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FRANCOISE PENE, BENOIT SAUSSOL, AND ROLAND ZWEIMULLER

ABSTRACT. We determine limit distributions for return- and hitting-time func-
tions of certain asymptotically rare events for conservative ergodic infinite mea-
sure preserving transformations with regularly varying asymptotic type. Our
abstract result applies, in particular, to shrinking cylinders around typical
points of null-recurrent renewal shifts and infinite measure preserving interval
maps with neutral fixed points.

1. INTRODUCTION

Return- and hitting-time statistics for asymptotically rare events in ergodic dy-
namical systems have undergone some intense research in the past 15 years, as doc-
umented in [BSTV], [Coe], [Col], [CGS2], [Hi], [HSV], [Ko], [Pa], [Pi], to name just
a few references. In particular, it has been shown that the emergence of exponential
limit distributions is an amazingly robust phenomenon for systems possessing an
invariant probability measure, that is, for positively recurrent situations.

Nevertheless, very little is known about rare events of null-recurrent systems,
[BZ], [GKP], [PS1], [PS2]. The present paper contributes to the study of this situ-
ation. More precisely, given a conservative ergodic dynamical system (X, A, u, T)
with infinite T-invariant measure p and given a sequence of sets (Ej)r>1 in A such
that pu(Ey) — 0, we are interested in the asymptotic behaviour of the first hitting
time g, in Ej. Our aim is to establish convergence in distribution for ¢, with
respect to any probability measure v absolutely continuous with respect to . We
prove, under some general hypotheses, that ¢, , suitably normalized, converges

to £ G, (for some o € (0,1] which is a characteristic of the system), where &
and G, are two independent random variables, £ being exponentially distributed
(Pr[€ > t] = et for t > 0) and G,, o € (0,1), being distributed according to the
one-sided stable law of order o (E[exp(—sG,)] = exp(—s®) for s > 0), while G; = 1.
We also prove the same convergence result for the first return time to Ej, (that is,
for pp, with respect to p(. N Ey)/pu(Ey)).

Our general hypotheses rely on the new concept of U-uniform sets and apply to
shrinking cylinders around typical points (i.e. repetition times of symbolic orbits),
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for certain Markovian interval maps with fixed points. This includes, as a special
case, null-recurrent renewal Markov chains.

The paper is organized as follows. In Section 2 we introduce notations and
illustrate our main results by some examples. Section 3 states a limit theorem
for hitting- and return-times for a concrete class of interval maps with indifferent
fixed points. At the heart of this result is a more abstract limit theorem which is
presented in Section 4. This is where the concept of U-uniform sets is introduced.
The remainder of the article is devoted to the proofs of these results. In Section
5 we establish the abstract limit theorem. Section 6 discusses how U-uniformity
arises in the context of suitable induced maps. The final Section 7 completes the
proof of the limit theorem for interval maps.

2. GENERAL SETUP AND EXAMPLES

A baby example. As a leisurely warm-up, we mention a very simple probabilistic
example (which will come in handy later on). In fact, it incorporates the very special
situation we are going to leave behind us: It is a toy model given by one simple
Bernoulli process, with a family of asymptotically rare events with exponential limit
law, and an independent null-recurrent renewal process used to delay the former.

For random variables we use = and < to indicate convergence and equality in
distribution, respectively.

Example 2.1 (Markov chain baby example). We fiz a € (0,1) and consider
a continuous-state Markov chain (X}),>0 on some (Q, A, P), constructed from an
iid sequence (Uyp)n>0 of uniformly distributed random variables on [0,1], and an
independent discrete irreducible null-recurrent renewal Markov chain (Xp,)n>0 on
No = {0,1,...}, starting in {0}, with return distribution (f;)j>1 (i.e. PXp41 =
k || Xn = O} = Po,k = fk+1; and P[Xn-‘rl =k H Xn =k+ 1] = Pk+1,k = 1 fO’/’ any
k >0), in the domain of attraction of G,. Hence, the consecutive excursions from
the renewal state {0} form an iid sequence (Yy,)n>1 of variables distributed according
to P[Y, = j| = f;, and there is some normalizing sequence (b(m))m>1, regularly
varying of order 1/a, such that the Sy, := >~ Y; satisfy b(m)~'S,, => Go. The
Markov chain (X,,) has a unique (up to a multiplicative constant) invariant measure
(rk)k>0 on No, with weights vy := 3", f; (and E[Y1] =37 5ok = 00). Now use
the counting function Ny, := 3~ 110.)(Sm) to define B

X' = (Xn,Un, ) € Ng x [0,1], forn>0.
We study the law of the first hitting time of our chain in the set {0} x [0, €], i.e. of

(2.1) v, :=min{n >1:X, =0 and Uy, € [0,€|}.
Observe that we can represent this as
Te—1
(2.2) 0, = Z Y: with 7¢:=min{i>1:U; €[0,¢€}.
i=0

Since, obviously, the 1. are independent of the Y;, and satisfy e- 7 = & as e \, 0,
routine arguments (exploiting regular variation) enable us to conclude that

Te—1

1 1 1 1
b(Te)-b(T)ZYi:>55~ga as € \, 0.
¢/ i=0

b(1/e) 7 b(1/e)

(2.3)
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That is, we observe distributional convergence of the hitting times for this simple
family of asymptotically rare events to the independent product of the appropriate
power Ex of the exponential variable £, and the one-sided stable variable G,. It is
not hard to see that the Laplace transform of this limit variable EY/%G,, is

1 1
E[exp(—sé’aga)} = Ty for s > 0.
Note also that we naturally have
(24) gé . ga g ga,S;

where (Ga,t)t>0 denotes the stable subordinator of index o (which the normalized
partial sum processes (b(m)~'S,,1)i>0 converge to in the Skorohod Jy-topology as

m — 00), so that Ga 4 tY/*Gy fort > 0, and Ga.c 15 the subordinator at an
independent exponential time.

While the clear-cut dependence structure of this toy model is not typical for the
situations we are going to study, we shall see that the result (2.3) is. The aim of this
paper is to provide conditions on null-recurrent measure preserving transformations
which ensure that natural families of asymptotically rare events exhibit hitting-time
(and, in fact, also return-time) limit distributions given by & & Ga.

General setup. Return-times and inducing. Throughout the paper, all mea-
sures are understood to be o-finite. Given a measure space (X, A, ), a partition
mod p of X will be a countable family £ C A of sets which, up to sets of measure
zero, are pairwise disjoint and cover X. For a.e. € X we then have x € £(z) for
some well defined ¢(z) € £ We study (typically non-invertible) measure preserv-
ing transformations T on (X, A, u), i.e. measurable maps T : X — X for which
poT~1 = u. The transformation T will be ergodic (i.e. for A € A with T-1A = A
we have 0 € {u(A), p(A°)}) and conservative (meaning that p(A) = 0 for all wan-
dering sets, that is, A € A with T~ A, n > 1, pairwise disjoint), whence recurrent
(in that A C U, T "A mod p for A € A). Our emphasis will be on the infinite
measure case: we assume throughout that u(X) = oco.

For T such a conservative ergodic measure preserving transformation (c.e.m.p.t.)
on (X, A, u), and any Y € A, u(Y) > 0, we define the first entrance time function
of Y, py : X - NU{oo} by py(z) :=min{n > 1: Tz € Y}, z € X, and let
Tyxz = T*® g 1z € X. When restricted to Y, @y is called the first return time
of Y, and p |yna is invariant under the first return map, Ty restricted to V. If
w(Y) < oo, it is natural to regard ¢y as a random variable on the probability space
(X, A, py ), where py(E) == p(Y) 'u(Y N E), and u(X) = oo, the case we are
interested in, is equivalent to [ ¢y duy = oo by Kac’ formula. That is, we study
null-recurrent situations.

Note that ¢y o T4 ! is the time between the (i — 1)st and the ith visit to Y. To
fix a notation for the occupation times of a set Y € A, we let

k—1
(2.5) Sk(Y):=) 1yoTI, k>1L
=0

In this setup, a sequence (Ej)g>1 in A with p(Ey) — 0 will be referred to as
a sequence of asymptotically rare events. Asking for an asymptotic return-time
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distribution means to look for normalizing constants B, >0 and a nondegenerate
limit random variable V such that

(2.6) L, (B - g, <t) — Pr[V <t] ask — oo,

while an asymptotic hitting-time distribution is given by some nondegenerate ) such
that for some (and hence every, see [Z7]) fixed probability measure v < u we have

(2.7) v(Bi-pp, <t) —Pr[V <t] ask— oo,

with suitable By > 0. (Here, of course, convergence is supposed to take place at
continuity points ¢ of the respective limit distribution function). In finite measure
situations, a canonical choice for By, is w(Ey) 1, in which case the relation between
(2.6) and (2.7) has been clarified in [HLV] (see also [AS]). In particular, it is known

that each convergence implies the other, and VY Ly if and only if VL The
infinite-measure result below shows, in particular, that in null-recurrent situations
there is more than one limit law which can occur simultaneously in (2.6) and (2.7)
(where again we use a canonical normalization). When specialized to a prototypi-
cal standard family of infinite measure preserving maps, it takes the following form.

Example 2.2 (Standard examples with neutral fixed points). Fiz some
a € (0,1), set p:=1/a, and define T : [0,1] — [0,1] by letting

Tz =z + 2P mod 1.

It is well known ([T1], [T2]) that T is conservative ergodic with a unique invariant
density h (with respect to Lebesgue measure \) which is continuous on (0,1) and
satisfies h(z) ~ x7P as © \, 0. Let c € (0,1) be the critical point (c + TP =1),
and set Y := (¢,1). Then the cylinder of order k around x is the set &, (x) :=
{y : 1y (T9y) = 1y (T?z) for 0 < j < k}. When applied to T, Theorem 3.1 below
implies that for A-a.e. x € [0, 1] the cylinders Ey, := £;,(x) have the same asymptotic
hitting-time distribution as Fxample 2.1,

(2.8) MN{EXNER) ™ op, <t}] — Pr[E% Go <t] ask— o0

(with k = k(x) € (0,00) a suitable constant). Here, X\ can be replaced by every
fized probability measure v < X on [0,1]. Moreover, the same law shows up as its
asymptotic return-time distribution in the sense that

(2.9) Mg [{FA(ER) P - o, <t}] — Pr€5G, <t] ask — oo.

