SYMMETRIC GIBBS MEASURES
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ABSTRACT. We prove that certain Gibbs measures on subshifts of
finite type are nonsingular and ergodic for certain countable equi-
valence relations, including the orbit relation of the adic transform-
ation (the same as equality after a permutation of finitely many
coordinates). The relations we consider are defined by cocycles
taking values in groups, including some nonabelian ones. This
generalizes (half of ) the identification of the invariant ergodic prob-
ability measures for the Pascal adic transformation as exactly the
Bernoulli measures—a version of de Finetti’s Theorem. General-
izing the other half, we characterize the measures on subshifts of
finite type that are invariant under both the adic and the shift as
the Gibbs measures whose potential functions depend on only a
single coordinate. There are connections with and implications for
exchangeability, ratio limit theorems for transient Markov chains,
interval splitting procedures, ‘canonical’ Gibbs states, and the tri-
viality of remote sigma-fields finer than the usual tail field.

1. INTRODUCTION

It has long been known that many Gibbs measures on (topologically
mixing) subshifts of finite type (SFT’s) are not only ergodic but are,
in fact, K (they satisfy the Kolmogorov 0-1-Law in that they have
trivial (one-sided) tail fields). In fact the two-sided tail field is also
trivial; another way to state this is to say that they are ergodic for the
homoclinic or Gibbs relation (the countable equivalence relation R4 in
which two sequences are equivalent if and only if they disagree in only
finitely many coordinates, i.e. if and only if they are in the same orbit
under the action of the group I of finite coordinate changes). We prove
that these Gibbs measures, which include the Markov measures fully
supported on the subshift, are also nonsingular and ergodic for many
cocycle-generated subrelations of the homoclinic relation, including the
symmetric relation S4 in which two sequences are equivalent if and only
if one can be obtained from the other by a permutation of finitely many
coordinates. On a one-sided SF'T this orbit relation for the action of
the group II of permutations of finitely many coordinates is the orbit
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relation of the adic transformation, and ergodicity of this equivalence
relation is the same as ergodicity of the adic transformation.

Our interest in these matters arose from the study of the dynamics
of adic transformations, which were defined by A.M. Vershik (see [55])
as a family of models in which the cutting and stacking constructions
of ergodic theory are organized in a way that makes them conveniently
accessible to combinatorial analysis, and which has certain universal-
ity properties (such as containing a uniquely ergodic version of every
ergodic, measure-preserving transformation on a Lebesgue space [54]).
‘Transversal flows” had been investigated by Sinai [48], Kubo [28] and
Kowada [25, 26], and also by S. Ito [23], who proved ergodicity of the
adic transformation on an SF'T for its measure of maximal entropy, a
particular case of our Theorem 3.3. Adic transformations for actions of
amenable groups were constructed by Lodkin and Vershik [34]. For the
Pascal adic transformation (first defined by Vershik [53]), i.e. the adic
transformation on the full shift, the ergodicity of Gibbs measures (in-
cluding Bernoulli and Markov measures) is closely related to classical
investigations of exchangeability and the triviality of remote sigma-
fields. Given a (usually finite-valued) stochastic process Xg, X1, ...
with (usually shift-invariant) distribution u, we have the sigma-algebra
T of shift-invariant sets, the tail field FL = Nyp>oB(Xn, Xnt1, ... ), and
the exchangeable sigma-algebra &€ consisting of all sets invariant un-
der the group II of permutations of N that move only finitely many
coordinates. (As sub-sigma-algebras of the product sigma-algebra of
countably many copies of a fixed measure algebra, Z C Ftf C &, and
the inclusions can be proper. In the two-sided case there are also F__,
the sigma-algebra generated by Ft and F_, and the two-sided tail
Foo = Nu>1B(X; @ |i] > n).) Already for the case of the full shift, invari-
ance and ergodicity under the symmetric subrelation S of the Gibbs
relation R of ¥ leads to interesting results. A. M. Vershik [private
communication] observed that the nonatomic, ergodic, invariant prob-
ability measures for the Pascal adic transformation on the 2-shift are
in one-to-one correspondence with the Bernoulli measures on ¥ . By
using dyadic expansions to regard this Pascal adic transformation as an
infinite interval-exchange map on the unit interval [0, 1], one may re-
cognize it as the map studied by Arnold [3] and proved by Hajian, Ito,
and Kakutani [17] to be ergodic (with respect to Lebesgue measure)
and later used by Kakutani [24] to prove the uniform distribution of
his interval splitting procedure. (The connection was also noted in [49].
See [41] for more about interval splitting.) The Hewitt-Savage 0-1-Law
[19] says that for i.i.d. random variables £ is trivial, i.e. consists only of
sets of measure 0 or 1 (Bernoulli measures are S, -ergodic). This was
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extended to Markov measures by Blackwell and Freedman [4]. There
are analogous statements for the two-sided case ... X 1, Xo, X1, Xo, ...,
where there are past, future, and two-sided tail fields to deal with. It
took some time to sort out the relationships among the various tail
fields [16, 21, 22, 32, 36, 37, 39, 38|, to understand the representation
of measures as mixtures in terms of the theory of Choquet simplices
and ergodic decompositions [8, 7, 9, 42, 44, 56|, and to investigate ex-
changeability in more general contexts [8, 7, 13, 20, 30, 42, 51]. For
a survey of exchangeability, see [2]. Diaconis and Freedman [7] gave
a necessary and sufficient condition for a measure to be a mixture
of Markov measures, in terms of ‘partial exchangeability’—invariance
under the subgroup of II that preserves transition counts (as well as
symbol counts). They also gave a general theory of ‘sufficient statis-
tics’, describing how to present the (in some sense) most general sym-
metric measure as a mixture of extremal ones [8]. Several workers in
statistical mechanics considered ‘canonical” or ‘microcanonical’ Gibbs
states, in the construction of which symbol counts, or the values of
some other ‘energy function’, are fixed in finite regions. The point was
to find the extremal measures in at least some classes of examples and
thereby obtain a mixture-representation theorem for the most general
such measures. Georgii [13, 14] found that certain Markov measures
qualify. Similar results were obtained by Lauritzen [30], Hoglund [20],
and Thompson [51].

We prove (Theorem 3.3) that many Gibbs measures, including all
mixing Markov measures, are ergodic under certain subrelations of R4
which include the equivalence relation S4 that corresponds to permuta-
tion of finitely many coordinates (or, equivalently, eventual equality of
accumulated symbol counts). As a corollary, (letting k& = 2 for sim-
plicity) taking ¢(x) = 1(z) = cxo in Theorem 3.3, we find measures
e that are ergodic and invariant under the adic on the SFT X4, i.e.
symmetric or exchangeable, when sequences are constrained to lie in
the SFT ¥4 (see Examples 5.1, 5.3, and 5.4). Similar results hold when
¥ is a function of only finitely many coordinates of x. Using a well-
known formula (see [40, p. 22]), one can recover explicit expressions
for these Gibbs states (cf. [13, 14, 20, 30, 51]). As a consequence of
the ergodicity of Markov measures for S we obtain some pointwise ra-
tio limit theorems for adic transformations whose direct combinatorial
proofs appear to be quite difficult (Section 7.4). Further, we identify all
the probability measures on SFT’s that are invariant simultaneously for
the shift and the symmetric relation S4 (Theorem 6.2). More generally,
we prove ergodicity of certain Gibbs measures under subrelations Sj
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of R, defined by cocycles generated by functions ¢ : ¥4 — G, where
G is a ‘nearly abelian’ countable discrete group—see 3.13 and Theorem
3.3; the symmetric relation S, is of this kind for a particular ¢. The
dynamical and abstract approach provides a common framework for
the diverse questions and results scattered through the literature and
also leads to some interesting problems, mentioned in the final section
of the paper, for example whether these measures are weakly mixing
and whether there are some implications for various kinds of interval
splitting or for the statistical mechanics of materials.

The authors thank C. Ji, U. Krengel, and A. M. Vershik for their
suggestions that contributed significantly to the progress of this work
and the referee for several improvements in the presentation.

2. BACKGROUND

In this section we review the elements that we will need from the
general theory of Borel equivalence relations, define adic transforma-
tions, and recall what is known about ergodic invariant measures for
the Pascal adic transformation on the 2-shift.

2.1. Borel equivalence relations. First we establish the basic ter-
minology and notation concerning Borel equivalence relations that will
be needed later (cf. [10, 11, 47]).

Let (X, B) be a standard Borel space, and let R C X x X be a discrete
Borel equivalence relation, i.e. a Borel subset which is an equivalence
relation, and which satisfies in addition that the equivalence class

R(z) ={2'" € X : (x,2') € R}

of every point x € X is countable. Under this hypothesis the saturation

R(B) = | J R(x)
TeB
of every Borel set B € B is again a Borel set. The full group [R] of R
is the group of all Borel automorphisms W of X with Wx € R(z) for
every © € X. There exists a countable subgroup G' C [R] such that

Gr ={gx:9 € G} = R(x)

for every x € X. A sigma-finite measure g on B is quasi-invariant
under R if u(R(B)) = 0 for every B € B with u(B) = 0; it is ergodic if,
in addition, either u(R(B)) =0 or u(X \ R(B)) = 0 for every B € B.

Let 1 be a probability measure on B which is quasi-invariant under
R. Then p is also quasi-invariant under every W € [R]. In particular, if
G C [R] is a countable subgroup with Gz = R(x) for every x € X, then
one can patch together the Radon-Nikodym derivatives dug/du, g € G,
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and define a Borel map p,: R — (0,00) C R with the following
properties:

(1) p(Wz,z) = (dpW /dp)(x) p-a.e., for every W e [R],

(2) pulz,2)pu(2',2") = pu(z,2") whenever (z,2'), (z,2") € R.
The map p, is the Radon-Nikodym derivative of p under R, and p is
(R-)invariant if p,(x,2") = 1 for all (z,2") € RN ((X X N)U (N x X)),
where N € B is a p-null set.

2.2. The main examples. In order to describe a class of adic trans-
formations of particular interest to us we assume that V = (V, k > 0)
is a sequence of finite, nonempty sets and put Xy = [[,~, Vi, with the
product of the discrete topologies. Two elements x = (1}), 2’ = (2})
in Xy are comparable (in symbols: x ~ ') if x;, = 2}, for all sufficiently
large k > 0. The set

RV:{(.T,l’/) EXV XXV ZQ?le} (21)
is a Borel set and an equivalence relation, and each equivalence class
Ry(z) ={a' € Xy : 2/ ~ z} (2.2)

of Ry is countable. In other words, Ry is a discrete, standard equival-
ence relation in the sense of [10]; it is called the homoclinic equivalence
relation or Gibbs relation of Xy . More generally, if Y C Xy is a
nonempty closed set, we denote by

Ry = Ry N (Y X Y) (23)

the Gibbs relation of Y and observe that Ry(y) = Ry(y) NY and
Ry (B) = Ry(B)NY for every y € Y and B C Y. The following
conditions on Y are easily seen to be equivalent:

(T1) the equivalence relation Ry on Y is topologically transitive, i.e.
there exists a y € Y whose equivalence class Ry (y) is dense in
Y?
(T2) for every pair Oy, Os of nonempty open subsets of Y there exists
a point y € Y with Ry (y) N O; # @ for 1 = 1, 2.
If Y fulfills (either of) these conditions we shall simply say that Y
satisfies condition (T).

Now assume that each of the sets V}, is totally ordered with an order
<g. The sequence < of orders (<g, k > 0) on the sets V = (Vj, k > 0)
induces a total order < on each equivalence class Ry (z), z € Xy, and
thus a partial order on the space Xy: if 2/,2" € Ry (z) then 2/ < 2"
whenever !, <,, z/! with n = max{k > 0 : 2} # z{}. In this partial
order Xy has a unique maximal element z* and a unique minimal
element x~; furthermore, if z € Xy, x # 2™, then there exists a unique
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smallest element succ(z) € {z' € Ry(x) : © < 2'}, called the successor
of x. Put

CV = Rv(xi) U Rv(.r+).

