the
same game using the map

x+ 2222 V* forx € (0,1/2)
Tx :=
2z —1 forz e (1/2,1).

We finally turn to the arcsine theorem for waiting times of AFN-maps. Our
abstract Theorem 3 immediately implies

Corollary 3 (Dynkin-Lamperti law for AFN reference sets) Let (X,T,¢)
be a basic AFN-system satisfying (71) and let o :=1/p. Then

yEW 2

Lz,

n
Remark 9 (Extension to a larger class of sets) It is known that in the con-
clusion of the theorem Y can be replaced by any set E € E(T):={EF € B:EC
X, for some e > 0} with w(E) > 0, ¢f. [T4] and Theorem 11 of [Z2]. We briefly
sketch how this stronger statement can also be derived from our result, at least
for the case of Markov systems (which covers Example 1 from the introduction,
cf. [T6], pp. 1293): Fiz e > 0. Refining the partition £ by declaring finitely
many sets of the type fLZ, Z € ¢ and j > 1, to be separate cylinders, we may
assume w.l.o.g. that X, CY. It remains to consider subsets of Y.

Observe that the first-return map Ty (restricted to Y) is a uniformly ex-
panding Markov map with a finite number of different image sets, and satisfies
(64). By standard arguments, the derivatives v of all its (higher-order) inverse
branches have uniformly bounded regularity Ry (v) := SUPy A {40} | v /v <
M < oo, and we claim that the same is true for the fyf”ly (which implies
uniform boundedness and hence the sufficient condition (62) of Proposition 6).
To see this, observe first that for any n > 1, fyf”ly = ZWEW" f}l/W\lw for
some partition Wy, C W 1= ;5 &y,; of Y into cylinders for Ty, |W| denot-
ing the order of W. By standard results about Ty , there is some r € R such
that Ry(ﬁl/w‘lw) < r for all W € W, and this estimate is passed on to any
convergent nonnegative series.

(1t is possible to use Markov extensions to deal with the general non-Markov
situation. However, the argument is not too pleasant.)

10 Appendix: Distributional limit theorems for
pointwise dual ergodic transformations

We outline how some of the tools developed above are also useful for the study
of pointwise dual ergodic (p.d.e.) systems. Let us first consider the Darling-Kac
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theorem for p.d.e. transformations, cf. [A0], [A2]. Its proof is quite demanding
and technical unless one assumes the existence of a Darling-Kac set (i.e. a set
Y € A of positive finite measure for which the convergence (19) is uniform on
Y for u := 1y). Our aim is to point out that the equivalent moments principle
offers a way to overcome the main difficulty.

Theorem 5 (Darling-Kac theorem for p.d.e. transformations) LetT be
a c.e.m.p.t. on the o-finite measure space (X, A, ). If T is pointwise dual er-
godic with return sequence (an) € Rq, a € [0,1], then

L, () () Mo for all £ € Lau) st u(f) 0.

n

Proof. A straightforward Egorov-type argument shows that there is some set
YeAd 0<ulY)< oo, with

n—1
Z T*u — 1  uniformly on Y as n — oo (72)
k=0

1

29

for some probability density u satisfying infy u > 0. Let S,, := >}, 1y o Tk,
n > 0. We are going to prove that Y is a moment set (cf. Remark 7).

a) The first step is to find a recursion formula for S}, in terms of the S’i_ LoTk.
It has to be of a different type than the dissection identities we used before, since
we plan to exploit pointwise dual ergodicity and hence wish to count every visit
to Y. We use the elementary fact that for any » € N there are real numbers
ar—1,, 1 <j <r,such that

m—1 1 r—1
E k= ;mr + E ar—1,;m’  for m € Ny,
k=0 j=1

which entails

n

r—1
1 .
§ (ly SI=}) o TF = - St § ar—1,;S) forneNg,reN.  (73)
k=1 j=1

(Take z € X and m := S, (z). For m = 0 the statement is obvious. If m > 1,
welet 1 < 51 < ... < jm < n denote the times where T92 € Y. Then
(1y SI=)(T*z) = (m — 1)~ for k = j; and = 0 otherwise.)

b) We integrate (73) w.r.t. wdp in order to obtain an implicit recursion
formula for the moments. Since [y 57 - udp = o ( [y Sk -udp) as n — oo for
1< 5 <r, we get