Reference sets. The renewal shift example. If ;(X) = oo, a good under-
standing of T' frequently depends on its behaviour relative to a suitable reference
set Y of finite measure, defined through some distinctive property. Specifically, the
asymptotic behaviour of the return distribution of Y is a crucial feature determin-
ing the stochastic properties of the system. For distributional limit theorems to
hold, regular variation of the tail probabilities ¢, (Y) := uy (py > n), n € Ny, or,
more generally, of the wandering rate of Y, (wn(Y))n>1, is decisive. Here, we let

210) (V)= u(¥) Y aa(4) = 3 nlY iy > ) = [ (o A N)

The basic example for a suitable reference set Y is the renewal state of a Markov
renewal process. Indeed, our result below effectively contains the following example.
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Example 2.3 (Null-recurrent renewal chains). Consider a (one-sided) re-
newal shift R (f) = (X, A, '), T,¢") with return distribution f = (fx)x>1. This

is the canonical shift-space representation of the renewal Markov chain (Xy,)n>0

of Ezample 2.1. Thus, X := N§° = {x = (;)i>0 : ® € No} with product o-
field A and infinite stationary Markov measure p'f) given by u'f) ([so, ..., sp_1]) =

Tso Pso,s1* " - Psx_2,s6_1 JOr cylinders of rank k, [so, ..., sk—1] :={x : xo = s0,...,Tp—1 =
sk—1}. Let & :={[s0] : so € No} be the natural time-zero partition, and T be the
shift map on X, (T'z); = z;41.

The rank k cylinder E; = €. (z) containing x records the first k states in Ny
which a particular realization x of the Markov chain (Xy,)n>0 visits, and g, s the
time one has to wait until this pattern first appears after time zero. Alternatively,
we might also be interested in a coarser coding, which only distinguishes between
the renewal state {0} and the rest N. This amounts to considering the partition
&€ ={Y,Y} of X withY := [0]. Let E, = &,(z) := {T : 1y (T;) = 1y (z;) for
0 <i < k}. Our limit theorem covers both codings.

Assume now that f = (fr)r>1 satisfies ¢ = D v, fx ~ cn™® as n — oo for
some ¢ >0 and a € (0,1), and set b(s) := (8/ka)"* with ke := (1 —a)T(1+a).

Then, for ptf)-a.e. © € X, the consecutive return- and hitting-time distributions
of the cylinders Ey, == &, (z), k > 1, converge: For d € N, t; >0, and k — oo,

[e3%

d—1 , d—1 .
(2.11) @Q(fym«UMEmr%wmpTasnﬁ)—aI%mwagasmL

and, for every fized probability measure v < p'f?,
d—1 . . d—1 N
N (br(1/n(ED) wwgﬁmyagm&%ﬁm

(212) v (

Both statements remain true if Ey = &, (z) is replaced by Ej, := & (z).

Remark 2.1. It is well known that every recurrent Markov shift contains many
renewal shifts as factors (e.g. the return processes to its states). In this sense,
these form a very basic class of processes. In fact, also the smooth dynamical

systems discussed below are intimately related to renewal shifts in a similar way,
see [Z9].

Recall finally that a function a : (L,00) — (0,00) is regularly varying of index
p € R at infinity (see [Kal), written a € R,, if a is measurable and a(ct)/a(t) — ¢?
as t — oo for all ¢ > 0. We shall interpret sequences (a,,) as functions on R via
t = apy. Slow variation means regular variation of index 0. R,(0) is the family
of functions r : (0,e) — Ry regularly varying of index p at zero (same condition
as above, but for ¢ N\, 0). We refer to Chapter 1 of [BGT] for a collection of basic
results. We use the convention that for a,,b, > 0 and C € [0, 00),
(2.13) ap,~C-b, asn—oo means b, >0forn >ngand lim a—n:C,

n—oo n

even if C'= 0 (and analogously for functions and f(s) ~ C - g(s) as s \, 0 etc).
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3. A LIMIT THEOREM FOR MAPS WITH INDIFFERENT FIXED POINTS

Piecewise and Markov invertible systems. Turning to a dynamical systems
setup encompassing several interesting classes of examples, we consider situations
in which (X,dx) is a metric space with Borel o-field A, and where X comes with a
partition &, into open components (e.g. X may be a union of open intervals). Let A
be a measure on A. A piecewise invertible system on X is a quintuple (X, A, A\, T, £),
where £ = ¢£; is a (finite or) countable partition mod A of X into open sets, refining
&y, such that each branch of T, i.e. its restriction to any of its cylinders Z € £ is a
nonsingular (meaning A |z o7~! < \) homeomorphism onto T'Z. If the measure is
T-invariant, we denote it by u and call (X, A, u, T, ) a measure preserving system.

The system is Markov if TZ N Z' # @ for Z,Z' € £ implies Z' C TZ, and
piecewise onto if TZ = X mod A for all Z € . It satisfies the finite image condition
it T¢:={TZ:Z € &} is a finite collection of sets.

We let &, denote the family of cylinders of rank n, that is, the sets of the form
Z = Zoy.. s Zn1] == N2y T~'Z; with Z; € €. Each iterate (X, A, u, T",E,),
n > 1, of the system is again piecewise invertible.

Markovian interval maps with indifferent fixed points. A large class of
infinite measure preserving dynamical systems is given by transformations possess-
ing neutral orbits. We focus on interval maps, for which a well developed theory
is available. The most basic case is that of indifferent fixed points. In [Z1], [Z2]
the large class of AFN-maps has been introduced and analyzed, generalizing the
results of [T1]-[T3]. Here we shall focus on Markovian AFN-maps (or, using the
terminology of [A0], on C? Markov interval maps satisfying Thaler’s assumptions).

A piecewise monotonic system is a piecewise invertible system (X, A, \, T, &),
where X is the union of some finite family £, of disjoint bounded open intervals, £
is a collection of nonempty pairwise disjoint open subintervals of the Z € &, and A
is Lebesgue measure. The Markov maps considered here will be C? on each Z € &
and satisfy the classical version of Adler’s condition,

1 " AV 7
(3.1) T"/(T")* is bounded on UZef ,

as well as the finite image condition,
(3.2) T¢E={TZ : Z € &} is finite.

Moreover, there is a finite set { C £ of cylinders Z having an indifferent fixed point
xz as an endpoint (i.e. limy .y, yez T2 =2z and lim,_.;, ez T'x = 1), and each
Tz is a one-sided reqular source, meaning that

(3.3) forz € Z, Z € ¢, we have (v — x2)T"(z) > 0.

These maps are uniformly expanding on sets bounded away from {xz : Z € (}, in
the sense that letting X. := X\ U, (2 —&,27 +¢) N Z) we have

(3.4) |T'| > p(e) >1 on X. for each ¢ > 0.

Following [Z1], [Z2], we call (X,T,¢) an AFN-system if it satisfies (3.1)-(3.4). It is
called an AFU-system (uniformly rather than nonuniformly expanding) if ¢ = &,
and a basic AFN-system in case it is conservative ergodic (with respect to A) with
¢ # @. (See Theorem 1 in [Z1] for finite ergodic decompositions.) In the latter case
the system has an (essentially unique) invariant measure p < A with u(X) = oo
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whose density du/d) has a version h which has finite regularity on each Z € £\ ¢
and admits a representation h(x) = ho(z)G(x), where
L2z forx e Z e

G(z) = { f_fZ(x) for x € X\ U¢,

and 0 < infx ho < supy ho < 00, and hgy has bounded variation on each X., € > 0
(see Theorem 1 of [Z1] and Corollary 1 of [Z2]).

If (X,T,€) is an AFN-map, natural reference sets Y, N > 1, can be obtained
as follows. We let fz := (T |z)™' : TZ — Z, Z € &, denote the inverse branches of
T'. For each neutral cylinder Z € ¢ the presence of the fixed point zz € JZ ensures
that T7Z D Z, and we let Z(n) be the interior of ' (Z)\ f2(Z), n > 1, and set
YN =X\ Uzec fY(Z), N > 1. Then YV / X mod p, and each Y is a union
(mod p) of elements of the refined partition

(3.5) ¢=E\QU{Z(n): Ze(n>1}
which is obtained from & by replacing each Z € ¢ by the Z(n), n > 1.

The limit theorem for interval maps. We shall show that shrinking cylinders
around typical points of an AFN-map, both for the original partition & and for
its refined version &', exhibit nice return- and hitting time statistics. Again we
will in fact prove a d-dimensional version for successive return- and hitting times
YR, © T}Ek, which turn out to be asymptotically iid. The proof is given in Section
7 below.

Theorem 3.1 (Return- and hitting-time limits for maps with neutral fixed
points). Let (X, A, u, T, &) be a Markovian basic AFN-map. Assume that for each
Z € ( there are constants az # 0 and py € [1,00) for which

(3.6) Tx:ac+az|x—xz\1+pz+0(|x—xz\1+pz) as T — Tz in Z.

Let p:=max{pz : Z € }, a:=1/p, ho(Z) :=limy_.4, zez ho(z),
-1

- _ (@) [ /e ip=1
er = T+eX@-0) 3 0% a-e(l—a)-n® ifp>1,

and br : [0,00) — [0,00) an increasing continuous function asymptotically inverse
to ar in that br(ar(n)) ~n asn — oo.

Then, for pu-a.e. © € X, the return- and hitting-time distributions of the shrink-
ing cylinders Ey := £, (), k > 1, converge: For d € N, t; >0, and k — oo,

(b1 /n(ED) s, o Th, < 6}) — TL Priet 6, <,

=0

5 s, (

as well as

d—1 _ d—1 .
38 v (A r(/uE) " o, o Th <)) — TL e Ga <ol

=

where v is any fized probability measure with v < u (for example v = py- ).
The above statements remain true if By = &, (x) is replaced by Ej, := &, ().
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Remark 3.1 (Changing the measure in the return-time limit). It is not
possible to replace pu, in (3.7) by vg, for an arbitrary probability measure with
v < i (see Example 2.2 of [HWZ]). However, it is easily seen that in the present
context any v with a density dv/du which is positive and continuous at = gives
the same result. In particular, we can replace g, by Ag, for a.e. 2 € [0,1]. This
observation justifies (2.9) in Example 2.2.

Remark 3.2 (Cylinders shrinking to a neutral fixed point). The indifferent
fixed points xz, Z € (, themselves are always exceptional. Indeed, as shown in
[Z8] (for earlier work in special cases with o« = 1 see [CGS1], [CG], and [CI]), the

hitting-time distributions of the cylinders ﬂf;ol T~'Z around each of them converge
to limit laws different from the above as k — oco.