The restriction of the map = — succ(z) to Xy \ Cy is a homeomorph-
ism of Xy ~ Cy; in order to extend this homeomorphism to a Borel
automorphism of the entire space Xy we set

TS(x) - {succ(x) %f x € Xy N\ Cy,
x if x € Cy,
and call Ty, = T}~ the adic transformation of Xy determined by the
orders < of the sets V.

In contrast to the space Xy, a nonempty, closed subset ¥ C Xy
may have many minimal and maximal elements with respect to the
partial order <; however, if y € Y is not maximal, then there still
exists a unique smallest element succ(y) € {y' € Ry(y)NY 1y < y'}.
If Ry =Ry N(Y xY),and if Y~ and Yt are the sets of minimal and
maximal elements of Y and Cy = Ry (Y ) U Ry (Y ™), then the map

y — succ(y) again induces a Borel automorphism Ty : Y —— Y, given
by

succ(y) if y € Y N Cy,
Tyy = .
Y it y € Cy,

which is called the adic transformation of Y. Note that

{I3(y) neZy={y €Y y ~y} (2.4)

for every y € Y N Cy.

We could have tried to define the adic transformation Ty a little
more elegantly on the set Cy of exceptional points (cf. [15]). However,
the definition of Ty on Cy will not really matter, since we shall only
consider nonatomic measures and adic transformations 7y on closed,
nonempty subsets Y C Xy which satisfy the following condition:

(M) the sets Y~ and Y of minimal and maximal elements of ¥ in
the partial order < are both countable.

Ezample 2.1. (The Pascal adic transformation (Vershik [53])) Let n >
2, and let

Vi = {0, G €N O ) = k)
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for every k > 0. We put V(™ = (Vk(n), k > 0), furnish each Vk(n) with
the reverse lexicographic order, and set

YO = {y= () € Xyt =o' ") € ™ and

y,(f) < y,(ﬁrl for every k>0 and i =0,...,n— 1}. (2.5)
The equivalence relation Ry and the adic transformation 7, = Ty )
are called the n-dimensional Pascal Gibbs relation and n-dimensional
Pascal adic transformation on the space Y. It is easy to see that
Y™ satisfies the conditions (T) and (M).

We picture Y™ as a graded graph. At level k there are as vertices the
elements of Vk("). There is a connection from y;, € Vk(n) to Yry1 € Vk(f)l
if and only if y,(:) < y,(c?rl forallt=0,...,n—1. In fact then y,(j) = y,(;ll
for all © except one, i = 1, for which y,io = y,i(ﬁrl — 1. We think of the
edge from y to yry1 as labeled with the symbol iqg € {0,...,n — 1};
denote this iy by ¢x(y). Then y,(cj ) is equal to the number of appearances
of symbol j on the edges of the path y from level 0 to level k.

This allows us to define a continuous bijection

o: Y™ — ot = (Z/nZ)N
by setting, for every y = (yz) € Y™,

Q(y)r = or(y).

If we put W™ = (Wén), k > 0) with W,En) = Z/nZ for every k > 0, and
if we furnish each W™ with its natural order, then X = Xy, and
we define the partial order <’ on ¥ = X, as above. It is clear that
the map ®: Y™ —— ¥t is order-preserving, i.e. that ®(y) <’ ®(y/) if
and only if y < y'. However, if Rl = Ry, w is the Gibbs relation on
¥r, then

(® X ®)(Rywm) =S C RS (2.6)

Indeed, S;f is the subrelation of R, in which two points (z,2') € R}
are equivalent if and only if the coordinates of 2’ differ from those of z
by a finite permutation.

There exists a unique Borel automorphism 7y, of ¥ satisfying

o @) = Tym

for every y € Y. The map T3, satisfies that

{(T3) (@) - k € Z} = S} (x)
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for all but countably many x € X, It is important to note the dis-
tinction between the map 77, just defined and the adic transforma-

tion Ty+ arising from the partial order <’ on Yr = Xy, the famil-
iar adding machine or odometer, most of whose orbits are equal to
the equivalence classes of the Gibbs relation R; in the case n = 2,

n?

T;+(Op1q10. ..)=190P01... for each p,q > 0. We shall abuse termin-
2

ology to some extent and call the transformation 7. the adic trans-

formation on the full shift X}.

Erample 2.2. (The adic transformation of an SFT) Define V™ =
(Vk(n), k > 0) and Xy for n > 1 as in Example 2.1, and let A =
(A(4,7), 0 <14,5 <n—1) be an irreducible, aperiodic transition matrix
with entries in {0,1}. We denote by

Sh={z=(x;) €2} : A(zg,z151) =1 for every k € N}
the one-sided SF'T defined by A and write

RY = R A(Th x o) (2.7)
for the Gibbs relation of ¥. Put
Yi=01(Zh) C Xpwm. (2.8)

Then Y, satisfies the conditions (T) and (M) above (since any maximal
path in the associated graph, when traced backwards, must always
follow the allowed edge with the largest possible label, and hence the
labelling has to be eventually periodic).

Let ST C R} be the equivalence relation in which two points (z, 2') €
Rj are equivalent if there is K such that z, = 2z, for £ > K while for
k < K the coordinates z; of z are permutations of those of z’. Then
(® x ®)(Ry,) = S}. The Borel automorphism T;X: DIPEN Cyt —

DIPEN Cyy satisfying T}, - @(y) = @ Ty, (y) for every y € Yy \ Cs can
A

again be determined explicitly. For example, if n =2 and A = (1}),

then ¥} C ¥ is the golden mean SFT, and Ty, (0°(10)7100...) =
A
(10)?0°010. .. for every p >0, ¢ > 1.
In analogy with Example 2.1 we call the transformation T3, the adic
A

transformation of the SFT X7, but emphasize that T3, differs from the

A
transformation TEZ’ the corresponding stationary adic transformation

(in the case of the full shift, the odometer), whose orbits generate the
equivalence classes of R} for all but countably many points in X7.

Ezample 2.3. (The Gibbs relation and adic transformation of a graph)
Let V = (Vi, k > 0) be a sequence of finite, nonempty sets, and let,
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for every k > 0, By C Vi x Vi1 be a subset whose projection on each
of the two sets Vj, and Vi is surjective. We set E = (Ej, k > 0) and
put

Yve ={2 = (vx) € Xv : [xk, Tx41] € Ex, for every k > 0}.
(2.9)

If Vi, = {(k,v) : v € Vi}, B = {(k,v) — (k+1,v) : [v,v] € E},
V = U0 Vi, £ = Uiso Bk, and if I' = I'y g is the directed graph
with vertices V and edges E, then there is a bijective correspondence
between the elements of Yy p and the infinite paths in I" which start
at an element of V5. The space Yy g satisfies the conditions (T) if and
only if there exist, for every pair of vertices 9,7 € V, a vertex w € V
and paths v - vy —» -+ = 0,, = w, v = v} — --- = v, — w. The
relation Ry g is called the Gibbs relation of the directed graph I'; if the
sets Vi, k > 0, are totally ordered, and if Y = Yy g satisfies (M) then
the adic transformation Ty is the adic transformation of the graph T'.

In general, if Y C Xy is a nonempty, closed subset, we denote by
mg: Y +— []icq Vi the restriction to Y of the coordinate projection
[Ii>0 Vi = Ilscs Va- Then Y is of the form Y = Yy, g described above
if and only if

70,y (BY (1)) = 7o,y (R (1) (2.10)

whenever y = (yx), v’ = (y;,) € Y and y,, = v/, where Rgl ) is defined in
(2.12). The Gibbs relation in Example 1.1 satisfies (2.10) and is thus
the Gibbs relation of a graph, but the relation R4 in Example 1.2 need
not satisfy (2.10).

2.3. Adic-invariant sets and measures. Throughout this section
we assume that V' = (Vi, k > 0) is a sequence of finite, nonempty,
totally ordered sets, put Xy = [[,, V&, define the equivalence relation
Ry as in Section 2.1, and assume that Y C Xy is a closed subset and
Ry =RN (Y X Y)

Let By be the Borel field of Y, and let u be a nonatomic probability
measure on By. If Y satisfies the condition (M), and if Ty is the
adic transformation on Y, then 4 is quasi-invariant (or ergodic) under
Ry if and only if it is quasi-invariant (or ergodic) under Ty, and the

sigma-algebras
By ={Ry(B) : B € By},
= (R (5): B € By) o
By ={BeBy:1TyB = B}

of Ry-saturated and Ty-invariant Borel sets in Y coincide (mod p).
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We denote by 7,, C By the sigma-field generated by all cylinder sets

of the form [v,, ..., Vpskln ={y= W) €Y 1 Yn = Un, .+, Ynsk = Uik}
and define the tail sigma-field of Y as Ty = ﬂnzo 7,.

Lemma 2.4. For every closed, nonempty subset Y C Xy, Ty = B{fy.
In particular, if p is a nonatomic probability measure on Y which is
quasi-invariant under Ry (or, if Y satisfies the hypothesis (M) under
the adic transformation Ty ), then

Ty = B =B (mod p).
Proof. For every m > (0 we set

Rg/m) ={(y,y) €Y XY 1y, =y, forall k>m}
(2.12)

and note that Ry = [J,o R™ and hence BEY = Moseo BRY  Ag

(n)
71, = Bﬁy for every n > 0, we conclude that Ty = By O

The m-weight w,,(y) of an element y € Y C Xy, m > 0, is defined
as

wa(y) = [RY ()| (2.13)

where |F'| denotes the cardinality of a set F. Similarly, if C' C Y is a
Borel set and m > 0, then

wn(C,y) = [RY” (y) N C. (2.14)

(This corresponds to the dimension of a vertex in a Bratteli diagram,
the number of paths into a vertex in a graph as in Example 2.3, or
the height of a column in an ergodic-theoretic cutting and stacking
construction.) For example, if Y™ C Xy ) is defined as in Example
2.1, then the m-weight w,,(y) of an element y = (y;) € Y™ is given as

follows: if y,, = (yﬁ,?), . ,yﬁff—l)) € V", then
m!

Theorem 2.5 (Vershik [52]). Let Y C Xy be a closed, nonempty
subset, and let p be a nonatomic probability measure on By which is
variant and ergodic under Ry . For every Borel set B CY,

— lim wy, (B, y)

where the weights wy(-) and w,(B,-) are defined in (2.13) and (2.14).

for p-a.e. y €Y,
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Proof. It f € LY(Y, By, i), then

BIT)0) = BB )0) = —o 3 12

| Ry eR(™

for p-a.e. y € Y. The reverse martingale theorem and Lemma 2.4
imply that

lim ———— Z f(2) = E.(f1Ty)(y) = E.(f1BY) ()

p-a.e., and by setting f equal to the indicator function 15 of B we have
proved the theorem. O

Remark 2.6. If p is invariant but not necessarily ergodic, then

wy, (B, y)

wn(y) EM(13|T)<y> H-a.e.

for every Borel set B C Y.

Theorem 2.7 (Hajian Ito-Kakutani [17]). Let Y®) be as in (2.5), and
denote by ®: Y —— ¥F = {0, 1} the map described in Example 2.1,

s0 that Sy = (P x @)(Ryu ) is the equivalence relation on X3 in whzch
two points are equivalent if and only if their coordinates diﬁer by a finite
permutation. For any o with 0 < a < 1 we set 1,(0) = a, v,(1) =
1 — «, write po, = VY for the corresponding Bernoulli measure on Y ,
and put i, = o - P. Then the following equivalent statements are true:

(1) fig is invariant and ergodic under the Pascal adic transforma-
tion T,

(2) [io is invariant and ergodic under Ry,,

(3) o is invariant and ergodic under the adic transformation Tg;

of the full shift X5 (or, equivalently, under the equivalence re-
lation S7).