Nk ar 1
/ZTku-S;:iduwf/Sﬁ-udu as n — 0o, (74)
Y X

r
k=1

and hence, passing to Laplace transforms,

Z (/ Sy ~udu> e "~ r/ Z T ue ™ Z Sr=temms | dy  as s\, 0.
Y

n>1 WX n>1 n>1
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Because of (72), Lemma 2 applies (with R, := S’~1 and v, := T, which
satisfy >0 [y On dit = >0 _o [rony wdp ~ p(Y)ay) to give, for r > 1,

Z (/ Sr - udu) e ~rU(s) Z </ Sr—t duy> e™™ ass\,0, (75)
n>1 X n>1 Y

where U(s) := 3,50 ([7-ny udp) e, s > 0, thus providing us with an ex-
plicit recursion involving a change of measure (unless Y is a Darling-Kac set,
meaning that we can take u = 1y in the first place).

c) We are going to use the equivalent moments principle to deal with this
problem. Due to infy u > 0, there is some C > 0 such that [, S} duy <
C [y S} - udp for all n,r > 0. Combining this with (75), an induction shows
that

X 1
Z (/ Sy dy(*)) e ™ =0 (s U(s)r) as s \ 0, for r € Ny,
X

n>1

both for dv := w - dp and dv* := du, . Consequently, for either measure,

/ S;du(*):O<<U <1>) ) as n — oo, for r € Ny,
X n

see Lemma 7. Therefore the R, := (U(1/n))~1S,, n > 1, satisfy the mo-
ment conditions of Lemma 4. We can thus apply the latter once we check that
lim, o [ Ry - udp > 0. Due to (a,) € Ro we have

1IN /1
U(s) = () €<>, s> 0, with £ € Ry,

and our claim is immediate from

. = Y wdp ~ nln) _ U(%) as n — 0o
/XS" “d“kZl/Tw W T va) " T+ a) - (70

The equivalent moments principle thus enables us to replace u - diu by duy in
(75), and we end up with

. e 7“! . 1 14+ra 1 r
;(Lsnduy)e N;U(s) =rl <5> (((S)> as s\, 0,

showing that Y is a moment set with Uy € R,(0), and the assertion of the
theorem follows in the usual way by KTT. m

Remark 10 Instead of working with (73), we could just as well start from
Sh = Sp—
() =2 (i (F)) e ronen @ jao) (a2,
k=1

and use [y St -udp~r! [ (50) -udp asn — oo.

T
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We finally show that our Lemma 3 enables a very efficient direct proof of
the following result from [T4]. Recall that a uniform set Y € A is one for which
(72) holds for some u € L{ (11).

Theorem 6 (Arcsine law for waiting times of p.d.e. transformations)
Let T be a c.e.m.p.t. on the o-finite measure space (X, A,u). If T is point-
wise dual ergodic with return sequence (an) € Rq, a € [0,1], and Y € A,
0 < u(Y) < oo, is a uniform set, then

1
~Z,(Y) £z
Proof. Let u be a probability density satisfying (72), U as in the preceding

proof, and Qy (s) := >, <, ¢ (Y) e ™® as usual. Considering Z, := Z,(Y) we
are going to prove -

/X (i) cwdp — B[Z]]  asn — oo (77)

For n € Ny and k € N we have {Z,, = k} = T~¥(YN{p > n—k}), and therefore

n
Z - udpy kr/ wdp
/X kZ:O T=k(YN{p>n—k})

/ Z k" fku : 1Yﬁ{tp>n7k} dp,
Y k=0

for » € Ny, with the convention that Z° = 1U',"=0 -iy, n € N. Consequently,
for r € Ny, the Laplace transforms satisfy

> (/X AR udu) e s (78)

n>0

= /y Z n" Trye ™ Z lyn{gsnye " | dp.

n>0 n>0
The r = 0 case of this identity implies (via Lemma 2) that
U(s)Qvy(s) ~1/s as s\, 0.

For arbitrary r € Ng we can apply part a) of Lemma 3 (with R, = lyn{y>n}s
v, = T"u, and H = u(Y) "ty so that K = 0) to (78), obtaining

Z(/X Zﬂudu)e”s ~ <1>w<‘f> (i)rmsmy(s)

n>0
1 r+1
~ rlE[Z]] (> as s \, 0,

S

and (77) follows via KTT. m
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