Remark 3.3 (Decay rate of the p(Fy)). For a better understanding of the nor-
malization in the limit theorem, we mention that a suitable version of the ergodic
theorem for the information function has been established in §4 of [T2] and §7 of
[Z2]. According to that result,

(3.9) —log pu(§y,(2))/Sk(Y) — hu(T)/u(Y)  ae. ask — oo,

where h,(T') denotes the Krengel entropy of T' (assumed finite). When combined
with the Darling-Kac limit theorem (see e.g. §5 of [Z2]), this implies distributional
convergence

(3.10)  w(=logu(&(x))/ar(k) < t) — Pr(h,(T) V') <1 ask — oo,
where v is any probability with v < g, and Y(®) has a Mittag-Leffler distribution

of index a, Elexp(z)(®))] = > msoll'(1+ @) 2]" /(1 + ma). (An analogous result
for Kolmogorov complexity has been given in [Z5].)

Remark 3.4 (Related pointwise result for ¢, (,)(2)). In [GKP] the almost sure
growth rate of p; (,)(x) is shown to satisfy

(3.11) —log g, (2)(2)/Sk(Y) — hy(T)/ap(Y) ae. ask— oo.

4. AN ABSTRACT LIMIT THEOREM FOR RETURN-TIME DISTRIBUTIONS

In the present section we formulate the abstract core of our results.

Pointwise dual ergodicity and U/-uniform sets. The key to the analysis of the
stochastic properties of a m.p.t. T on (X, A, u) often lies in the study of the long-
term behaviour of its transfer operator T : Li(p) — L1(p), which describes the
evolution of measures under the action of 7' on the level of densities: T := d(v o
T—1)/dp, where v has density u with respect to p. Equivalently, [y u-(voT)du =
Ix Tu-vdp for all u € Ly(p) and v € Log(), ie. v — voT is the dual of T.
The operator T naturally extends to {u : X — [0, 00) A-measurable}. It is a linear
Markov operator, fX Tu du = fX udp for uw > 0. The m.p.t. T is conservative and
ergodic if and only if >~ - Tku = oo a.c. for all u € Li(p):={ue Li(p):u>0
and p(u) > 0} or (equivalently) all u € D(p) := {u € Li(p) : w > 0, p(u) = 1}.
Invariance of p under T' simply means T1 x =1x.
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Let T be a c.e.m.p.t. on the space (X, A, ). Recall that T is said to be pointwise
dual ergodic (cf. [A0], [A2]) if there is some sequence (a,) in (0,00) such that

n—1

(4.1) 1 Z Ty ) - 1 a.e. on X as n — oo, for every
. lx

an P uw € Ly(p) with p(u) # 0.

In this case, (a,) (which is uniquely determined up to asymptotic equivalence and
satisfies a, — o00) is called a return sequence of T. Without loss of generality we
will assume throughout that a,, = ar(n) for some strictly increasing continuous
ar : [0,00) — [0,00) with ar(0) = 0. In case pu(X) = oo, we always have ar(s) =
o(s) as s — oo. Letting by : [0,00) — [0,00) denote the inverse function of ar, we
thus see that

(4.2) s=o(br(s)) ass— occ.

According to Hurewicz’ ratio ergodic theorem (cf. §2.2 of [AQ]; also contained
in the Chacon-Ornstein theorem), (4.1) is fulfilled as soon as the a.e. convergence
there holds for one particular u. By Egorov’s theorem, this convergence is then
uniform on suitable sets (depending on u) of arbitrarily large measure, but it is
sometimes desirable to actually identify particular pairs (u,Y’), with v € D(u) and
YeA 0<puY)< oo, such that

n—1

1 ~
1y - 7§ TFuy —1
' (a”k—o ¢ X)

in which case we shall refer to Y as a u-uniform set (compare [A0], [T4]). A set Y
which is p(Y)~! - 1y-uniform is called a Darling-Kac set, cf. [A0], [A3]. Slightly
generalizing Proposition 3.7.5 of [A0], one checks that the existence of a uniform
set in fact implies pointwise dual ergodicity (hence the a, in (4.3) automatically
form a return sequence).

The abstract distributional limit theorem at the heart of the present paper re-
quires a refinement of this concept. We will depend on the observation that there
are natural situations in which one can also achieve uniformity in u by restricting
to nontrivial collections of functions U.

(4.3)

—0 asn— oo,

oo

Definition 4.1. For ¢/ C D(u) we shall call Y a U-uniform set if the Lo (u)-
convergence asserted in (4.3) holds uniformly in w € U, which we may express by
stating that

(4.4)

-1 .
nz Ty o g as n — 0o, uniformly mod g on Y,
P n and uniformly in u € Y.

A method for checking U-uniformity will be discussed in Section 6 below. Given
finitely many sets Ui, ..., U, C D(u), it is clear that

(4.5) if Y is Uj-uniform for 1 <1 < L, then Y is (U U ... UU)-uniform,

and it is straightforward to check that

(4.6) if Y is U-uniform, then Y is ¢o(U)-uniform,

where €O(U) := {3_,,50 PmUm  Um € Uy P > 0,37, <5 pm = 1} is the closed con-

vex hull of U. Moreover, if Y is U-uniform, then it is also TU-uniform.
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The abstract limit theorem. The notion of U-uniform reference sets Y is the
main new ingredient which allows us to formulate an abstract version of a limit the-
orem for return-time distributions of asymptotically rare events in infinite measure
preserving systems.

The result requires the system to be pointwise dual ergodic with regularly vary-
ing return sequence. Roughly speaking, each set Ej is supposed to grow to a
macroscopic scale within a certain number z; of steps. This number needs to be
small compared to the return time function of Ej. Ideally, E\ could be good after
21, steps in the sense that u(Ejy) ! Tar 1g, belongs to a nice class U of densities. In
the natural examples we are going to consider, the situation is a bit more compli-
cated, though. Not all of E}, is good after z; steps, but parts of Ej need a random
number Y, of extra steps until they fulfil our needs. Since the limit theorem will, in
particular, show that ¢, is of order b7 (1/u(E%)), condition (4.10) below ensures
that the time delay by Y (which we introduce for technical reasons) has a smaller
order of magnitude than the times 5, we wish to study.

Theorem 4.1 (Return- and hitting-times for asymptotically rare events).
Let T be a c.e.m.p.t. on (X, A, u), n(X) = oo, pointwise dual ergodic with ar € R,
for some a € (0,1]. Suppose that Y is a U-uniform set for some U C D(u), and
that Ex, CY, k > 1, are sets of positive finite measure with u(Ey) — 0, and that
zi > 0 are integers such that

(4.7 2z p(Ex) =0 ask — oo,
and
(4.8) bg, (op, <zk) — 0 ask — oc.

Assume, in addition, that fzk(lEk/u(Ek)) = ZLZ() Tk, Wk, with densities wy,, €
D(u) satisfying
(4.9) 1y fjw;w =0for1<j<u., while TA”w;w eu,

and weights 7, > 0 such that any random variables Yy, with Pr[T) = ] = 7y,
satisfy

(4.10) br(1/u(ER) ™" Te 250 as k — oo.

Then the return-time distributions of the Ej converge in that for any t > 0,
(4.11) pi, (br (1/p(Ex)) ™ - o, <1) — PrlEa G <t]  ask — oo,
Moreover, the hitting-time distributions converge as well, and for any t > 0,
(4.12) iy (br (1/p(ER) ™" - o, 1) — Pr€% G <] as k — oo,

In fact, in (4.12), py can be replaced by any probability measure v < p.

Remark 4.1. Writing [ x(v) := >,., T, , condition (4.10) becomes
(4.13) Fr(ebr(1/u(Ey))) — 0 ask — oo foralle>0.

Example 4.1 (Continuation of Example 2.1). We claim that our introductory
Markov chain example satisfies the assumptions of the theorem. Assume the chain
is given by its canonical shift-space representation, i.e. Q = X = (N x [0, 1])No
with product o-field A, and X}, the projection ((kj,y;)j>0) — (kn,Yn), so that
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Xk = X§ oT™ where T denotes the shift on X. For E C Ny x [0,1] we let [E] :=
E x (Ng x [0,1))N = {X} € E} denote the corresponding cylinder set. The infinite
invariant distribution (ry) of the remewal chain inside gives an infinite invariant
measure pi for T with po (X3)™" = (3, mkdk) ® X. A routine argument shows
that (X, A, u, T) is conservative ergodic. The probability describing our original
chain which starts at Xo = 0 is just the restricted measure P = p |y = piy, where
Y :=[{0} x [0,1]] C X. For the transfer operator T we find that Y is a U-uniform
set for U = {f(A(B)_ll{o}xB) : B € B,y with \(B) > 0}. In particular, T is
pointwise dual ergodic, and standard results about the remewal chain enable us to
conclude that ar € Re.

Now fiz any sequence € \, 0 in [0,00], and let Ey, = {(kj,y;)j>0: ko = 0 and
vo € [0,ex]} € A. Then u(Ey) = e and o, = ¢, for k> 1. We see that our
conditions are fulfilled with z := 1 and py o := 1, because € U. Conditions (4.7)
and (4.8) are trivial for a constant sequence (zy). Therefore the theorem applies to
reproduce, via (4.12), the conclusion of Example 2.1.

The strategy. In part, the strategy of our proof of the Theorem is similar to that
of [PS1] and [PSZ]. However, we replace the refined conditional local limit theorems
used there by exploiting the concept of U-uniform sets introduced above.

The distributional convergence statements can be reformulated as follows.

Lemma 4.1 (Equivalent formulation of the results). Under the assumptions
of Theorem 4.1, assertion (4.11) is equivalent to

(4.14) tg, (W(Ey) ar(pp,) <t) — PrlEGy <t]  ask — oo,
while (4.12) is equivalent to
(4.15) ty (w(Ey) aT(cpEk) <t)—Pr[€G5 <t] ask— .

Proof. This is an immediate consequence of regular variation. O

Let F := {F : [0,00) — [0, 1], non-decreasing and right-continuous} be the set of
sub-probability distribution functions on [0,00). For F', F,, € F (n > 1) we write
F,, = F for vague convergence, i.e. F,(t) — F(t) at all continuity points of F. (If,
in this case, sup F'(t) = 1, then this is the usual weak convergence of probability
distribution functions.)

To prove the theorem, we are going to establish (4.14) and (4.15). Denote the
relevant variables by R, and their distribution functions with respect to the re-
spective measures by Fj and Fy, that is, we define

(4.16) Ry := p(Ey) ar(¢p,), fork>1,
and
(4.17)  F(t) == pp, Ry <t),  Fi(t):=py (R <t) for k> 1, ¢ € [0,00).

The proof of the theorem consists of two main steps, summarized in the following
propositions. We first prove that any weak limit points F, F' € F of the Fy or Fy
necessarily satisfy a certain functional equation.
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Proposition 4.1 (Functional equation satisfied by limit laws). Under the
assumptions of Theorem 4.1, suppose that Fy,) = F € F along some subsequence
k(h) / co. Then F satisfies

(4.18) F(t) = ozt/ol[l —F(t(1—s)")]-s*"'ds fortel0,00).