Proof. The equivalence of (1), (2), and (3) is obvious; we prove (2).
We write C(m, n) for the binomial coefficient (™) = m!/(n!(m — n)!).
For each cylinder set C' = [vg,..., v, = {y € Yo : y; = v; for i =
0,...,m} C Y, ending in a coordinate v,, = (5, %) € V! with

J(O) +]r(n) m, and for every y = (y) € Ya, n > m and y, = (5, y")
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wa(Coy) _ Cln—myy &) _ (n—m)lylys)!
wy(y) C(n7y£0)) (y7(10) _ jr(r?))!(yfll) _ j}%))!n!

0 -(0 0 1 -(1 1
B el R O Mt el VR

(n—m+1)---n

O NS Sy i .
(Y Yn ‘ ) By
N ( n > < n ) H <1 y7(10)> H <1 yg))

j=1 j=1

-1 .\ —1
()
j=1 "

o (1 )

for fi,-a.e. y € Yy as n — oo. In particular, fi,(C) only depends
on the last coordinate v,, of C'; which guarantees the invariance of fi,
under Ry,, and i, is ergodic because lim,, o w,(C, -) /w,(+) is constant
fig-a.e. (cf. Remark 2.6). O

Remark 2.8. Since the measures fi,, o € (0, 1), in Theorem 2.7 are ob-
tained from the Bernoulli measures p, on ¥ via the map @, they are
called the Bernoulli measures on Y. If we also consider the degenerate
Bernoulli measures jig, it on X3 defined as above, but with a € {0, 1},
then the measures jig, ji; are again invariant and trivially ergodic un-
der Ry,: each of them is concentrated on an equivalence class of Ry,
consisting of a single point.

Theorem 2.9 (de Finetti, Vershik). The only nonatomic probability
measures

which are invariant and ergodic for the Pascal adic transformation Ty
are the measures [i,, o € (0,1), described in Theorem 2.7.

Proof. Let C' = [vg,...,vm] ={y € Yo 1 y; = v; for i =0,...,m} be
a cylinder set with v, = (5, 5%)) € Vi, let vpyy = (jgll,jﬁll) €
V,fizl with jf,i)Jrl > jfﬁb) for i = 0,1, and put C’" = [vg,...,Vm41] C Ya
(we are using the same notation as in Example 2.1 and Theorem 2.7).
If 1 is a nonatomic, ergodic, invariant probability measure for 75, then
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Theorems 2.5 and 2.7 imply that

WO _ o wn(Coy)/waly)
u(C") - n—oo wy(Cy) fwn(y)
_ (0) _ (0 (0)
_ Jig G =0 ” “’"(3) —1— lim 2%
n—00 C(n_m_ Lyn _Um+1> n—oo 1}

By Theorem 2.5 this limit exists p-a.e. and is p-a.e. equal to a constant
a € (0,1), so we conclude that u = fi,. U

Remark 2.10. In order to make the connection between Theorem 2.9
and de Finetti’s theorem more explicit, let n > 2, and let 1 be a
nonatomic, ergodic, invariant probability measure for the adic trans-
formation 7}, on Y™ (cf. Example 2.1).Then p = a®~! is invariant
under the relation S; of finite coordinate changes, and de Finetti’s
theorem shows that p is a Bernoulli measure on 3. More generally,
every nonatomic invariant probability measure for T), is a mixture of
such Bernoulli measures.

If % is an arbitrary, irreducible, aperiodic SFT, then the explicit
determination of all S}-invariant and ergodic probability measures is
not so obvious. In Section 6 we will answer this question for shift-
invariant measures. In some special cases, de Finetti’s theorem already
gives a complete answer.

Theorem 2.11. Let A = (1}). Then the only nonatomic probability

measures on ¥ C X3 which are ergodic and invariant under S (or,

equivalently, under the adic transformation T;Jr) are the Markov meas-
A

ures pl,, a € (0,1), where p, has transition matriz (¢ 1,*) and initial

distribution p(0) = o, p(1) =1 — «a (cf. (3.1)).

Proof. We define a continuous, bijective map ¥: ¥ +—— {a, b} = 27
by replacing each occurrence of the string 10 in an element z € ¥}
with a b and the remaining 0’s with a’s. Although the map W is not
shift-commuting, it satisfies that (¥ x W)(S%) = S; in particular, ¥
sends the set of nonatomic S7-invariant and ergodic probability meas-
ures on Y} bijectively onto the set of nonatomic Rj -invariant, ergodic
probability measures on X .

The latter measures are characterized by de Finetti’s theorem as the
Bernoulli measures on Y3, and the measures p/,, a € (0,1), are just
their images under U1, 0
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3. GIBBS MEASURES AND SUBRELATIONS OF (GIBBS EQUIVALENCE
RELATIONS ON TWO-SIDED SHIFT SPACES

As we saw in Theorems 2.5, 2.7 and 2.9, the ergodicity of Bernoulli
measures under the equivalence relation R, on the full n-shift has dy-
namical implications for the n-dimensional Pascal Gibbs relation Ry ()
and the n-dimensional Pascal adic transformation 7. on Y™ In this
section we generalize our discussion of ergodicity of Bernoulli measures
under the Pascal adic transformation by showing that certain Gibbs
measures on SF'T’s are ergodic under a natural class of subrelations
of the Gibbs relation of the subshift. However, since the discussion of
ergodicity of these subrelations is in some sense more natural on two-
sided shift spaces, we first discuss equivalence relations on two-sided
SFT’s before turning to one-sided SF'I’s in the next section.

Assume that A = (A(7,7), 0 <i,7 <n—1) is an irreducible, aperi-
odic n X n transition matrix with entries in {0, 1}, denote by

Ya={r=(x) €, = (Z/nZ)*:
A(zg, k1) = 1 for every k € Z}
the two-sided SF'T defined by A, and write o = g4 for the shift
o(x)r = Tpa1
and
Ry ={(x,2") € ¥4 x ¥4 : 24 # ), for only finitely many k € Z}

for the Gibbs relation on X 4.

A one-step Markov measure pp on ¥4 is determined by a stochastic
matrix P = (P(i,5),0 < 4,j < n—1) with P(i,5) > 0 if and only
if A(i,7) = 1 (such a matrix is said to be compatible with A): if p =
(p(0),...,p(n —1)) is the unique probability vector with pP = p, then
the measure of every cylinder set

C=vo, s0lm == (21) €EXa: Ty =v; for i=0,...,1}
is given by
pp(C) = p(vg)P(vg,v1) -+ P(vj_1,1p). (3.1)

Any such Markov measure up is easily seen to be quasi-invariant
under the Gibbs relation R4: its Radon-Nikodym derivative is given
by

o0

P(xg, Tpy1)

/

= —_ 2
o) = 1 B 52
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for every (z,2") € Ry (note that the infinite product in (3.2) consists
mostly of 1's).

More generally, let ¢: >4 — R be a continuous function and put,
for every k > 0,

wo(¢) = max{|p(x) — ¢(a)| : x, 2" € L},
wi(9) = max{|p(z) — ¢(2')| : & = 2} for |l <k}, k> 1.

The function ¢ has summable variation if

w(g) =Y wi(¢) < o. (3.3)

k>0

We denote by M;(X4) the set of Borel probability measures on X4,
furnished with the weak* topology. A measure p € M;(34) is a Gibbs
measure of a map ¢: X4 — R with summable variation if

log py(2,2') = 3 (- 0*(z) — - (")) (3.4
keZ

for every (x,2') € Ra~ (N x N), where N C ¥4 is a p-null set; the set
of all such measures is denoted by M?(2 4). By definition, any Gibbs
measure of ¢ is quasi-invariant under R 4. The Markov measure pp in
(3.1) is a Gibbs measure of the map ¢(z) = log P(xq,z1). Conversely,
if the function ¢ depends only on the coordinates xg, x1, then there is
only one Gibbs measure for ¢, and it is Markov: M{(34) = {up} for
some Markov matrix P compatible with A (see [40]). The following
generalization of this fact is part of the lore of the theory of Gibbs
measures; see, for example, [5, 31, 43, 57].

Theorem 3.1. Let A = (A(4,5), 0 <i,j < n—1) be an irreducible and
aperiodic 0-1-matriz, X4 C X, the associated shift of finite type, and
R, the Gibbs equivalence relation of ¥ 4 described above. If ¢: Y4 —
R is a function with summable variation, then there exists a unique
Gibbs measure fiy € Mf)(ZA). Moreover, g is ergodic under Ry, and
wwvariant and K under the shift c = o 4.

Proof. First we show that be (34) is nonempty. For every K > 0 we
set
RAB) = {(z,2)) € D4 x 84 : xp =}, for k| > K}
We claim that the set
M(¢p,K) = {p € My(X,) : p satisfies (3.4) for every (z,z') € Ry}

is nonempty for every K > 0. Indeed, fix L > 1 such that every entry of
AL is positive, take K > L, and group the cylinder sets determined by
central (2K + 1)-blocks into n? classes according to their first and last
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entries. We pick a member from each class and define i on it arbitrarily,
for example as a Markov measure consistent with the transition matrix
A. Now we can use (3.4) to carry p over to each of the other cylinder
sets in the same class. Thus if C' is one of our chosen cylinder sets
and -~y is the finite coordinate change that carries C' to C’ by changing
its central (2K + 1)-block (of course the endpoints of the block do
not change), then the summable variation property of ¢ shows that
Y mezl@ 0™ (x) — ¢ - 0™ (yx)] is a continuous function of x € C, so for
E C C" we can define

u(B) = [ exnYloroma) — 6" @) duta).
vE meEZ
Since each M (¢, K) is also convex, compact, and nonincreasing in K,
it follows that
M{(Za) = () M(¢,K) # &.
K>0

Next we show that M{(X4) consists of a single measure which is
ergodic under Ry; for this we require a little bit of notation and a
lemma. Since the matrix A is irreducible and aperiodic there exists
an integer L > 1 such that AL(i,j) > 0 for every (i,5) € (Z/nZ)*. A
string s = sg... 8, in{0,...,n—1}""1is allowedif A(s;, s;41) = 1 for all
j=0,...,r—1. If & =s...5, is a second allowed string, then s and
s’ can be concatenated if s, = s;, and the string ss’ = sg...s,5] ...,
is the concatenation of s and s’. Finally, if s = s¢...s, is an allowed
string and m € Z, then

!