Likewise, if Fyny = F € F along some subsequence k(h) /" oo, then F' satisfies
the same functional equation.

It then remains to check that there is only one F € F with this property, and
that it corresponds to the asserted limit law.

Proposition 4.2 (Uniqueness of limit laws). For every o € (0,1], there is at
most one function F € F satisfying (4.18).

(It is easy to check that for o = 1 the exponential law satisfies (4.18).)

The convergence theorem then follows easily:

Proof of Theorem 4.1. (i) Lemma 4.1 shows that (4.14) and (4.11) are equiva-
lent, and so are (4.15) and (4.12). By the classical Helly selection theorem, any sub-
sequence of indices k contains a further subsequence k(h) ' oo such that F k(h) = F
for some F € F as h — oo. According to Propositions 4.1 and 4.2 this limit point
F is the unique function in F satisfying (4.18). Due to this unlqueness we must
have F} k= F for the full sequence. The same argument proves Fj, = F. Tt remains
to identify F.

Since Example 2.1 satisfies our assumptions (see Example 4.1), we conclude that
F is indeed the distribution function of the non-degenerate variable £ Ggao.

The final statement of the theorem, which extends (4.12) to all ¥ < p means
that the variables by (1/u(Ey)) ™" - ¢, exhibit strong distributional convergence in
the sense of [A0]. But Corollary 5 in [Z7] guarantees that, for hitting-times, this is
an automatic consequence of ordinary distributional convergence. (]

Remark 4.2. Alternatively, it is possible to check directly that (4.18) characterizes
the distribution function of our limit law, see [PSZ].

5. PROOF OF PROPOSITIONS 4.1 AND 4.2

We now turn to the proofs of the propositions. As a warm-up, we take a look at
the functional equation (4.18). Proposition 4.2 is immediate from the following

Lemma 5.1 (The functional equation). For each o € (0,1],

1
5.1)  (BaC)(E) = at/ L—Gt(—s))]-*"ds fortel0,o0)

0
defines a map ¥, : F — C[0,00), and at most one F € F satisfies P, F = F.

Proof. (i) To check continuity of ®,G, fix any ty € [0 oo0) and any sequence

t, — tg. We need to prove that fo gn(s)ds — fo go(s)ds as n — oo, where
gn(8) == [1 =G (tn (1 —8)¥)]-s*"1, n > 0. Since G is non-decreasing, to (1 — s)*
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is a continuity point of G for almost every s. Therefore, g, — go a.e. on [0,1]. On
the other hand, for every n, |g,(s)| < s®~1, and as the latter function is integrable
on [0,1], our claim follows via dominated convergence.

(ii) To prove uniqueness, assume that F,G € F satisfy ®,F = F and ¢,G = G.
By straightforward calculation,

sup |PoF(r) —®,G(r)| <t- sup |F(r)—G(r)] fort e [0,00),
re(0,t] ref0,t]

which for our special F' and G immediately implies that

(5.2) F=Gon|[0,1).
We now extend this to all of [0,00). We claim that for y > 0,
(5.3) F=Gon[0,y) implies F =G onl0,5(y)),

where S : [0,00) — [0,00) is given by S(y) := (1 +y'/*)*. To see this, consider
t > y. By assumption, F (t (1 —s)*) = G (t (1 — s)®) for s > 1 — (y/t)*/*, so that

[@aF(t) = PaG(1)]

IN

1—(y/t)te
at/ IF(t(1—9)%) — G (t(1—8)%)] - s* L ds
0

py(t) - sup [F(r) = G(r)|.

rel0,t]

IN

with p, (1) := (tl/" — yl/‘l)a, t >y. As p,(t) is increasing, we actually have
(5.4) sup [@,F(r) — ®.G(r)| < p,(t) - sup |[F(r) —G(r)|.
ref0,t] re[0,t]

But since p, (t) < 1 if and only if ¢ < S(y), this proves (5.3).

An induction based on (5.2) and (5.3) then shows that F = G on [0, 5™(1)) for
all m > 1. However, S is continuous with S(y) > y for y > 0, so that S™(1) — oo
as m — oo. Therefore F' = G on [0, c0), as required. O

The main issue is the proof of Proposition 4.1. We first record an observation
about Y-uniform sets Y: if ar € R, for some a € (0,1], and 0 < ¢; < ¢g, then
(4.4) is easily seen to entail

et as n — 00, uniformly mod p on Y
E Alj ~ (c& — %) . ) y )
(5:5) _ ue ez =) an and uniformly in u € U.
Jj=cin

Below we shall need the following refined version for densities made up from bits
which eventually belong to U.

Lemma 5.2 (Dual ergodic sums for eventually good densities). Let T' be
a ceem.p.t. on (X, A ), pointwise dual ergodic with ar € R, for some a €
(0,1], and suppose that Y is a U-uniform set. Let wy € D(u), k > 1, be convex
combinations wy, = ZLzo Tk Wk, Tk, > 0, of densities wy,, € D(u) satisfying
(5.6) 1y fjwm =0 forj <., while fbwkyb eu.

Then, for any 0 < ¢1 < c2, and any 7y /" o such that

(5.7) Ty L0 ask— 00,
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where the Yy, are random variables with Pr[Yy = 1] = 7y, we have
Cznk
(5.8) Z Tiwy, ~ —cf) - am, as k — oo, uniformly mod p on'Y .
j=cinik+1
Proof. (i) Obviously, it suffices to consider the case (¢1,c2) = (0,1). Since

’nkb

(5.9) 1y ifjwk = Zﬂ'kbzlyTl( ka)
j=1

>0

IN
=
N
~
g
I
I8
g
I
-
"
N
N
=

with W), € To(U), the earlier observation (4.6) shows that

lim ZTjwk <1 uniformly mod p on Y.

k—oo Ay, =

(ii) To prove a corresponding lower bound, fix e € (0,1/2). Observe that Z}iﬁo” Thy =
Pr[a;, ' T < ¢]. Hence, (5.7) provides us with some K > 1 such that
ey ]
Z Tk, >1—¢ fork> K.
=0
Via the uniform convergence theorem for regularly varying functions (Theorem 1.5.2
of [BGT]), applied to ar, there is some K’ > K such that az,—, > (1 —2¢)%az, for

every k > K’ and every ¢ € {1,..., |eTi;|}. Hence,
=y 0 ey ]

(5.10) > TRy > (1 20)° Z T > (1—2e)F for k> K.
=0 Tk

As Y is a U-uniform set, there is some I = I(e) such that
N
K3 L
1y - <anw ;:O 7 (T w,w) - 1X>

Choose K" > K’ so large that (1 —e)n, > I for kK > K”. Starting from the first
identity of (5.9) we thus see, using (5.11) and (5.10), that (mod wu)

(5.11) <e ifmp—u>1

oo

ey |

an 1 e
ZTjwk > ly- § Tk, —— Z T (Tka7L>
ank i ank a’ﬁka i—0
Lem 0
> T, Ll (1 — E) -1y
=0 amy,

> (1-2)""*(1—¢)-1y for k> K".

As e was arbitrary, we conclude that indeed

lim Z T?w, > 1  uniformly mod p on Y,

k—oo Amy, i

thus completing the proof of the lemma. O



ASYMPTOTIC RETURN- AND HITTING-TIME DISTRIBUTIONS 15

The previous Lemma will enable us to exploit the following decomposition which
generalizes the Ansatz of [DE].

Lemma 5.3 (Decomposing according to the last visit before time n). Let
T be a c.eem.p.t. on (X, A ), and A, B € A. Then

(5.12) w(A) = p(An{ep >n})+Z/ Tadp  forn > 0.
1—1 /B {pp>n—1}
Proof. Fix any integer n > 0, and decompose A according to the last instant

1 e{l,...,n} (if any) at which an orbit visits B, to obtain (mod )

(ANT Y Bn{pg>n—1})) (disjoint).

s

(5.13) A=An{pg>nHhU

1

Applying 1 and using duality then gives (5.12). (Il

We are going to use this decomposition, with B one of the E},, with either A = B
or A=Y, and with n chosen as follows. For t € [0,00) and k > 1 we define (where
again by is inverse to ar, and Ry, is given by (4.16))

t
5.14 0= by ——— 0 that Y = (R > 1}
( ) Ty, T w(En) ) so tha {op, >n, '} ={Rp >t}
It will also be convenient to denote, for ¢ € [0,00), k > 1, and 4 € {0,... ,ng]},

(5.15) OV = p(By) -ar(m! i), sothat {pp >nll —i} = {Re > 91

5,

Observe that, for fixed ¢ and k, i — ﬂE]L is non-increasing. Moreover, given t > 0
and p € [0, 1), if (ix)r>1 is any sequence with

(5.16) ig~p- ng}, then ﬁg]u ~t-(1—p)* ask— oo,

since, due to ar € R, (specifically, the Uniform Convergence Theorem, cf. Theorem
152 of [BGT)), 0}, = u(Ex)-ar(n (1= i /n)) ~ p(Br) - (1=t /n) ar(n}?).

With the aid of the 19%]1 we can now formulate a key step of our proof.

Lemma 5.4 (Dual ergodic sums on sets which return late). Let (X, A, u,T),
ar, Y, (wg)g>1, and Ty, be as in Lemma 5.2. Let E, C Y, k> 1, be sets of positive
finite measure.

Fix some t > 0, and abbreviate ny = ng] and Uy ; = ﬂgf}i, defined as in (5.14)

and (5.15). Assume that n;l T P, 0, and let z;, > 0 be integers with z = o(ny).
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Then, for any integer M > 1, and any € > 0, there is some K(M,¢e) such that
forallk > K(M,e),

M-t m+1\*"" 1
1 et 3 (Re> D o)) (U)W
m=1
NnE—=zk e
< Z/ T wy, dp
j=1 Ekm{(pE >ng—2zk—3j}
M-—1

- mya—1 1
< e + e“at Z P, (Rk >V, zk+L"‘+1(nrm€)J> (M) M

Proof. We focus on the estimate from above, the estimate from below can be verified
by an analogous argument. Writing 7y, := ny — zj, using the ¥ ;, and decomposing
the sum into M sections, we can rewrite the expression we are interested in as

Tin M-1 | %P

Towy, dp = Z Z

mOJ I_M

As i +— U ; is non-increasing, we have {Rx > Uk ., 1} € {Rk > Vg 24 | (m41)m0 /0] }
for j < (m+ 1), /M, and hence find that

Tk M—1
>/ Trudp< Y. [ L T
Ekﬁ{tpEk>nk—Zk—j} m=0 Ekﬁ{R’“>19k,z,C ;

=1

fjwk d/,é.

/JEkﬁ{WEk>7lk—Zk—J} J 1/Ekﬂ{Rk>19k.zk+j}

j=1

Since ar € Ry and iy ~ ni — o0 as k — oo (recall z; = o(ng)), and since, by
assumption, Y is a U-uniform set, Lemma 5.2 ensures that for m > 0,

LmTHﬁ"J a
S B () (7)) o) as k — oo,

g M M Tk uniformly mod p on Y.
=L+
Recalling ar(ny,) = t/p(Ey) and using, for m > 0, that (Z1)e—(12)> < o (2)o~!
by the mean-value theorem, we thus get, for any € > 0, some K(M,e) > 1
that (if we isolate the m = 0 term)

ngk
Z/ T wy, dp
: Ekﬁ{tpEk >np—zp—J}

j=1
et
< apten (Re> D gm))
. M-1 mya—1 1
+e at Z i, (Rk > ﬁk’ZkJrLT'ﬂlﬁkJ) (M) i
m=1
for k > K(M,e), and hence the asserted upper bound. (]

We are now ready for the

Proof of Proposition 4.1. (i) We can without loss of generality assume that
Fj, = F € F along the full sequence. Fix any continuity point ¢ € (0, 00) of F' with
the property that for all integers 0 < m < M, the ¢(1 — 7;)* also are continuity
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points of F. As the right-hand expression in (4.18) is continuous (cf. Lemma 5.1),
and F' is non-decreasing, it suffices to prove (4.18) for such ¢ (only a countable set
of points t is discarded). Again we abbreviate ny := nLﬂ and Vg ; == 19%}1..

Lemma 5.3, for A := B := Ej, and n := ny, gives

ng
=1 Ekﬁ{gaEk >np—l}

with left-hand side satisfying
1- :L”Ek(‘pEk >ny) = ﬁk(t) — ﬁ(t) as k — oo,

by our assumptions. We thus need to understand the asymptotics of the right-hand
side of (5.18). Observe that, for any ¢ > 0,

(5.19) zE = o(ngf]) as k — oo,

which follows from (4.2) and (4.7) since by € Ry/q, a € (0,1]. We now split
the sum in (5.18) as ;% = >°/% +3°" ., and observe that the first part is
asymptotically negligible, as by (5.12),

Zk

23
>, Mpdin, < 3
-1 Ekﬂ{tpEk>nk—l} -1 Ekﬂ{goEk>zk—l}

= pp (v, <z) —0 ask— oo
by assumption (4.8). Therefore it suffices to prove, for k& — oo, that

Nk

1
(5.20) Z / T'g, dug, — at/ [1—F(t(1—s)*)]-s*"'ds.
l=zp+1 Ekﬂ{‘/’Ek >nk—l} ) 0

(i) Observe that letting wy, := fzk(lEk /u(Ey)), we have

Nk Nk —Zk
j=1 7F

l=zp+1 Y Ex{eg, >ni—1} kO {pp, >nr—2k—j}

By assumption (4.9), the wy satisfy the assumptions of Lemmas 5.2 and 5.4. More-
over, since by € Ry /4, we have ny ~ t'/%by(1/pu(Ey)), and condition (4.10) entails

nngk L%, 0 as k — oo. Therefore Lemma 5.4 applies.

Fix some M > 1, take any € € (0,1), and consider the asymptotics of the upper
bound given in (5.17). According to (5.16) we have (recalling (5.19)), for any
m e {0,...,M — 2},

m+ 1\
ﬂk,z;c—ier;;l(nk—z;f)J —t (1— Y ) as k — oo,

while for m = M — 1 we have ¢ ] =0=t(1- mvﬂ)a anyway. As,

P ey —

by our choice of ¢, F is continuous at these limit points, we infer that

~ m+ 1\
(5.21) g, (Re > Op g (2 o] ) — 1= F (t <1 = M> )
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as k — oo whenever m € {0,..., M — 1}. Combining this with the upper estimate
from Lemma 5.4, we conclude (since € was arbitrary) that

U2

(5.22) im / T, du
B 2 St

s +o¢t1:2::11{1—f< (1_%1) NG 5

(iii) Now M > 1 in (5.22) was arbitrary, and ¢t/M® — 0 as M — oo. On the
other hand, the sum on the right-hand side is almost a Riemann sum for fol[l -
F(t (1—5)%)] s> 1ds. It is not hard to check that (although the integrand is
unbounded) it really converges to this integral as M — oc:

Just decompose, for any § € (0,1), Z%}l = Z}jMHfl Jer—LéMJ’ and note

that 0 < LM < S OMIZT(mya 1;4 < 6%/a, while 0"l o, up to
oM

1), is a proper Riemann sum for f;[l -

IN

some multiplicative constant ks € (557 +1,
F(t (1—5)")]-s* 1ds, and hence converges to the latter as M — oco. Letting
6 \, 0 establishes our claim.

This proves the upper half of (5.20). The lower half follows analogously.

(iv) We turn to our assertion on limit points of (Fj)r>1. Suppose without loss of
generality that Fj, = F € F. By passing to a subsequence, if necessary, we may
assume that also Fj, = F for some F' € F. Now fix any continuity point ¢ € (0, 00)
of ' with the property that for all integers 0 < m < M, the t(1 — §7)* also are
continuity points of F'. As before, this only rules out countably many ¢, and we can
thus assume that t also satisfies the corresponding condition for F. As seen above,
this implies validity of (5.21) for all 0 < m < M.

Now Lemma 5.3, for A:=Y, B := E}, and n := ny, gives

nk
[ 1y

623 1-mylen>m) =Y [ 7 () s,
* ; Exn{ep, >ni—1} M(Y)

with left-hand side satisfying
L —py (g, >ni) = Fi(t) — F(t) ask — oc.

Turning to the asymptotics of the right-hand side, we again focus on the upper
bound (the argument for the lower bound being analogous). We can immediately
apply Lemma 5.4 with wy, := 1y /u(Y) € U := {1y /u(Y)}, and z;, := 0, since Y is,
in particular, a Darling-Kac set. Together with (5.21) above, this shows that for
any M > 1,

N

. ~ 1y
lim / T! ( ) du
keoo; Ekr‘l{cpEk>nk7l} /‘L(Y)

SRS S (T (= [EO S
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Letting M — oo then yields

T - ~ 1Y 1 " )
lim / Tl<>d,u§at/ 1—F(t(1—s)%)]-s® L s
Ic—>ool:Z1 Epn{ep, >np—1} w(Y) 0 [ ( )]

as before, and a parallel argument shows that the expression on the right-hand side
also is a lower bound for the corresponding limy_, Zln:kl Whence, in view of the
conclusion about F' obtained above,

Pt) = at/o L= F(t(1—s)™)]- s ds = F(t)

for all but countably many ¢, and thus, in fact, for all ¢ € [0, c0). O

6. U-UNIFORM SETS VIA INDUCED MAPS

An abstract condition for U/-uniform sets. The goal of the present section is
to show that suitable induced maps give rise to U-uniform sets for natural families
U of densities. The argument is inspired by Thaler’s method for finding u-uniform
sets (see [T3], [Z2]). Its abstract core is isolated in the following result.

Proposition 6.1 (U-uniform sets via precompactness). Let T be a pointwise
dual ergodic c.e.m.p.t. on (X, A, ), and Y € A some set with 0 < u(Y) < oo.
Suppose U C D(u) is a family of probability densities supported on'Y', such that the
sequence of maps

1 Tru(x)
ko Ly - Tru)

is precompact for uniform convergence mod p on U X Y. Then Y is U-uniform.

(6.1) O, :UXY —[0,00) given by On(u,z):=

Proof. (i) We assume without loss of generality that u(Y) =1. Let © : U XY —
[0,00) be a limit point of (©,,), i.e. assume there are n; /* co such that ©,, — ©
uniformly on 4 X Y as [ — oo. Then pointwise dual ergodicity ensures that for
every u € U,

O(u,z) =1 forae z€Y.
Hence, the limit point of (©,,) is uniquely determined mod y, so that in fact

(6.2) 0, — 0O uniformly mod pon U XY asn— oo.

Pointwise dual ergodicity also implies that

n—1

(6.3) an(u) = Z p(ly - T*u) ~arp(n) asn—oo forall u €Y.
k=0

To prove U-uniformity of Y, it remains to check that this asymptotic relation holds
uniformly in u € U, as this enables us to replace the u-dependent normalization in
(6.2) by the single sequence (ar(n)) without losing uniformity.

(ii) We are going to verify the equivalent statement that

(6.4) an(u) ~ a,(ly) asmn — oo, uniformly in u € .
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By duality we have a,(u) = [}, Sp(Y) - udu, n > 1, with S,,(Y) = ‘o ly o Tk,

and hence
an(ly) Y Y

where Q,, := a,(1y)71S,(Y), n > 1. We claim that Proposition 3.2 of [Z6] applies
to our sequence (@)n>1 and hence proves (6.4). Indeed, the assumptions of that

Proposition can be checked by the same argument as in the proof of Theorem 2.1
of [Z6]. O

Inducing for a piecewise invertible system (X, A, A\, T,¢). Inducing T on
some {-measurable set Y, with partition £y, into connected components, yields
an induced system (Y, Y N A\, Ty, &y ) with natural induced partition on 'Y, &y =
§yq = Uk21 {V N{py =k}NT*M:VeYn&, Mc EY,O}? so that &y (z) =
oy () (m)ﬂT;lfxo(Tym) fora.e. x € Y. More generally, with &y, := \/ZBI Ty '€y,

(65) Ev (@) = &g (@) VT3 6y o (TF7)  for m > 1,

m—

where @y, = Zi:Ol ¢y o T} gives the time of the mth return. When Y has a
single component (i.e. &y, = {Y}), this reduces to &y () = &, ()(z). If T is
Markov, then so is Ty, and if, in that case, Y € £, then then Ty is piecewise onto.

Gibbs-Markov systems. We shall impose conditions on a suitable induced sys-
tem (Y)Y N ANTy, &) = (Y, B, A\, S,n), with (Y,dy) compact, calling it uni-
formly expanding if there is some p = p(S) € (0,1) such that dy (g (x), gu(y)) <
p-dy (x,y) whenever x,y € H € 7). Here, foranym > 1and H € n,,, = \/Zn;Ol S~in,
g = (8™ |g)~' : SM"H — H is the inverse of the branch S™ |g. All gy have
Radon-Nikodym derivatives wgy := d(A o gg)/dA\. To ensure good ergodic prop-
erties, we will need some distortion control. As in [Z4], a real function u will be
called admissible on Z CY if it is Lipschitz on Z with infz u > 0 or, equivalently,
if w > 0 and there is some r € (0,00) for which u(z)/u(y) < 1+ r-dy(z,y) for
x,y € Z. In this case, the inf of all such r is the regularity Rz(u) of v on Z. The
constant function u = 0 will also be regarded admissible (with Rz(u) = 0).