[s]m ={x € XA :Xpm = S0y, Tinir = Sr )
Lemma 3.2. Suppose that ¢: ¥4 —— R has summable variation and
pe MP(24). Given M >0 and disjoint cylinder sets
C= [Z,MZM],M = {l’ EXAiT =1 fO?” |l| < M}
D=ljm...jul-m={z €Xa:ay =4 for |l| <M},
there is a homeomorphism V € [R4] and a cylinder set C' C C such
that
V? = identity,
D'=V(C") C D,
p(C") = p(C)n=2k,
,u( /) > n—4L€—16w(¢)—8Lwo(¢)u(D)
|log(duV/du)(x) —log(duV/du)(z")| < 8w(e) for all x,z" € C".
Proof. For every (i,7) € {0,...n — 1}? we denote by

S(i,j) C (Z/nZ)"+?
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the set of allowed strings of the form s = is;...s._17, and we write
c=1_pr...0pyand d = j_pr...Jy for the strings defining the cylinders
Cand D. If (i,7) € (Z/nZ)?, s € S(i,i_n), s € S(ing, J), t € S(i,j_nr)
and t' € S(jum,J), we consider the concatenations scs’,tdt’ of length
2L+2M+1 and denote by [scs’]—p—r and [tdt']—p— 1 the corresponding
cylinder sets. For every = € [scs']|_p— we define o’ € [tdt']_p—r by

x if |k| > M+ L,
, Jt itk=—L-M+i1=0,...1I,
R A T s

# fk=M+1,1=0,... L,

and observe that the map z — 2’ is a homeomorphism of [scs'] 1y
onto [tdt'|_r_nr. As the cylinders C, D are disjoint this allows us to

define an element Vst;,/ € [R4] by setting

if v €Yy~ ([SCS/},L,M U [tdt/],L,M),
V:st//(x) =qa if © e [ses'|_r-m,
(VI ) i @€ [tdt] pu
From the definition of w(¢), comparing (;5(0 x)t F2') (and Qﬁ(ak’ )

o ¢(o
to ¢(c*y’)) when |k| > M + L, and ¢(c*x) to ¢(c*y) (and ¢(a*z’) to
d(c*y')) when |k| < M + L, it follows that

max_|log p, (V") (), 2) —log pu(VEh (), y)| < 8w(e).
x,y€[scs’] (35)

In order to check the dependence of (3.5) on s, ¢, t, ¢’ we fix arbitrary
points z € C, §y € D and calculate that

log p, (Vi (x),2) = D (60" (5) — ¢0™(2))| < 8w(¢) + 4Luwo(0)
k=—M—L (3.6)

for every (i,7) € (Z/nZ)?, s € S(i,i_n), 8 € Slia, j), t € S(i,7-m),
t' € S(m,j) and x € [scs'|_p—p. In other words, we have found a
constant

L+M

> g0t (y) — g0t ()

k=—L—M
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such that the logarithm of the Radon-Nikodym derivative of each of
the maps Vts, is within 8w(¢)+4Lwy(¢) of this constant. In particular,

o~ 8w($)—4Lwo(9)E(D.C) M < 89(9)+4Lwo(4)8(D.C)
p([scs’]-p-n) (3.7)

for every (i,7) € (Z/nZ)? s € S(iyi_um), 8 € Slin,j), t € S(i,j-m)
and ' € S(jur, 7). Since u([scs'|_r_pr) > u(C)n=2E for at least one
choice of s,s" we conclude that, for any suitable choice of ¢,t/,
p(D) > p([tdt']1-ar) > p([ses’) - ar)e @0 @EDO)
Z [L(C)n_2L€_8w(¢)_4LwO(¢)€(D’C).

Similarly we see that, for suitable choices of s, s ¢, 1/,

1(D) < p([tdt']—r—ar)n®" < p([ses]_p—pr)n?hed @) Haleo(@)DC)
< p(C)n2led (@) H4Leo(@)ED.C)

so that
2L o800 1Lu0(@)E0.0) < D) oL (o) +aLa(@)E0.0),
1(C) (3.8)
We choose (i,7) € (Z/nZ)?* and s € S(i,i_n),s € S(iy,j) such

that (3) holds for C" = [scs]_ s, choose t € S(i, j— M) t' e S(jum,J),
and set V = Vt’t/
Conditions ( ) (2) follow from the definition of V' with

D' = [tdt'] _1 1,
(4) is a consequence of (3.7)—(3.8), and (5) is (3.5). O

Completion of the proof of Theorem 3.1. Every probability measure
in M{(2,4) has its Radon-Nikodym derivative under R4 given by (3.4).
In particular, by the chain rule any two distinct R 4-ergodic elements of
M{ (3 4) have to be mutually singular. Thus if M{(¥,) contains more
than one probability measure, then it must therefore also contain a
measure which is not R 4-ergodic. Choose a Borel set B = R4(B) C ¥4
with 0 < p(B) < 1 and let

e = 1/(10077/4L 24w(¢>)+8Lw0(¢))

Y

where L > 0 is chosen so that every entry of A* is positive.
Since p(B)u(X4\ B) > 0, there exist an integer M > 0 and cylinder
sets C' = [i_M, c. ,iM]_M, D= [j_M, e ;jM]—M in ZA such that

u(BNC) > (1-e)u(C), u((Xa~B)ND)>(1-e)u(D);
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we apply Lemma 3.2 to find cylinder sets C' € C and D’ C D, satisfy-
ing the conditions (1)—(5) of that lemma. According to (3),

u(C"' N B) > u(C") = ep(C) > p(C')(1 — en®"),
and (5) guarantees that
u(V(C' 1 B)) > p(D)e™ O (1 - enh)
> M(D)nf4L6724w(¢)78Lwo(¢)(1 o €n2L>
99

= u(D) 100mAL ¢24($)+8Lwn ()

>ep(D) > (BN D),
which shows that B cannot be invariant under V. This contradic-
tion proves that M{z’ (34) consists of a single R4-ergodic measure, as
claimed.

Finally, M{(2,4) is clearly shift-invariant, so the unique measure s,

it contains is shift-invariant. Ergodicity of i, under R4 is equivalent to

triviality of the two-sided tail field, which implies triviality of the two
one-sided tail fields, which in turn is equivalent to the K property. [

For the remainder of this section we fix a map ¢: ¥4 — R with
summable variation and write p, for the unique Gibbs measure of ¢.
According to Theorem 3.1, 4 is ergodic under the Gibbs equivalence
relation R4; we shall now prove that p, is also ergodic under a class of
shift-invariant subrelations of R4 which was discussed in [47].

Let G be a countable, discrete group with finite conjugacy classes (i.e.
with [{hgh™' : h € G}| < oo for every g € G), and let ¥: 34 — G be
a continuous map.

Following [47] we set, for every (z,2') € Ra,

T (w,a') = lim (z) - (0" ()
(W) (@)
T (') = Jim (¢(o~" (@) (o (2)) !
(o™ (@) (o (@)

(since Y (o™(x) = (o™z’) for n outside a finite interval, these limits
exist). The maps Jf: RA —— G are cocycles of Ry, i.e. satisfy that

Ji (@, 2)TE @ 2") = T (w,2") (3.10)
whenever (z,2'), (z,2") € Ra. If h: ¥4 — G is a continuous map,

V(@) = h(z)d(x)h(o(x) ™, (3.11)

(3.9)



20 KARL PETERSEN AND KLAUS SCHMIDT

and if jjf/: R4 — G are the cocycles defined as in (3.9), but with ¢/
replacing ¢, then

Tz, 2) = h(z)TY (z, 2" )h(z') ™" (3.12)

for every (z,2') € Ry (this means that J¢ and TV are cohomologous
cocycles of R,). The set

SY ={(x,2') € Ry : T{ (z,2") = T (x,2')} (3.13)

is a subrelation of R4, and (3.12) shows that S is unaffected if 1 is
replaced by ¢ in (3.13). We shall prove the following theorem.

Theorem 3.3. Let ¢: Y4 —— R be a function with summable vari-
ation, and let G be a countable, discrete group with finite conjugacy
classes. For every continuous map ¥ : X4 — G the Gibbs measure [,

is ergodic under the equivalence relation Sﬁ defined in (3.13).

The proof of Theorem 3.3 requires some preparation. Since G is
discrete there exist integers K, K’ > 0 such that ¢(x) only depends
on the coordinates _, ...,z of every x € ¥4, and by applying a
standard recoding argument (going to a higher-block presentation of
Y 4) we may assume without loss in generality that K = 0, K’ = 1. We
fix L > 1 such that every entry of A” is positive and find allowed strings

s = 0s\" ... st i for every i € {0,...,n — 1}. Define a continuous
map h: X4 —— G by setting
hw) = (0, 517) -+ (52}, ) (3.14)
for every x = (x) € X4, put
U(@) = @)y (z)h(o(x) " (3.15)

for every x € ¥4, and denote by jf the cocycles defined by (3.9) with
1 replacing 1.

Lemma 3.4. Let Ay = {jf(x,x’) t(z,2") € Ra}.

(1) For every (xz,x') € Ry there exist allowed strings s = Sg ... Sy,
s'=sy...8,, t="1g.. . ty, ' =1t... 1, such that sy = s, =
shp =8, =to=tw =ty=1t,=0 and

j—?-b(xa l’,) = ¢(So, Sl) o '1/)(5771—1; Sm)(qvb(sé)v 8/1) e '¢(S;n717 Slm))_la

jib('r? Q?,) = W(to, tl) U w(tm*b tm))ilw(té)a Z5/1) o w(t;n—la tlm)>
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(2) For every m > 1 and all allowed strings s = Sg...Sm, S =
S - .. Sy, with sg = sy, = s, = s, =0,

U(s0,51) - - P (Sm1, 5m) (Y(55, 81) - - U(sh, 1, 8,)) 7 € Ay,
(@D(Sg, 51) e ¢(Sm_1, Sm))_1¢(86, SIl) o w(sin S m) €A

(3) Ay is a subgroup of G;

(4) For every g» € Ay and every B € By, with pus(B) > 0 there
exist elements (x,2'),(y,y') € RaN (B x B) with x;, = x}, for
all k <0, yp, =y, forall k >0, and

gr = T (@), 9. =T (. v).

In fact we can accomplish this with x =y, ' = v/.

Proof. We shall prove the conditions (1)—(4) for A, and jfz’; the proofs

for A_ and J¥ are completely analogous and will be omitted.
Condition (1) follows from (3.12): if (x,2") € R4 satisfy that x; = z},
for |k| > K — L, say, then

T (@, a') = (o, n) - Play, wr ) (@he_y, 2) 7H - Plaga)
= (0, 8" -+ (s o) (o, 21) - b2k, 2k)
(e, i) T () T (s ) T (0, 517) 7L
Choosing a string B such that zx B0 is allowed and setting

s =05 s ag . aB0, s =05 00l BO

shows that jff(x, x') is of the required form.

In order to prove (4) and in the process (2) we assume that s =
50...8m, 8 =8;...5, are allowed strings strings with so = s, = s, =
sh, =0, set

g = w(s(b 81) T ¢(8m—17 Sm>(l/}(86, 5/1) T ¢(3;nf1a S;n))il
and denote by
Clg) ={h€G:hgh™ =g}

the commutant of g. As G has finite conjugacy classes, the quotient
space H = G/C(g) is finite, and we define a homeomorphism : ¥4 x
H —— Y4 X 'H by setting

o(x,hC(g)) = (o(x), ¥(x)"hC(g))

for every z € ¥4 and h € G. We denote by v the normalized counting
measure on H and set 1 = pg x v. If B € By, with us(B) > 0,
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then the mean ergodic theorem, applied to the indicator function of
B'=B x {C(g)} C ¥4 X H, yields that

lim

l—00

1
l

gl

1B’ . 6k = Eﬁ(lB'|BgA><H> in LZ(FL),

i

0

where BY, 4, denotes the family of g-invariant Borel sets in ¥4 x H.
Hence

> |H] - i(B')* = po(B)* /M.

In particular, there exist infinitely many [ > 0 with

te(BNo ' (B)N{z € Sa:¢(z)---p(c' ' (x)) € C(9)})
> pe(B)?/2[H|. (3.16)

Put C = [s]o, D = [¢']o and define W € [R4] by

(o @1, Shy ey Sy Tty - -+ ) if x = (ay) € C,
We=<(...,2_1,50, ) SmsTms1,...) if x €D,
x if z€e¥Xs~(CUD,).

Suppose that B € By,, B C [0]p and ps(B) > 0, and choose an
r > 1 and an allowed string t = t,...%., such that ¢,,, = 0 and the
set B = BN [t]y has positive measure. We denote by 5 = g ... 5., the
r-fold concatenation of s and define W’ € [R4] by

(. .. ,x,1,§0, ce ,§Tm,:c,,m+1,. . ) if = (l'k) € [t]o,
Wr=<¢(..,0_1,t0, s trms Trmet,--.) if @ € [8]o,
x if € X4~ ([tloU][s]o)-

Then, since

lim iy (B N 0~'Wo'(B)) = p14(B),
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llir(r)lou(z,(é No Y(B)Nno~'Wd'(B))
= lli>r£> pe(BNo Y (B)Nno 'W'e'(B))
— lim (B 00 /(B) N o~ WWO(B) = (B,
and (3.16) guarantees that
pe(BNo Y (B)Nno "W'e'(B)No'WW'e' (B)

N{z €Xa:d(z) (0" (@) €Cl9}) >0 (317)

for infinitely many { > 0. In particular, if = (x}) lies in the set
occurring in (3.17), then the points

T = ("'71‘717%07"‘71:[72517'"7t7'm7x7“m+17"‘)7
/ _ _
T :("‘7I—lax07"'7x17817'“787'm7xrm+17"'>)
"o / ;= —
2= (T, Ty T STy ey Sy Sty - ey Srpny Trmily - - )

all lie in B C B, and

h=d(a)- (o' (x)) = () (o' (2))
U(a") (o' (")) € Clg).