A natural version of Adler’s condition, suitable for this setup, is that there should
be some A = A(S) € [0, 00) for which supy¢, Rsu(wn) < A. Markov systems with
a uniformly expanding iterate S™ which satisfy Adler’s condition plus the big image
condition infge,y A(SH) > 0 are called Gibbs-Markov (see e.g. [A0]). In this case
there is an ergodic invariant probability measure v < A, and the system is also
Gibbs-Markov with respect to v, so that we can just as well work with the measure
v. If (Y,B,)\,S,n) is Gibbs-Markov, and H € 5 is recurrent, then the induced
system on H is Gibbs-Markov and piecewise onto.

Observe that if (Y, B, )\, S,n) is a Markov system, then

(6.6) S"n,, ={S"H:H ¢€n,,} CSn form>1.

In particular, if the system satisfies the finite image condition #.57 < oo, then so do
all iterates (Y, B, A, S™,n,,). We will also use the folklore fact that if (Y, B,v,S,n)
is a probability preserving Gibbs-Markov system, then there are constants x,p €
(0, 00) such that

(6.7) v(H) < ke ”™ form >1and H €,,.
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U-uniform sets for piecewise invertible systems. We verify the conditions of
Proposition 6.1 for good subsets of infinite measure preserving Markov systems.
Consider a probability preserving Gibbs—Markov system (Y, B,v,S,n) on the
compact metric space (Y,dy), without loss of generality with diam(Y) < 1. The
transfer operator S , and all of its powers, allow explicit representations as

(6.8) Sy = Z (uogy)- wy, form >1and u >0 measurable,
Hen,

where again gy = (S™ |g)~! : S®™H — H is the inverse of S™ |y and wy =
d(X o gm)/dX. We shall always work with the versions obtained using admissible
versions of the wy. For I CY welet C,.(I) :== {u: Y — [0,00) : u is supported and
admissible on I with R;(u) < r}, » > 0. Note that this is a positive convex cone
of functions, that is, tu,u + v € C,.(I) whenever u,v € C,.(I) and ¢t > 0. It is easily
seen that the following countable version holds,

(6.9) ifu; € Cr(I),i>1,and u:= 3,5, u; < ooon I, then u € C,(I).

We let D,.(I) := {u € C,(I) : [, udv = 1} denote the set of probability densities
in C,(I). Then,

(6.10) v(I)infru <1 <supyu < (l1+r)infru for u € D.(I),

(in particular, each u € D,.(I) is strictly positive on I), and so

(6.11)  |u(z) —u(y)| <r(l+r)/v(I)- -dy(z,y) forx,y eIl and ue D.(I).
Our goal is to prove

Proposition 6.2 (U-uniform sets via induced Gibbs-Markov-maps). Let
(X, A, u,T,€) be a c.eem.p. piecewise invertible system and Y € A (with 0 <
w(Y) < 00) a &-measurable set on which the system induces a Gibbs-Markov-system
Y, Y N A uy, Ty, &) with #TyvEy < oo. Suppose that I CY is &y -measurable.
Then, for every r > 0,

(6.12) Y is a U-uniform set for U := D, (I).

We first need to recall, as a warm-up, some of the well-understood distortion
properties of Gibbs-Markov maps, expressed in terms of S.

Lemma 6.1 (Distortion properties of Gibbs-Markov-maps). Let (Y, B, v, S,n)
be a probability preserving Gibbs-Markov-system. Then there is some r(S) € (0, 00)
such that if r >r(S), m>1, ECF €n,,, then

(6.13) S5™(1gu) € C(S™E)  whenever 1pu € Cn(F),
where we use the specific versions 0f§ given by (6.8) with admissible wyy .

Proof. This is verified by routine calculations like, for example, those in [Z4]. O

‘We now turn to the

Proof of Proposition 6.2. We verify the sufficient condition given in Proposition
6.1. To this end, fix some r > r(Ty), let U := D,(I), define B,, as in (6.1), and
an(u) as in (6.3). Assume without loss of generality that p(Y) = 1.
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(i) Let Sn = Ty&y = {B1,...,Br} be the finite collection of cylinder images of
the induced Gibbs-Markov system (VY N A, puy, Ty, &y ) =: (Y, B, A, S, n).

Writing @y, := S ¢y 0 T%, m > 1, for the m-th return time to ¥ under T
(which is constant on each H € £y,,), and ¢y := 0, we decompose for k > 0,

k
YNnTty = (J U H (disjoint).
m=0 HEEy ' oy, m (H)=k
This shows that for any k& > 0 and measurable v : Y — [0, 00),
k

(6.14) ly - Tru=Y" > S™(1gu).

m=0 HeEy ,,: ¢y, m(H)=k
Define n(k,l,m) := {H € &y ,,: ¢y, (H) = k and Ty"H = B;}. In view of (6.14)
and (6.6) we can represent the relevant dual ergodic sums as

n—1 L

(6.15) 1y Z Ty = Zu"»l with u,,; = Z Z §m(1Hu).
k=0 =1

0<m<k<n Hen(k,l,m)

According to Lemma 6.1 we always have §m(1Hu) € Cr(By) for H € n(k,l,m). Via
(6.9) this shows that

(6.16) Ung €Cr(B) forn>1land1<[<L.

The main step of our argument will be to show the following. Set w,; :=
[ wn, dpy, and define maps

Oy :UXY —[0,00) by Onu(u,z):= { um(gi))/ﬂn’l i Zni i 8’

We claim that for each [ € {1,..., L} the sequence
(6.17)  (On;),~; is precompact for uniform convergence (mod p) on U x Y.

It is easy to see how (6.17) implies the precompactness property of Proposition
6.1. Take any (strictly increasing) subsequence (n;) of indices. Due to (6.17) there is
some further subsequence (n’;) C (n;) such that, for every l € {1,..., L}, (Ons )21
converges uniformly (mod p) to some ©F on U X Y. Since Gy, ;/an(u) € [0,1] for all
n,1 there is yet another subsequence (n}/) C (n;) such that, for each I, U,y 1 /an (u)
converges to some s; € [0,1] as j — co. But in view of '

L _
@n(uv ) = Z au?;i) : @n,l(u7 )
=1 "

this proves that @nsf — Zlel 5;©; uniformly (mod p) on U x Y, as required.
Therefore we need only prove (6.17). Note that ©,, ;(u,z) = 0 for € Bf, so that
can also regard ©,,; as a function on U x B; = D,(I) x B; without losing any
information.

(ii) For bounded functions u,v : ¥ — R and z,y € Y we set dy ((u, z), (v,y)) :=
lu — v +dy(z,y). Now fix any [ € {1,...,L}. To validate (6.17) we will show
in this step that (0,,), -, is uniformly bounded and equicontinuous on D,.(I) x By,
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equipped with the metric d. The first property is clear since, by (6.16), ©,, ;(u,.) €
D, (By), so that (6.10) ensures
(6.18) 0<0O,; <(A+7r)/py(B;) foralmn>1.
Letting & := p(B;) 2 max(2,7)(1 + r)? we claim that for u,v € D.(I), z,y € By,
and all n > 1,
(6.19) On,1(u, 2) = On (v, y)| < k- dx((u, 2), (v,9)).
Indeed, combining (6.11) with ©,,;(u,.) € D,(B;), we first see that
(6.20) 10n.1(u,2) — O i (u,y)| < py (B) tr(1+7) - dy(z,y) forn > 1.
To quantify the dependence of ©,,(u,y) on u, note that for u,v € D,.(I),
(6.21) u<v+|u—v| 1y <A+ 1+7)|lu—v]|)v,

by (6.10). Hence, since Sisa positive linear operator, we have §m(13u) <1+
(1+7)||lu—v|)S™(1pv) whenever m > 0 and B € B. Define w, ;, U,  as above,
and vy, Un, in the same manner, using v instead of . Then this estimate shows

(6.22) Ung <1+ 1 +7)Jlu—v||)vn; forn>1

Invoking this (and (6.10) again), we find that

(6.23) it = vl < piy (B 21+ 1) s — ], (i1, T,
Therefore (assuming without loss of generality that max(Ty, ,Tn,1) = Tn,1),
(6.24) (@t = Tn| wng < pry (Br) "2 (14 7)% [Ju = | Tyt T,

and similarly

(6.25) Tt [Ung — Ung| < pry (B) A +7) ||u— vl| o Tt D
Together these two estimates entail

(6.26)  [Oni(u,y) = Ona(v,y)| < 2y (B) A +7)° u vl forn>1.
Combining this with (6.20) proves our claim (6.19).

(iii) Now (cl(I),dy ), the closure of I, is a compact metric space. Hence the Arzela-
Ascoli theorem can be used in the Banach space (C(cl(1)),||.||,,) of continuous real
functions on cl(I) with the uniform norm. Note that any Lipschitz function on I
has a unique Lipschitz extension to cl(I) (respecting the same Lipschitz constant
and having the same uniform norm). In this way, D,(I) can be identified with a
certain subset D of C(cl()). By (6.10) and (6.11), D is uniformly bounded and
equicontinuous, and hence precompact in (C(cl(1)),||.||). In fact, D is compact,
since it is also closed in the complete space (C(cl(1)), |||/, )-

Likewise, cl(B;) is compact, and by the same extension principle for Lipschitz
functions, we may regard each ©,,;(u,.) as a Lipschitz element of C(cl(B;)), and
hence identify each ©,,; with amap ©;, ; : D xcl(B;) — R which, by continuity, still
satisfies all the estimates of step (ii). In particular, (6}, ;)n>1 is uniformly bounded
and equicontinuous with respect to dx on D x cl(B;). But (D x cl(B;),dx) is
a compact metric space, since dx induces the product topology. Applying the
Arzela-Ascoli theorem again, we thus conclude that (0}, ;)n>1 is precompact in
(C(D x cl(By)), ||| o) This implies (6.17). O
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7. PROOF OF THEOREM 3.1

Preparatory observations. The following easy lemma on the pointwise order of
magnitude of ergodic sums applies to a large class of infinite measure preserving
systems. Recall the definitons (2.5) and (2.10) of Si(Y) and wy (Y'), respectively.

Lemma 7.1 (Pointwise bounds for ergodic sums and return-times). Let
T be a ccem.p.t. on (X, A,pu), and Y € A (with 0 < pu(Y) < o0) such that
(wn(Y)) € Ri—q for some a € (0,1]. Then,

(7.1) Sk(Y)/loghk — o0 a.e. ask — oco.
Moreover, if v > 1/, then
(7.2) py oIy  =o(m?) a.e. asm — 0.

Proof. In view of Theorem 2.4.1 of [A0], (7.1) follows as soon as [}, log oy dy <
oo. Via the Monotone Density Theorem (see Theoreml.7.2 of [BGT]), the tail of
y is seen to satisfy

(7.3) @n(Y) ~ (1 = ua(Y)/(npu(Y))  asn — o0

(recall convention (2.13)), and as (wn(Y)/N) € R_q, logopy- is py--integrable.
Since (py 0T )m>0 is a stationary sequence on (Y, Y NA, uy-), the tail behaviour

(7.3) implies (7.2) via a straightforward application of the Borel-Cantelli Lemma,

as y . <o My (py > 0m?) < oo for every 6 > 0. O

In the concrete application of the abstract Theorem 4.1 below, condition (4.8)
actually follows from the simpler condition (4.7) because the Fj, there exhibit expo-
nential return-time statistics for the induced map Ty . To make this precise below
we let, for ECY, ok : Y — NU{oco} denote the first hitting time of E under the
first-return map Ty, that is,

(7.4) e (r) ;== min{j > 1: T}j,x €eE}, zeY.

(For finite measure preserving situations relations between ¢y and % have been
studied in [BSTV] and [HWZ].) Without imposing any extra conditions on the
system, we then have the following useful observation.

Lemma 7.2 (Using return-time statistics of the induced system). Let T be
a ceem.p.t. on (X, A, p). Suppose that'Y and Ex, CY, k > 1, are sets of positive
finite measure with p(Ey) — 0, and that z, > 1 are integers such that

(7.5) 2z - w(Eg) =0 as k — oo.

Assume that for everyt > 0,

(7.6) p, (by (By) g, <t) — Prl€ <t]  ask — oo.
Then

(7.7) pg, (0p, <2) — 0 ask— oo.

Proof. We start by recording some preparatory observations. First, we recall the
natural duality (on Y') between consecutive return times ¢y, = Zi";ol oy o TY,
m > 1, and occupation times S;(Y) := Zé;t ly oT7, 1> 1, given by

(7.8) Si(Y)>m ifand only if ¢y, <.



ASYMPTOTIC RETURN- AND HITTING-TIME DISTRIBUTIONS 25

Second, for E C Y, the function ¢ can be expressed in terms of ¢k and ¢y as

Y_q .
(7.9) pp =275 ¢yoly =¢y,y onY.
Next, due to (7.6) there are ¢ty > 0 and kg > 1 such that

(7.10) P, (y (Er) gpgk <tg)<e fork > k.

Finally, as S;(Y) <! and z; > 1, we see that

Wy (Er)S|z,41)(Y) > to  implies 2z p(Eg) > p(Y) to/2.
Hence, by (7.5), there is some k1 > 1 for which
(7.11) pm, (y (Er) S|4 (Y) > to) =0 for k > k.
Combining these facts we conclude that

b, (Pp, <2k) < ppg, (Sﬁy,wgk < |z + 1))

= g, Sz (V) > ¢k,

= g, (by (Br) 0k, <ty (Bg)S|z11)(Y))

< pp, (py (Ex) @gk <to) + kg, (ty (Ex) Sz 41/ (Y) > to)
< €40 for k> max(ko, k1),

which proves the assertion of the lemma. ([l

Remark 7.1. The proof of the lemma shows that (7.6) can be replaced by
(7.12) limg o limg— o0 pp, (by (Ey) (pgk <t)=0.
This lemma will be put to use via another auxiliary observation.

Lemma 7.3 (Exponential return-time statistics for AFU-maps). Suppose
that (Y,B,v,S,n) is an ergodic probability preserving AFU-map. Then, for v-a.e.
x €Y, and every sequence (Ey) of open intervals with Y 2 Ej \, {z} we have

(7.13) v(Ey) TE, e sk 00,
where Tg(z) := min{n > 1: Sz € E}, the first return time of E under S.

Proof. Any AFU-map belongs to the class of Rychlik-maps studied in [Ry] (see
Corollary 1 of [Z1]). Theorem 3.2 of [BSTV] thus guarantees (7.13) in case the Ej
are symmetric e-neighbourhoods of a p-typical point . However, the proof given
there does not depend on the symmetry property, and applies to a.e. point and any
sequence (E}y) of intervals around x, with diameters shrinking to zero. O

The above considerations allow us to complete the

Proof of Theorem 3.1. (i) Since YV X, it suffices to prove the asserted dis-
tributional convergence for a.e. € Y, where Y := YV with N > 1 arbitrary but
fixed. Recall that Y is ¢’-measurable (but not necessarily £&-measurable). It has
been shown in §4 of [Z2] that the system (Y, Y NA, uy, Ty, £) which (X, A, 4, T, &)
induces on Y is an AFU-system. It is Markovian since Y is ¢-measurable, and the
original system is Markovian. Hence, this induced system is probability preserv-
ing, Gibbs-Markov, and satisfies the finite image condition #7Ty &y, < oo. Set
r:=r(Ty), as in Lemma 6.1.
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According to Theorem 3 of [Z2], assumption (3.6) ensures that (wy(Y)) € Ri—a.
By Theorem 1 of [Z2], T is pointwise dual ergodic, and by Theorem 4 of [Z2], ar(n)
as defined in our theorem is indeed a return sequence for 7'. Its inverse function by
belongs to R, p:=1/a € [1,00).

(ii) The main part of the proof (steps (iii)-(xi)) is devoted to establishing the d = 1
case of the theorem. That is, we show

(7.14)  pp, ({br(L/u(Ep) ™" - op, <t}) — Prl€=Go <t] ask — oo,

and

(7.15)  py ({br(1/u(Ee) ™" g, <1}) — Prl€5Go <1 as k — oo,

plus the analogous assertions for (E}).

Using Theorem 4.1, we are going to prove the asserted convergence (7.14) and
(7.15) for every x € Y for which all £, (z) = E) and & (z) = Ej, are defined, and
which satisfies the conclusions of both Lemma 7.1 and Lemma 7.3. Henceforth we
fix such a point x. The conclusions of Lemma 7.1 give

7.16 Sk(Y)(z)/logk — o0  as k — oo
(7.16)

and

7.17 o T (x) = o(m?/* as m — oo.
( ) oy o Ty' () (

Moreover, both (Ej) and (Ej},) are sequences of open intervals shrinking to z. The
conclusion of Lemma 7.3 thus means that for every s > 0,

(7.18) g, (by (Ex)¢h, <s) — Prl€ <s] ask— oo,

and likewise with ;. in place of Ej.

Below, the argument for the sequence (Ey) is given in full detail. Some care is
required since Y need not be {-measurable. The sequence (E}) is easier, exactly
because Y is measurable (mod p) with respect to £'. An outline of this case is given
at the end of the proof, but we do not provide every detail where the argument is
an easier version of one explained before.

(iii) To get started, let Z; := &(T'x), i > 0, so that Ej, = [Zy, ..., Zx_1] for k > 1,
and define the zj as follows. If Zp_1 € £\ (, henceforth referred to as (case A), set
z = k—1. Otherwise (case B), Zx_1 € ¢ and we let 2z := max{i € {0,...,k—2}:
Z; # Zy—_1}, which is well defined for k > kg since z is none of the zz, Z € {. Note
that, due to TZ(n+ 1) = Z(n) for Z € ¢, we have

(719) sz+1 =...= Zk,1 for k Z k‘o.

In either case, Z,, CY (1) CY. Weset ji, :=k —1— 2.
To relate Ej, to the induced partition &, let s := S,, (Y)(x) and define F}, :=
€y o, (x) € &y, . For k> ko we then have

(7.20)  Ep=FNTy % (Z,, NT 'Gy) and T*Ey, = T3k By = Z,, N TGy,
where Gy, == (V53" T7"Z)_1 (so that Gy = X if 2z, = k — 1).
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(iv) Conditions (4.7) and (4.8) are easily verified. Since Ej C Fj € &y, , (6.7)
gives

(7.21) w(Ey) < ke Pt for k > ko,

for suitable constants x,p € (0,00). In view of (7.19) and our choice of Y, we have
(7.22) s> Sk(Y)(z) = N for k > ko.

Combining this with (7.21) and (7.16), we find that

(7.23) 2k W(Er) < ku(Ey) < keP N ke PSe0@) 0 as k — oo,

proving (4.7). Lemma 7.2 enables us to combine (4.7) with (7.18) to obtain (4.8).

For later use we record that (7.21) and (7.22) together with regular variation
of index p > 1 of by ensure that there is some x* € (0,00) such that, letting
p":=pp/2 > 0, we have

(7.24) br(1/p(Ey)) > kP ScM@) for k> 1.

(v) As the induced system (Y,Y N A, uy, Ty, &) is Gibbs-Markov, our earlier
results will allow us to identify Y as a U-uniform set with & C D(u) rich enough.

Recall that r := r(Ty), as in Lemma 6.1. According to Proposition 6.2, Y is a
U'-umiform set for U’ any of the following, U’ = D,(Ty W) for some W € £, or
U =Dy(Z(i)) for some Z € ( and i € {1,...,N}. Note that these are only finitely
many different collections of densities. In view of (4.5) and (4.6), Y is therefore a
U-uniform set for

(7.25) U:=co (Uwes'y De(Ty W) UUgecrcion DT(Z(Z‘))) .

(vi) We need to have a closer look at the local return distributions to Y. Take any
Z € (. By well-known arguments (Corollary on p.82 of [T2]), the local asymptotics
(3.6) at the neutral fixed point zz implies that the length of the higher-order
cylinders 3 (Z) = (YZ; T~'Z shrinks at a definite rate,

(7.26) NSEHD) ~ (azpzr )™ as j— .

As a consequence, we see that there is some constant K > 0 such that, for every
Z e,

(7.27) Ay 2NN (Z) < K j*0™ for v > j > 0.

Next, Adler’s condition (3.1) guarantees (again by standard arguments) that the
inverse branches fz/ for Z’ € ¢\ ¢ have uniformly bounded distortion, which gives
some K, > 0 such that A(fz 5~ (2))/Mfz [} " (2)) < K. jov=® for v > j > 1,
Z € ¢and Z' € £\ ¢ such that ZNTZ' # &. Finally, since the invariant density h
of T is of finite regularity on every Z’ € £\ ¢, there is yet another constant K* > 0
for which

Neae)
Wl F(2))

forv>j>1,and Z € (,

(7.28) Z' € £\ ¢ such that ZNTZ' # @.