Furthermore, (2/,2") € Ry N (B x B), and
Tl a") = hgh™ = g,
which proves (4) for any Borel set B C [0]p with positive measure.

If B € By, is an arbitrary Borel set with positive measure then
there exists an allowed string ¢ = ¢’ ...t with ¢, = ¢ = 0 and
pe(BN[t']-,) > 0, since p, is K and hence mixing of every order. Put
B' = BN[t'|-s and B" = o?(B’) C [0],, and apply the preceding part of
this proof to find, for every g € Ay, an element (y,y') € R4N(B" x B")
with y;, = y;, for all k < 0 and jff(y,y’) = g. From the definition of
TV it is clear that there exists an h € A, with T (0P (y), 07 P(y)) =
hTL(y,y' )" for every (y,y') € RaN (B" x B"). Note that h does
not depend on g. We conclude that there exists, for every g € A, an
element (z,2') € RyN (B’ x B') with J}f(:c, r') = hgh™!, yielding what
is claimed in (4).

For the proof of (3) we assume that g,h € A, and apply (1) to find
allowed strings t = tg ...t , t' =t ...t ,, such that

h = 1/}<t07 tl) T w(tm—h tm)(w(téh t/l) e w(t;nfla t;n))_l
According to (4) there exists an element (z, ') € R4 such that ), = x},
for all k < 0 and g = J¥(x,2"). We choose m > 0 such that z; =
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whenever k > m, put C = [zg,...,Znm]o, and apply(3.16) to find a
point y = (y;) € C and an integer [ > m such that o'(y) € C and

g =v(y) b (y)) € C(h).

Put

U = Y1, T0s o Tons Ymtds - s Y15 L5 -+ s bonts Zibmmiads -+ ),

Y = Y1, Xy e X Ymads s Yl1s by - e e bty 21y« - - )
where the coordinates 2;py41, Z14m/42, . . . are arbitrary (but, of course,
allowed), and obtain that (v/,y") € Ra and J¥(y,') = gh. O

Lemma 3.5. Let J = (T, J%): Ry — A = A, x A_ be the cocycle
I (w,a') = (TE(2,2), T (,27)),
and let R be the equivalence relation on X = ¥4 x A defined by
R={((z.g,h),(a',g",IV)) : (z,2) € Ra,
g = jf(a:,x')g’, h = Jf(w,x’)h’}.

If v is the counting measure on A and X = py X v, then X\ is quasi-
invariant and ergodic under R.

Proof. The quasi-invariance of A under F is obvious. For every (g,h) €
A we define a homeomorphism T{, ) : X —— X by setting

T(97h) (ZE, 9,7 h/) = (1’, g/gv h,h)

for every (z,¢,h') € X. For every Borel set B C X with \(B) > 0
and (g, h) € A we have that

Tig.my (E(B)) = R(T(gn)(B))-
Lemma 3.4(4) is easily seen to imply that every R-saturated set is in-
variant under the transformations T{, 5, (g, ) € A, and the ergodicity
of R, guarantees that A\(X \ R(B)) = 0 for every Borel set B C X
with A(B) > 0 (cf. e.g. [58, 59, 45]). O
Proof of Theorem 3.3. We use the notation of Lemmas 3.4-3.5 and de-
note by 1g the identity element in G. Define a map n: A — G by

n(g,h) = gh™' and set = = n(A). We denote by R the equivalence
relation on X' = ¥4 X Z given by

R ={((z,9),(«,9) : (x,2") € R, g = T{ (2,2")g T (w,') "}

)
and denote by &: X +—— X’ the map &(x,g,h) = (z,gh™"). If v/
is the counting measure on = and N = p x v/, then &: (X, ) —
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(X', \') is a nonsingular map which sends R-equivalence classes to R-
equivalence classes, and Lemma 3.5 implies that X\’ is ergodic under R.
In particular, the equivalence relation B N((S4 x {1g}) x (S x {1g}))
induced by R on X4 x {1} is ergodic. Since ((z,1g), (2',1g)) € R if
and only if (z,2') € S = SZ/ we have proved Theorem 3.3. O

Remark 3.6. As a special case of the fact that the equivalence relation
Sﬁ in (3.13) is unaffected if 1) is replaced by a function of the form ¢’ =
hap(h-0)~"in (3.11) we obtain that S is shift-invariant: (o(z), o (")) €
Sﬁ if and only if (z,2") € Sﬁ. These properties of Sﬁ are particularly
transparent if G is abelian. Define a map J¥: Ry — G by

[e.9]

T, 2) = [ Wb @)n(et(a)™) = T (@, 2) T (2, 2")
k=—o00 (3.18)

for every (z,2') € Ra. Then JV is a cocycle, i.e. satisfies the equation
(3.10) with J¥ replacing JV, and

S% ={(z,2") € Ry : J¥(z,2") = 0}.

As J¥ = JY whenever 1,1': ¥4 — G are related via the equation
/

(3.11), we obtain once again that S% = S% . However, the individual

cocycles jj’f are obviously changed if we replace ¢ by v'.

4. GIBBS MEASURES AND SUBRELATIONS OF (GIBBS EQUIVALENCE
RELATIONS ON ONE-SIDED SHIFT SPACES

As in the preceding section we assume that A = (A(4,7), 0 < 4,5 <
n — 1) is an irreducible, aperiodic transition matrix with entries in
{0,1}. We define the one-sided SFT X7 and the Gibbs relation R} as
in Example 2.2 and write 0 = o} for the one-sided shift

o(x)p = Tpi1

on X4, If ¢: ¥} — R is a continuous map we define wi(¢), k& > 0,
as in the two-sided case and say that ¢ has summable variation if
Y rsowk(@) < 0o. A probability measure 1 on X7 is a Gibbs measure
of a continuous map ¢: X4 — R if p is quasi-invariant under R} and

log p(a,2') = 3 (60" (x) — do*(a')) (4.1)

for every (z,2') € R} (cf. (3.4); in the one-sided case this definition
makes sense even if ¢ does not have summable variation). The same
argument as in Theorem 3.1 shows that the set M{(S%) € My (E%) of
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Gibbs measures of ¢ is nonempty, weak*-closed, and convex. Further-
more, since every function ¢: 3 — R with summable variation can
be viewed as a function on >4 which again has summable variation,
M? (Xh) contains a single measure j1s which is ergodic under the Gibbs
relation R}. In contrast to the two-sided case the measure 4 need not
be shift-invariant, although Theorem 3.1 guarantees that it is equival-
ent to a shift-invariant and exact probability measure fi; on ¥}. For
example if P = (P(i,7), 0 <1i,j7 <n —1) is a stochastic matrix which
is compatible with A in the sense of Section 3, and if p is the unique
probability vector satisfying pP = p and p(i) = 1/nfori =0,...,n—1,
then

tiog P(C') = p(vo) P(vo, v1) - -+ P(vi-1,01) (4.2)
for every cylinder set
C=lvo,...,0)m={x=(xx) €S} :2pi=v for i=0,...,1},
whereas the shift-invariant measure g p, given by
firog P(C') = P(vo) P(vo, v1) - - - P(vk—1, ), (4.3)

is the Gibbs measure of the function ¢(z) = log P(xo, z1) + log p(zo) —
log p(z1) (cf. [40]). [The reason for the difference between the one- and
two-sided cases is the following. If ¢ is changed to a cohomologous
function, the Radon-Nikodym derivative of the two-sided measure un-
der the finite coordinate changes is unaffected, but this is no longer true
in the one-sided case. The uniqueness in the one-sided case is proved
exactly as in the two-sided case; however, since the Radon-Nikodym
derivative changes on the one-sided shift if ¢ is changed by a cohomo-
logous function, the one-sided measure changes as well. The condition
of shift-invariance in the one-sided case singles out a particular element
in the cohomology class of ¢.] For easier reference we summarize this
discussion in a theorem.

Theorem 4.1. Let A = (A(i,7), 0 < i, < n—1) be an irreducible,
aperiodic 0-1-matriz, ¥} the associated one-sided shift of finite type,
and R} the Gibbs relation of X, If ¢: ¥ —— R is a function with
summable variation, then there exists a unique Gibbs measure ji45 of ¢
which is ergodic under Ry. Furthermore, g is equivalent to a probab-
ility measure [i, which is invariant, ergodic and exact under the shift
o on X}.

Remark 4.2. According to [57], the measure fis is actually Bernoulli
for the shift o.
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We encounter a similar phenomenon when dealing with cocycle-
generated subrelations of the Gibbs relation R} on the one-sided SF'T
Y. Fix a function ¢: ¥ —— R with summable variation, denote by
py the Gibbs measure of ¢, and consider a continuous map ¢: X} —
G, where G is a countable, discrete group with finite conjugacy classes.
We define a cocycle J¢ by the first equation in (3.9) and put

Sit = {(a,2') € R : TP (w,a') = 16}, (4.4)

where 1g is the identity element in G. In contrast to the situation
described in Remark 3.6, the equivalence relation Sfr is changed if
1 is replaced by a function ¢/ = hi)(h - o)7!, where h: ¥ — G is
continuous. In particular, if h: ¥t —— G is the function defined in
(3.14) and +: X% —— G is given by (3.15), then essentially the same
proof as that of Theorem 3.3 yields the following result.

Theorem 4.3. Let ¢: ¥ — R be a function with summable vari-
ation, and let G be a countable, discrete group with finite conjugacy
classes. For every continuous map 1 : Zj" —— G there exists a continu-
ous map h: X3 — G such that the Gibbs measure i is ergodic under

the equivalence relation Sﬁur defined by (4.4) with

W' = hip(h-o)™!

replacing 1.
The measure py is ergodic under the original relation Sfr if and only
if SﬁJr is topologically transitive.

Proof. The proof of Theorem 3.3 shows that the first assertion is a
consequence of Lemma 3.5. The topological transitivity of Sfr is ob-
viously necessary for the ergodicity of p, under SﬁJr, since every open
subset of X4 has positive pig-measure. In order to see that topological
transitivity is also sufficient for ergodicity we observe that there ex-
ists a finite partition Oy, ..., O,, of X% into closed and open subsets
on each of which the continuous map h: ¥} —— G is constant, and
that S% "N (O0; x 0;) = ST N (O; x O;) for i = 1,...,m (cf. (3.12)).
The ergodicity of 114 under SZUF guarantees that the restriction of u to
O; is ergodic under Sfr N (O; x O;), and the topological transitivity
of Sfr implies that SXJF(Oi) is a dense, open subset of X% for every
i = 1,...,m (note that there exists a countable group G of homeo-
morphisms of ¥4 with S4" = Gz = {gz : g € G} for every z € %,).
In particular, SZJ“((’)l) meets each O; in a set of positive measure, so
that Sﬁ+ is ergodic. O
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Remark 4.4. Assume for simplicity that 1 is a function of the two
variables (z, x1), and call two symbols a,b € {0,...,n — 1} equivalent
if there exist allowed strings s, ¢ of equal length and a symbol i € Z/nZ
such that the strings asi: and bti are allowed and are permutations of
each other. Then it is easy to see that Sfr is topologically transitive
if and only if all symbols in Z/nZ are equivalent (cf. [7, 8]). Thus
ergodicity of p14 under SXJF depends only on A, and not on ¢ or .

Remark 4.5. The results in sections 3-4 are largely unaffected if we
drop the assumption of aperiodicity of A. If A is irreducible, but no
longer aperiodic, then the alphabet {0, ..., n—1} decomposes into peri-

odic components Cy,...,Cp_1, m > 2, such that z;1 1 € Cjik (mod m)
whenever © = (z)) € X4, 2; € Cj, and k € Z. If X; = {z € ¥4 :
g € Cj}, 7 =0,...,m —1, then each Xj is invariant under o™, and

a standard recoding argument allows us to regard X; as an irreducible
and aperiodic SFT with regards to the shift . By applying Theorem
3.1 to each X; we see that there exists, for every function ¢: ¥4 — R
with summable variation, and for every j = 0,...,m — 1, a unique
Gibbs probability measure ,ué)j) for ¢ on Xj. In particular, there is no
longer a unique probability measure on X4 satisfying (3.4).

The orbit-average of the Gibbs measure M;O), say, under o is the

unique shift-invariant Gibbs measure p, of ¢ on X, (it coincides,

of course, with the orbit-averages of the other measures ,ug), ] =

1,...,m —1). If we define the Gibbs relation R4 exactly as in the
aperiodic case, then R4(X;) = X;, and the analogue of Theorem 3.3
holds for each of the measures ,u((;) on X;. However, us will no longer

be Sﬁ—invariant for any 1. Similarly one obtains the corresponding
statements on one-sided SFT’s.

5. EXAMPLES

Throughout this section we assume that A = (A(i,7), 0 < 4,j <
n — 1) is an irreducible and aperiodic 0-1-matrix, write ©4 C (Z/nZ)*
and X C (Z/nZ)" for the two- and one-sided SFT’s defined by A, and
denote by R and R} the Gibbs relations on ¥4 and 7.

Example 5.1. Invariant measures for equivalence relations. Let ¢: ¥4
—— R be a continuous map which takes only finitely many values, and
let G C R be the countable subgroup generated by the values of ¢,
furnished with the discrete topology. We put ¢ = ¢: ¥4 — G and
apply Theorem 3.3 to obtain that the Gibbs measure p4 is ergodic, and

obviously invariant, under the equivalence relation Sﬁ C R,4. Note that
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the full group [S%] satisfies that
[S4] = {W € [Ra] : W preserves fi4}.

One special case of this construction is obtained by taking a stochas-
tic matrix P = (P(i,7), 0 <4,j < mn — 1) compatible with A and set-
ting ¢(x) = log P(xg, z1) for every = € ¥4. As noted in the discussion
preceding Theorem 3.1, in this case j4 is the shift-invariant Markov
probability measure determined by P. (So every Markov measure is a
e in this way.)

Another special case arises from ¢ = 1) = constant. Then p, is the
unique measure of maximal entropy on X 4. In the one-sided case, it is
equivalent to the unique invariant measure for the stationary adic on
s,

Example 5.2. Failure of ergodicity. In order to illustrate Theorem 4.1
and Remark 4.4, consider the one-sided two-shift ¥} = (Z/2Z)N and
the map ¢: ¥} — Z defined by

Y(x) =20 — 71

for every x = (z3) € ¥%. Then
T (x,2") = xo — ),

for every (z,z') € RY (cf. (3.9)), and the relation S is obviously not
topologically transitive. In particular, if ¢: ¥} —— R is a function
with summable variation, then the Gibbs measure fi4 is nonergodic
under S4*.

Example 5.3. Ergodicity of Gibbs measures on one-sided SFT’s under
finite permutations. Suppose that St C R} is the equivalence relation
in which two points = = (z,), ¥’ = (z},) in X7 are equivalent if and only
if the coordinates zy, k > 0, and z},, k > 0, are finite permutations of
each other (cf. Examples 2.1-2.2). If ¢y: ¥ —— Z%/"Z is the map
defined by

for every T = (xk) € 221—’ where ¢(® = (1707 <o 70)7 R ,G(nil) =
(0,...,0,1) are the unit vectors in Z%/"* = 7" then it is clear that
St — SZO—’—.

If

s
I
—~
=
=
N~—
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then ST is obviously topologically transitive, since the strings 010 and
100 are allowed and permutations of each other (cf. Remark 4.4). How-

ever, if
110
A:<001>,
110

then S} is not topologically transitive. Indeed, if s = sgs; ... s, is any
cycle (i.e. any allowed string with sy = s,,), then the numbers of 1’s
and 2’s among the entries sg, ..., S,_1 must be equal. In particular,
if the symbols 1 and 2 were equivalent in the sense of Remark 4.4,
we could find allowed strings s and t of equal length and a symbol
i € {0,1,2} such that 1si and 2ti are allowed and permutations of
each other. We may obviously assume that ¢ = 1; then the number
of 1’s in 1s1 exceeds the number of 2’s by 1, whereas the number of
1’s and 2’s in 2t1 is equal. This shows that 1s1 and 2¢{1 cannot be
permutations of each other, so that 1 and 2 are not equivalent and Sfr
is not topologically transitive (cf. Theorem 4.3 and Remark 4.4).

If : ¥ — R is a function with summable variation, then the
Gibbs measure p1,, on X is ergodic under S} only if S} is topologically
transitive (Theorem 4.3). All these statements have, of course, obvious
translations into properties of the adic transformations 7% on X7 and
Ty, on Yy (cf. Example 2.2).

Ezxample 5.4. Exchangeability and partial exchangeability. The preced-
ing example is a special case of a general problem: given some group
of symmetries of a one- or two-sided SFT, what are the Gibbs meas-
ures which are invariant (or symmetric) under this group of symmet-
ries? The most elementary examples of such symmetry groups are the
group of all finite permutations of the coordinates z, £ > 0, and the
group of all finite permutations of the transitions [z, 251 1] of the points
x = (z1) in X 4. We have met the first of these groups in the context
of adic transformations in the Examples 2.1-2.2 and in Section 2, and
our analysis of them depends on the fact that they generate the orbits
(= equivalence classes) of certain subrelations of R4 and R} defined
by cocycles. In order to describe these cocycles we consider the group
Gra1 = ZU0-n=1""denote by elio-i) ¢ ZEZ/MD™! the unit vector

e(io,...,i‘l) _ {1 if (i07"'7il) = (jOa"‘ajl);

0 otherwise,

and observe that the orbits of the group of all permutations of the /-fold
transitions [x, ..., zgy], K > 0, of the points in ¥4 and X¥ are the
equivalence classes of the relations S and 4", where v is defined
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by
Ui(x) = et € Gy

for every x in ¥4 or ©7F.

Theorem 3.3 shows, for a two-sided SFT X4, the invariance and er-
godicity of every fully supported Markov measure under the group
of all finite permutations of the [-fold transitions described above.
Conversely, Theorem 6.2 implies that every shift-invariant probabil-
ity measure on ¥4 which is invariant and ergodic under the group of
finite permutations of the [-fold transitions must be an [-step Markov
measure (where we are referring to the Bernoulli measures as zero-step
Markov measures).

These results carry over to the one-sided case with the precaution
described in Remarks 4.4 and 4.5 and Examples 5.1 and 5.3. The adic
version of the statement of ergodicity and invariance of Markov meas-
ures under the groups of all finite permutations of the /-fold transitions
is the Hewitt-Savage 0-1-Law as extended to Markov chains by Diaconis
and Freedman [7].

Example 5.5. Derangement-equivalent sequences. In all the examples
so far the group G has been abelian. An elementary example where
G is nonabelian is obtained by setting G equal to the group &,, of
permutations of the symbols Z/nZ, and by putting

U(z) = (zox1)

for every x = (xp) € X4, where (ij) € 6, is the transposition of ¢
and j. Since G, is finite, Theorem 3.3 implies that, for every func-
tion ¢: X4 —— R with summable variation, the Gibbs measure p, €
M;(X,) is ergodic under the relation S = S%. In Examples 5.3 and
5.4, two sequences are equivalent if they eventually accumulate the
same symbol counts (or perhaps the same transition counts). Here two
sequences are equivalent if they eventually accumulate the same de-
rangement effects, when their symbols act as permutations on a fixed
set of n letters.

The equivalence relation S defined here is not comparable with the
relation Sﬁl arising from the finite permutations of the transitions
[k, Tx11] appearing in the Examples 5.3-5.4. However, since every fi-
nite Cartesian product of groups with finite conjugacy classes is again
a group with finite conjugacy classes, Theorem 3.3 guarantees the fol-
lowing: if ¢: ¥4 —— R is a function with summable variation and
@ ¥4 — GO are continuous maps taking values in countable, dis-
crete groups with finite conjugacy classes G®, i = 1,....l, then the
Gibbs measure 4 is ergodic under the equivalence relation ﬂizl Sﬁm.
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In particular, p, is ergodic under Sﬁl N.S, the relation that keeps track
of both accumulated symbol accounts and accumulated derangement
effects.

As a concrete example, consider the case where n = 4 and

1
= (i),
1

so that 34 = X4 is the full 4-shift. The points

==
b
e

. .36710123020.’177 Cey . $,10230120$7 .
are Sﬁl—equivalent, but S-inequivalent, whereas the points
.. 2101023 .. ., ... 2_-100023. ..

are S-equivalent, but Sﬁl—inequivalent.

6. SYMMETRIC MEASURES ON SFT’s

We continue to let A = (A(i,7), 0 <4,j <n—1) be an irreducible
and aperiodic 0-1-matrix, ¥4 and X% the associated two- and one-sided
SFT’s, and S4 C R4 the equivalence relation generated by the finite
coordinate permutations (cf. Example 2.2). As is well known, the only
probability measure p on 4 which is invariant under the Gibbs relation
R 4 is the measure of maximal entropy. However, if R C R, is a proper
subrelation, the picture changes considerably. For example, if ¥, is
a full shift, then de Finetti’s theorem states that the (shift-invariant)
Bernoulli measures are precisely the Sy-invariant measures. If A is ar-
bitrary (but still irreducible and aperiodic), and if ¢: ¥4 — R is a
function depending on the single coordinate zg, then the equation (3.4)
shows that the Gibbs measure p, € M;(X4) is invariant under S4, and
the ergodicity of 14 follows from Theorem 3.3. In Theorem 2.11 we
saw that for the golden mean shift ¥4, every Ss-invariant probability
measure on X was the Gibbs measure of a function of a single variable.
In this section we extend the statement to arbitrary SF'T’s by showing
that every shift- and S4-invariant probability measure on >, is the
Gibbs measure for a potential function that depends on just one co-
ordinate. Very closely related results have been obtained previously by
Georgii [13] and Diaconis and Freedman [7]. By an obvious extension
to m-step SF'T’s, every shift- and Sjﬁm—invariant probability measure p
is the Gibbs measure of a function depending on the m + 1 variables
Loy ooy Ty
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We write my: ¥4 — X} for the projection onto the nonnegative
coordinates and observe that, in the notation of Example 2.2,

OSKﬂbemwcS=@WXmM&ocR; (6.1)

Lemma 6.1. Let p be a nonatomic, shift-invariant probability measure
on XA which is invariant and ergodic under S4. Then the projection
ut o= /urlgl of u onto ¥} is quasi-invariant and ergodic under S =
(my X ) (Sa). Furthermore, the restriction of u* to the set [ilo = {x €
Y g = i} is invariant and ergodic under the relation S N ([i]o X [i]o)
for every i € {0,...,n — 1} with u*([i]o) > 0.

Proof. The quasi-invariance and ergodicity of u* under S are obvious
from (6.1) and the definition of pu*. Suppose that u*([i]o) > 0, and
that there exist disjoint Borel sets By, By C [i]p with positive measure,
each of which is saturated under S N ([i]o X [i]o). The ergodicity of
p under S implies that there exists a homeomorphism V' € [S] with
pt(V By N By) > 0. In particular we can find a j € {0,...,n — 1} and
allowed strings s() = isgl) e sg)_lj, s = is?) e 35,21)_117', such that
V([sM]o) = [s@]o and the sets

C,=5BN [S(l)]o, [=1,2,

have positive measure. We put sgl) =1, s = j for I = 1,2 and define,

for every p > 0, V®) € [R,4] by

522_)10 if oP(x) € Cy and p <k <p+m,
(V®yg), = séljp if oP(z) € Cy and p <k <p+m,
x, it k<p, k>p+m, or oP(x) ¢ (CyUCY).