S K* ja'U_a
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By similar arguments, the uniform distortion control for the fz/, Z' € £\, together
with (7.26), implies that (for some K** > 0)

Zzgq w(fz fz(Z))
(2"

(7.29) < K™y~ forv>1and Z' €&\ (.
(vii) We first focus on (case A). Here, 7% (1g,) = ff,k (1kaT;Sk z., 1p,) € Ce(TyF Ey) =

Ce(Z_1) by Lemma 6.1. To obtain the desired representation 7% (15, /u(Ey)) =
150 Thy Whyiy WE let Pro =0 and

(7.30) T o= pop, (Ex DT (Y N {py =1})), +>1,
and define probability densities
(7.31) Wi, = (T t(B) ™ Iyagey =0 77 (1g,)  whenever 7y, > 0.

It is clear that 1y fjwk,L =0 for 1 < j <, while TkayL is supported on Y. Since
Y is ¢-measurable (mod pu), each set Y N {py = ¢} is the union of some family
n(t) C &y As & refines ¢ and Z;,_1 € €', we see that

(732) Wk’L/L(Ek) fbw;w = ZWG’I](L) j—\'y (]-W . fzk ]‘Ek> s

with each fy(lw T 1g,) € Cx(Ty W) by Lemma 6.1. As a consequence, normal-
izing and convexly combining these functions we conclude that T*wy, , € U.

(viii) Turning to (4.10), we note that since 7% (1, /u(Ey)) € Dr(Zk_1), we have
T (1g, /u(Er)) < e*u(Zx—1) "1z, _,, and hence
(7.33) Thy = B, (E;C NTy " (Zp—1 N{py = L}))

= /f}ik (:U'(Ek)illEk) : 1Zk—1ﬂ{80Y:L} du

< epg  (Ze—i N {py = 1))
Due to our choice of Y we have, for v > 1,
(734) Zk—l N {@Y > U} = UZeg kafl(fZ{(pY > U})

UZeg ka—l (f%jLN?lZ)'

Therefore (7.29) shows that

(7.35) Fr) =3, T < € pg, (Zr—1N{py >0})
< eEK™(w+N-1)"% forv>1.

In view of (7.24), the crucial condition (4.10) follows once we show that, for
every € > 0,

(7.36) Fr(ee? SrO0@) 0 as k — oco.

This, however, is clear from (7.16) and (7.35). We have thus checked the assump-
tions of Theorem 4.1 for Ej and all indices k of (case A).

(ix) Now consider (case B), where fzk(lEk) = ﬁs’k(1kaT;Sk(szmT—1Gk)le) €
Ce(TyrEy) = Ce(Z2, N T~'G}) by Lemma 6.1. Again we define Tk, and wg, via
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(7.30) and (7.31), respectively, so that 1y fjwm =0for1<j <, and fLw;w is
supported on Y.

Note that 771Gy = ;> T 'Zx_1(i) (disjoint), and since Y = YV,

12 ]k
(7.37) T3 Ex N {oy =1} = UiL;, Zo 0T Zi 1 (i),
while
(7.38) T ExN{py =1} =2, NT ' Zp_1(N —1+41) for¢>2.
Set o, = szk AT-17, 1 (i) Whi dp, and vy ; = O'];i-'lzzkﬁTflzkil(i)wk)]_ (tacitly

suppressing indices for which o) ; = 0), then vy ; € Dp(Z,, N T 1Z;_1(i)). Ob-

serve next that for every i > 1, Z,, N T~1Z,_,(i) is &-measurable. (Obvious if

Z, € &\ (¢ C ¢. Otherwise, Z,, € ¢ but due to Z,, # Zp_1 we then have

Z,NT 172, 1(i) = Z,,()NT 1 Z_1(i) € £}.) We can therefore appeal to Lemma

6.1 to see that Twg; = Ty vg; € Dp(Ty (2., NT " Z—1(i))) = Dyp(Zk—1(3)). Conse-
. N -

quently, T' w1 = Zi:jk

fbwk,b e U for all > 2.

ok, Tvk,s € U. By a simpler version of the same argument,

(x) To tackle (4.10) in (case B), use 7% (1p, /u(Ey)) € Dp(Z,, N T71G}), to sce
that 7y (1, /1(Ex)) < e'p(Z., ﬂT’le)*llzzmT—lck, and hence

(7.39) Frw) = pp (BT (22, N {ey > v}))
= /flsfk (M(Ek)_llEk) ’ 1szﬁ{gpy>v} dp
< €z, v, (20 T7'GeN{py > v}).

Now observe that Z,, NT~1Gy, = fz., (f%’;:ll(Zk,l)) and

(7.40) Z., NT G N {py > v} = fz., (Fp 07z, ).
Therefore (7.28) shows that
(7.41) Frv) <efK*jpv™®  for k,v such that v > ji.

Once again we need to check (7.36). Fix any € > 0. Since ji < k, (7.16) ensures
that j, < eeP ** for k > k;. For such k we can then appeal to (7.41) to see that
(7.42) e eﬁ*Sk(Y)(m)) < EeFeTOK* ke P Sk(M@) L0 a5k — 0.

This validates the assumptions of Theorem 4.1 for Ej, and all indices & of (case B).
Therefore the proof for the sequence (Ej)r>1 is complete.

(xi) The argument for (E}) is essentially the same. Let Z! := ¢'(T'x), i > 0, so

that |, = [Z),...,Z},_,], define 2}, ;== max{i € {0,...,k—1} : Z] C Y} =max{i €

{0,...,k =1} : T’z € Y}, and set j}, :== k — 1 — 2. Then either 2, = k — 1 (case

A’) or z;, < k—1 (case B’). In (case A’) we can argue exactly as in (case A) above.
In (case B’) note first that Z;_; € ¢ and that

(7.43) Z;k_H,...,Z,'C_1 =Zk1(l, + N=1),..., Z_1(l;, + N — j;),

where I}, = ¢y (Ty"z). Hence, Ej, = F,, N Ty " (Z, NT~'G}) where we denote
b =2Zp_1(l, + N — 1), and

(7.44) T%Ej, =Ty By = Z., NT7'G.
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Conditions (4.7) and (4.8) are then verified as in step (iv) above. Moreover, (7.24)
holds with £} in place of Ey. Next, define 7, , and wy , by 7} o =0,

(7.45 Wo = iy (BT (Y 1 gy =), 121,
and
(7.46) wj,,, o= (T w(E)) " 1yﬂ{¢Y:L}fZL(1El/€) whenever mj , > 0.

Again, it is immediate that 1y fjwfw =0 for 1 <j <, while f‘wﬁw is supported
onY. Now, TyPE; N{py =1} = Ur. Z;I,c NT~1Z,_1(i), whereas

i=jk
(7.47) Ty EyNf{py =1} =2, NT'Z_y(N—1+1) for.>2.
Arguing as in step (ix) we then see that T\me €U for all L > 1.

Finally, we need to check (4.10) in (case B’). Observe that (7.44) and (7.47)
together show that for ¢ > 2,

5L

T, = .
k 0 otherwise.

, {1 if e =1,

In particular,

Fr):=>,,m,=0 ifv>I +N,
and (4.10) follows once we prove that for every ¢ > 0 there is some k7 such that
(7.48) g > 1 = oy (Tekx)  for k> ky.

However, since s — o0, this is immediate from (7.17). This completes the proof
of the d = 1 case of the theorem.

(xii) The inductive step allowing us to pass from d to d + 1 in (3.7) and (3.8) is
easy. We provide the details for (3.7), both in case (Ej) and (£},). To obtain (3.8)
a straightforward variation of the same argument is used.

Fix any tg,...,ts—1 € (0,00) and abbreviate By := by (1/u(Ex))~ !, and My, :=
Eir N ﬂ?:_ol {Bk - ¢, © T};Jk < t;}. Below we prove convergence of the conditional
distribution function,

(7.49) png, ({Br o, o TR, <t}) — Pr[E= Go <1,

for all t > 0. (Here we use the d-dimensional limit theorem to see that the con-
ditioning event M}, has positive measure for k& > k*.) To do so, note that the
left-hand expression equals

/fgk (1 (My) ™ g - L g, <ty it
As (7.14) has already been established, (7.49) will follow once we check that

(50) |u(E) T, (1 (M) Lag) = 1,

—0 ask— o0

Loo(/LEk)

(and likewise with Ej replacing Ej). Assume that
(7.51) T (u(My) " 1ar,) € De(BEy)  for k > k7,
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then wuy := g(Ek)fgk(p(Mk)_l 1a,,),uy = 1g, € Cr(Ey), and since p(ux) =
p(uy), we have infp, ux <1 < supp, ug. Hence, by the definition of regularity,

(7.52) (1 +rdiam(Eg)) ™ <up <14 rdiam(E,) on Ey.

But the cylinders Ej, (like the E},) trivially satisfy diam(E}) — 0. We thus see that
(7.50) is immediate if we validate (7.51) plus its (E},)-version.

(xiii) The classical distortion bound for good subsets of an AFN-system (which
goes back to [T1]), can be rephrased as follows:

(7.53) if V,W CY are intervals, m € N, and 7" maps V'
homeomorphically onto W, then 71y € Co(W).

Since Ej is a cylinder from the Markov partition & for 7', the induced map Tz,
is piecewise onto for the partition g, , and g, is {g, -measureable. This au-
tomatically implies analogous properties of T };Jk, $p, i and g, o T};k In par-
ticular, the conditioning event My above is {p, ;_;-measurable, My = UVenf |4

for some nk# C &g, d-1- But oneach V € nk#, Tgk coincides with some branch
T |y: V. — W =: E of the type considered in (7.53). Hence,

Tg'kle = Zvent T(Ei'k]‘v = ZVan valv € CI‘(W)7

and (7.51) follows. Exactly the same argument works for (E},). O

To conclude, a short comment suffices to clarify the Example 2.3

Proof of the claims made in Example 2.3. Tt is well known that R(f) can be
represented as a piecewise affine interval map on [0, 1] with an indifferent fixed point
at x = 0, such that u{f) corresponds to the unique absolutely continuous invariant
measure. This is not exactly an AFN-map (as it is not smooth near = = 0), but it is
even simpler (the invariant density is constant on members of ¢’, and the family of
¢'-measurable densities is invariant under the transfer operator). Most important,
it shares all properties used in the proof of Theorem 3.1 above. Calculating the
asymptotics of ap (and hence br) starting from the tail behaviour is routine. O
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