In other words, V) checks for each € ¥} whether either of the
strings s s occurs at the positions p,...,p + m; if one of these
strings occurs, then it replaces it by the other one, and if neither occurs,
then the point is left unchanged. The measure u* is quasi-invariant
under each of the maps V® | and the shift-invariance of y* guarantees
that the sequence of Radon-Nikodym derivatives (du™V® /du*, p > 0)
is uniformly integrable. By approximating C; by closed and open sets
and using uniform integrability we see that
lim 1 (C") = p*(C1)

p—00
for [ = 1,2, where
oV =cnvea,
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The ergodicity of p* under S implies that ut is exact and hence
mixing under the shift o on X7, so that

lim (G0 [s®)],) = (Gt ([sW]o)
p—00

for every k,1 € {0,1}. Hence
lim p (O N [sW],) = pt (Cut ([s®]o)

p—00

for every k,l € {0, 1}, and by setting
S {V(O)V(p)x for « € (CP N [i@],) U (CP N[M],)

T otherwise

for every p > m we have constructed a sequence of maps in [S7]] with

lim ™ (CyN W(p)C1) = M+(CQ)M+([5(2)]O) > 0.
p—oo

This violates the invariance of By and B, under S} N ([i]o x [i]o), and
we conclude that the restriction of u* to [i]y is ergodic under ST N

([T x [ilo)- O

With this lemma at hand we can characterize the set of all shift-
invariant measures on X4 which are invariant and ergodic under Sy.
Any 1-step (irreducible aperiodic) S4-invariant SFT inside ¥4 with a
potential function on it depending on only a single coordinate determ-
ines such a measure, and we will show that they all arise in this way. In
the following theorem we denote by ¥4+ C ¥4 an irreducible and aperi-
odic subshift defined by a 0-1-matrix A" = (A'(4,5), 0 <4, <n—1)
with A'(4,7) < A(q, j) for every (i,7) € {0,...,n — 1}*. The matrix A’
may have some zero rows and columns; however, the irreducibility of
Y4 allows us to permute the alphabet {0,...,n — 1} of 34, if neces-
sary, and to assume that there exists an integer n’ € {1,...,n—1} such
that the first n’ rows and columns of A are nonzero and the remaining
ones zero, and to regard ¥4 as a (irreducible and aperiodic) subshift
of {0,...,n" — 1}%. Any probability measure p on ¥4 with u(¥4/) =1
will also be regarded as a probability measure on the SFT ¥4 C X4,
and vice versa.

Theorem 6.2. Let yi be a nonatomic shift-invariant probability meas-
ure on X4 which is invariant and ergodic under S4. Then there exists
an irreducible, aperiodic and S-invariant SET X4 C X4 and a func-
tion ¢: X o — R depending on the single coordinate xo of every point
x € Y such that p is the unique (Markov) Gibbs measure of ¢ on X 4.
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Conversely, if X a0 C X 4 18 an irreducible, aperiodic and S 4-invariant
SFT and ¢: Y4 — R is a function of a single coordinate, then the
(Markov) Gibbs measure 14 is invariant and ergodic under Sg.

Proof. First we construct an irreducible and aperiodic SFT ¥4 C Y4
with ©(X4) = 1, such that p is the Gibbs measure of a function
¢: Yo — R of only two coordinates.
Let T C By, be a countably generated sigma-algebra, and let D be
a countable generator of 7. We write {[z]7 : x € ¥4} for the space
of atoms of 7', where [z]r = (),cpep D for every x € ¥4, and denote
by {uZ : z € ¥4} a regular decomposition of y over 7, i.e. a family of
Borel probability measures on ¥4 with the following properties:
(a) pe([z]7) =1 for every = € Xy,
(b) the map x +— pZ(B) from ¥4 to R is 7-measurable for every
Borel set B C ¥ 4, and

pa (B) = E,(15]T)(2) p-ae.
In view of (b) we may also assume without loss in generality that

(¢) ul, = ul for every x € ¥4 and 2’ € []7.

Let Py = {[0]o,...,[n — 1]o} be the state (time-0) partition of ¥ 4,
and let A = \/, 5,0 %(Py) C By, be the sigma-algebra generated
by all cylinder sets of the form C' = [ig,...,imn|o, where m > 0 and

(igy---sim) € {0,...,n — 1}™"1 Then A~ = 07 !(A) C A, and the
atoms of A and A~ are of the form

[z]a = {2’ € X4 : 2}, =) for k> 0},

(2]~ = {2’ €34 : 2}, =) for k> 1}
for every x € ¥ 4. The conditional information function I,(A|A™) is

given by
L(AJA7) () = —log B, (1 A7) (2) = —log iz ([])

dy;}
= log o—1(A) (x) (62)
for every x € ¥4 (cf. (3.11) in [6]). The map
J=e WA v, 0,1 CR (6.3)

is obviously A-measurable, and we claim that it is a function of the
coordinates xq, x1 of every point x € ¥ 4.

In order to prove this claim we assume that s = sq...5s,, and s’ =

sq - .. s, are allowed strings with sg = sp, s1 = s] and s, = s, and
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such that the entries in s and s’ are permutations of each other, and
consider the map V' € [S4] which interchanges s and ¢, i.e.

s, if x € [s]p and 0 < k <m,
(V) =< s if x€[s]p and 0 <k <m,
x if o ¢ ([sloU][s]o) or k>m

for every x € ¥ 4. Then V(A) = A, V(A7) = A7, and (6.2)-(6.3)
show that
J(x) = J(Vx)

for every x € ¥ 4. The A-measurability of J allows us to view it as a
map J: X} —— R, and the argument in the preceding paragraph shows
that this map is invariant under the subrelation of S7 consisting of all
(z,2') € S} with 2o = x} and z; = 2. According to Lemma 6.1 this
implies that J is constant p™-a.e. on each cylinder set [ig,41]o C X7,
where p* is the projection of p onto ¥, and thus a function of the
coordinates xg,r,. This also proves our claim for the original map
J: EA — R.

Define a 0-1-matrix A" = (A'(4,7), 0 < i,j <n—1) by setting (with
the understanding that 0° = 0)

A/(Z,j) _ J(xﬂaxl)o < {07 1} lf Z'E [Zaj]O C Ejg, ‘
0 if [i,j]o =9
Clearly A'(i,j) < A(i,j) for every (i,7) € {0,...,n — 1}. We claim
that the SFT X4 C ¥4 defined by A’ has the following properties:

(d) X4 is equal to the (closed) support of y;
(e) if R}, is the Gibbs relation of the one-sided SFT X7, then

4t (@) _ 1y J(oH (@)
dut(y) kl:lo J(o*(y))

for every (z,y) € R};
(f) if Ras is the Gibbs relation of X7, then

(@) 1y Jot)
dut(y) ,}:[0 J(o*(y))

for every (z,y) € Ra;
() Sa(Xa) =24
Indeed, (e) is an immediate consequence of the definition of J in terms
of conditional measures, (f) follows from (e) and the shift-invariance
of p, (d) follows from the fact that p is the Gibbs measure of log J on
Y4, and (g) is a consequence of this as well as the Sy-invariance of p.
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Since p is shift-invariant and S-ergodic, Remark 4.5 shows that the
matrix A’ is aperiodic.

Next we prove that the one-sided measure ™ is equivalent to an
S’} -invariant measure v

Renumber the symbols 0,...,n — 1 of A, if necessary, choose an
integer n’ € {1,...,n — 1} such that first n’ rows and columns of A’
are nonzero and the remaining ones zero, and view S = {0,...,n' — 1}
as the alphabet of ¥4 C X4 N S% C {0,...,n — 1}%2. Put P(i,j) =
J(xg, 1) whenever © = (z,) € ¥4 satisfies that xg = 4,21 = 7. As p
is invariant under Sy, the conditions (f) and (g) above show that

du(z) _ p P@n ten) _
du(y) 1£[z P(Yk, Yrt1) : oy

whenever (fl?, y) €Sy = SAﬂ(EA/ X EA/). We set SX, = SXH(EA/ X ZA/)
and define the S7,-equivalence classes of symbols of 3%, C {0,...,n' —
1} as in Remark 4.4. For each such equivalence class C' C {0,...,n/ —
1} choose and fix a symbol ic € C. Given any = € Y7, find the
equivalence class C' with zq € C, choose y € S}, (z) with yg = ic and

set
+
b(x) = dp* (x)
dp* (y)
Then (from (6.4)) b(z) is well-defined, i.e. independent of the choice of
y, and only depends on the coordinate z¢ of x. For any (z,y) € S},

dpt(z) _ b(x)
dut(y)  bly)

Let v+ be the unique probability measure on X7, which is a constant
multiple of b= tu*. Then v is Markov,

dv(z)  b(y) yp Plog, Trr1)
dvt(y) — b(x) ,}:[0 P(Yr, Yrs1)

for all (z,y) € R}, and v is invariant under S}, (which is equivalent
to saying that v, regarded as a probability measure on X7, is invariant

under S7).

Finally we show that p can also be written as the Gibbs measure of
a function of a single coordinate on ¥4 C {0,...,n" — 1}%

Regard b as a function on the alphabet {0 ...,n’ — 1} of ¥4 by

setting b(i) = b(z) whenever zg =i, i = 0, . —1, and put P(i,j) =
b(i) ' P(i,7)b(j) for every (i,5) € {0,...,n — 1}2 with A'(i,7) = 1.
We claim that P(i,j) = P(i, ') whenever A'(i,j) = A'(i,5') = 1 (or
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equivalently, whenever u([ij]o)u([ij']o) > 0). As we have seen above,

dvt(z) H Pk, Tpi1)

du+(y) B k>0 Py, Yi+1)

for every (x,y) € RY,. Given A’-allowable 2-blocks ij and ij’, Lemma
6.1 implies that there exists a pair (z,y) € St N ([ijlo x [ij']0) =
Stk x3h) N (liglo x [ig']0). As v is S}-invariant,

dvt(x) _ H P2k, Tri1) .

dV+(y) k>0 P(ylm Z/k+1)

However, the pair (o(z),c(y)) also lies in S}, = St N (T} x T,), since
o = Yo, So that

dvt(o(x)) H P(zg, xpy1) 1

dvt(o(y)) RS P(Yk, Yry1)

By comparing the last two equations we have established that P(i,j) =

P(i,7"), which proves our claim.
Let ¢: {0,...,n' — 1} — R be the map satisfying that

qb(lﬁo) = IOg P(l‘g,l’l) = —I“((L’(),Il) — lOgb(ZL'()) —+ log b(JIl)

for every x € ¥ 4. From condition (f) above we know that

pul,y) = D (o(xr) — lur)

kEZ

for every (z,y) € Ra. In other words, p is the unique Gibbs measure
of (b on X Al

This completes the proof of the first part of the theorem, and the
converse assertion is obvious from (3.4), the definition of S, and The-
orem 3.3. U

Remark 6.3. If 14 is atomic, invariant and ergodic under Sy, then p has
to be concentrated on a fixed point.

Example 6.4. Symmetric measures on the Golden Mean SFT. If A =

(13), then Theorem 2.11 describes all the S-invariant probability

measures on 4. In interpreting this statement in the two-sided case

one has to be a little careful (cf. (6.1)): the two points...01010101010. ..
of period two are both fixed under S4; therefore each of them carries

an S s-invariant probability measure which is not shift-invariant. How-

ever, every nonatomic S-invariant and ergodic probability measure on

Y4 is also shift-invariant.
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Example 6.5. A nonatomic, symmetric but not shift-invariant measure

on an SFT. If
A:(H?),
011

then the point ...000012222... is fixed under S4, but not under the
shift, and carries an atomic, Su-invariant probability measure which is
not shift-invariant, and whose orbit under the shift is infinite. In order
to obtain a nonatomic example we set

and consider the unique Sy4-invariant probability measure on the set
{r = (2) €Xa:20=2 and z_j € {0,1}, 24 € {3,4} for every k >
0}.

Example 6.6. An irreducible, aperiodic, Sa-invariant SFT ¥ C X4
which s not determined by its alphabet. Let

111 110
A:<001>, A’:<001>.
100 100

Then Y4 has the same alphabet as ¥4 and is irreducible, aperiodic
and Sy-invariant. This example shows that the irreducible, aperiodic
and Sy-invariant SFT’s ¥4 C ¥4 which arise in Theorem 6.2 are not
necessarily of the form ¥4 N SZ for some subset S C {0,...,n — 1}.

7. QUESTIONS AND REMARKS

7.1. Weak mixing. As in Section 1 we let V' = (Vi, k > 0) be a
sequence of nonempty, finite, totally ordered sets, put Xy = [[.5, Vi,
assume that Y C Xy is a nonempty, closed subset satisfying (M),
write Ty for the adic transformation of Y, and define the m-weights
wn(y), y € Y, by (2.13). In the case of a full shift with an adic-
invariant measure, Ty has an eigenfunction with eigenvalue ( only if
¢vm) — 1 p-a.e. How general is this statement?

Conditions for existence of eigenfunctions in the stationary case were
developed in [33] and [50]. We conjecture that even in the measure-
preserving Bernoulli case on the full 2-shift the adic transformation Ty
is weakly mixing: (“»® — 1 p-a.e. implies that ¢ = 1. It is not
difficult to see that Ty is topologically weakly mixing. Also, because of
the self-similar structure of Pascal’s triangle modulo a prime [29, 35],
Ty cannot have an eigenvalue (other than 1) that is a root of unity. If
¢ is not a root of unity, perhaps ¢(“»® is even almost surely uniformly
distributed in the unit circle, or at least dense. Conceivably, it is not
convergent to 1 down every path inside Pascal’s triangle. Consider the
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skew product transformation T'(z1, 29, 23, ... ) = ({21, 2122, 2223, ... ) on
the infinite torus. For ¢ not a root of unity, it is well known that
this is uniquely ergodic, and so, as we look at any fixed coordinate in
the successive members of the orbit of any point, we see a uniformly
distributed sequence. If we flip a coin with probabilities o and 1 — «
of heads and tails, and each time the coin comes up heads we shift our
view one coordinate to the right, will we still see, with probability 1, a
uniformly distributed, dense, or at least not convergent to 1 sequence?

7.2. Super-K. Let us say that a finite-state process (P,T'), where T'
is a measure-preserving or nonsingular transformation on a probability
space (X, 1) and P is a finite measurable partition of X, is (one- or two-
sided) super-K if the associated (dependent, transient) random walk
on P x {0,1,2,...}Pl which keeps track not only of which symbol
appears (i.e., which atom of P is entered) at each time n, but also
how many times each symbol has appeared up to time n, has (one- or
two-sided, respectively) trivial tail. We have shown above that certain
processes with Gibbs measures, including all mixing Markov processes,
are two-sided super-K. Are there other natural examples, for example
processes with the right uniform rate of mixing? Does every K-system
have a super-K generator?

7.3. Invariant Measures. In Section 6 we identified the shift- and
S s-invariant measures on subshifts of finite type. More generally, if
1 is a continuous map on X4 taking values in an arbitrary countable,
discrete group G with finite conjugacy classes, what can be said about
the set of SZ-invariant measures on 247 It is not difficult to check
that, if ¢ takes values in a finite group, then the only Sﬁ—invariant
measure is the measure of maximal entropy on ¥4 (i.e. the unique R4-
invariant measure). More generally, if G is a countable, discrete group
with finite conjugacy classes and G’ a finite group, and if ¢p: ¥4 — G
and ¢)': ¥4 — G’ are continuous maps, we denote by (1, ¢'): 34—
G x G’ the product map and leave it as an exercise to show that the
set of nonatomic, shift-invariant measures which are invariant under
S% coincides with the corresponding set for 51(41/),1//)'

7.4. Asymptotic formulae. Let A = (A(4,5), 0 < 4,5 <n—1) be
an irreducible and aperiodic 0-1-matrix, P = (P(i,7), 0 <i,j <n—1)
a stochastic matrix which is compatible with A, and p the probability
vector satisfying pP = p. By (4.1), the shift-invariant Markov meas-
ure fip in (4.3) is quasi-invariant under the relation S4 appearing in
Example 2.2, and is equivalent to the Gibbs measure pyo, p (cf. (4.2)).
We define : X4 —— ZZ/"Z as in Examples 5.3 and 5.4 and set
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1o(0,2) =0 € ZE/"Z,

dolm.z) = 3 doloH(2)),
k=0

(8]} = {z € S5 < vo(m + 1,2) = 5}

for every m > 1, s € ZEL and x € 4.

The following proposition, which gives necessary and sufficient con-
ditions for a (quasi-invariant) Markov measure to be ergodic for the
symmetric equivalence relation S} (equivalently the adic transforma-
tion T. ;X) on the SFT ¥, should be compared with Theorem 2.5.

Proposition 7.1. The following conditions are equivalent.
(1) The measure fip is ergodic under the adic transformation T3
A

(or, equivalently, under the relation S¥);
(2) For every Borel set B C ¥,

o 2B O o + 1. 2)]1 0 [2n])
m=co fip([[to(m +1,2)]lm O [Zm]m)
fir(B N [[tho(m + 1, 2)]]n)

W ap(o(m + L)) PUB) e

(3) For everyi € {0,...n— 1},
lim fp([io N [[o(m + 1, 2)]]m N [Tm]m)
m=co  ip([[¢o(1m, )]l N [Zm]m)

fim fp([ilo N [[Yo(m + 1,2)]]m)
m—00 fp([[Yo(m, z)]]m)

= p(i) fp-a.e.

Proof. Put R;}m) = {(x,2') € S}z, = 2}, for k > m}, m >0, write

Bg;m) for the sigma-algebra of R(;jrm)—saturated Borel subsets of ¥,
A A

x (x,m)
S AL

m>0

and set

For every m > 0, RZ(*’m) is the smallest sigma-algebra with respect to
which the maps vg(k, ), kK > m, are measurable.

As we saw in the proof of Theorem 4.3, there exists a finite partition
O1,...,0, of ¥} into closed and open subsets such that the restriction
of fip to each O; is ergodic under R*EX N (O; x O;). From the choice of
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the map h in (3.14) and Remark 4.4 it is furthermore clear that each
of the sets O, can be chosen as

JEF;
where F1, ..., F), is the partition of the alphabet Z/nZ into R:.-equiva-
A
lence classes of symbols, and that

;X ={0;,...,0,} (mod fip).

If B C ¥ is a Borel set, then the martingale convergence theorem
implies that

Jim By (11B™) = B (151852
fp-a.e. and in Ll(EX,BEZ, fp). In particular, if fip is ergodic, then

o 22(B O [Ro(m + 1))l 0 [2n])
m—co fip([[Yo(m + 1,2)]lm O [Zm]m)

= lim !
— meintty fip([[o(m 4+ 1,2)]m O [Tm]m)

' / Eﬂp(lB|B;}m)) om+ra)lmnlemlm AP

= jip(B) fip-a.e.,

since [[s]], N [i]m € Bg;m) for every s € Z{0*"=1} and i € Z/nZ. The
A

omission of the terms [z,,],, is equivalent to replacing [[¢o(m+1, x)]],nN

[Zm]m = [[$o(m)]]m—1 O [[Yo(m + 1, 2)]]m by [[o(m + 1, 2)]],n and does
not affect the calculation. This shows that (1) implies (2) and hence

(3).

Conversely, if jip is nonergodic, the description of the sigma-algebra
B;X shows that, for every ¢ € Z/nZ, Eﬂp(l[ﬂo|l§’;:) =0 on ¥} \ Oy,
where

0; = U{[i’]o i’ € {0,...,n — 1}is Si-equivalent to i}.
It follows that there exists, for every sufficiently large m, a set C' €
Bgi"_m) of the form C' = [[si]]m N -+ N [[Smtj]lm+j Or, equivalently, of
the form C' = [i],,, N [[Smt1]]mt1 O -+ O [[Smets]lmss, with

fir(1, N C) 1 / (sm)y 7=
— 1 'E* 11 B , d
(@) p0) ) 1 P lBe ) e
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Since the measure jip is Markov,

pe((ilonC)  pe(lido O [[smllm O [m)
fir(C) fip([[smllm O [i]m)
From the two different ways of writing C' it is clear that the terms [z,,]m

can be omitted in this calculation. We have proved that (3)—and hence
(2)—cannot hold if fip is nonergodic. O

Proposition 7.1 has combinatorial consequences whose direct proof
appears quite difficult in all but the most elementary cases. Let A =
(11), B4 =37, and let P = (%) be a stochastic matrix which is
compatible with A, i.e. which satisfies that abcd > 0. We denote by
i = fip the shift-invariant probability measure defined in (3.1), where p
is the probability vector satisfying pP = p. Since p = fip is equivalent
to the Gibbs measure pog p, Theorem 4.3 and Remark 4.4 implies that
w is ergodic under Sy, so that p must satisfy the equivalent conditions
(2) and (3) in Proposition 7.1.

For i,j € {0,1}, m > 1 and s = (s¢, $1) with so + 51 =m + 1, let

pledo N [0 O [5]m)
pi)
If C' = [ig, ... im0 C B3 with 37" i; = si, sh = m' +1 — s, and
s' = (sg,s}), then
#(C N [[8l]m N [1]m)
1(C)
and Proposition 7.1 implies that
lim Qi yom (Wo(m +1,2) — §')
m—oo Qjm/wm (¢O(m + ]_, :p) _ S//)

Qij(s) =

=Qi, (s — ),

=1 (7.1)

for p-a.e. x € X7, and for any s, s” € N2, In other words, Proposition
7.1 is a statement about ‘ammnesia’ concerning the initial coordinates
of the points z € X3 . In this special case the quantities Q;;(s) can be
determined explicitly (as sums of products of binomial coefficients and
other factors), but the verification of the convergence

lim Qij(S(m) —5) =
m—o0 QZ/] (S(m) — S//)

in (7.1) for suitable sequences (5™ = (s(()m), sgm)), m > 1) with sgm) —
oo for 2 = 0, 1 looks forbidding.
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7.5. Interval splitting. There should be some consequences for in-
terval splitting of the ergodicity of Markov measures for the Pascal
adic on the full shift. Perhaps if intervals are split in different pro-
portions depending on whether they arose as the left or right half of
a previously-split interval the resulting division points would still be
uniformly distributed. Weak mixing of the Pascal adic might imply
uniform distribution in a rectangle if two intervals are split simultan-
eously.

7.6. Dynamics. What are the joinings of the adic transformation on
the full 2-shift with two different Bernoulli measures? Are these adic
systems disjoint, or at least not isomorphic? A very general problem is
to describe the dynamics of the measures found in our above theorem,
especially in case the equivalence relation SKJF consists of the orbit
relation for a single nonsingular transformation.

7.7. Possible applications. Subshifts of finite type are important for
the design of actual communication systems, especially in magnetic
recording. In biological or materials science applications (say poly-
mer building) SFT’s might arise from something like the momentary
disabling of a receptor: receipt of a certain symbol could make the
receptor momentarily sensitive only to certain other symbols. If we
want to model a signal recorded with constraints of the kind imposed
by membership in a subshift of finite type (for example to record effi-
ciently on a disk that has already been used), in the absence of further
information it might be reasonable to assume that the statistics of the
signal are given by a measure with some of the symmetries discussed
above. For example, as in de Finetti’s motivation for exchangeabil-
ity (the distribution of repeated samples should be independent of the
order in which they are drawn), perhaps it is natural to assume that
cylinder sets in the SFT which map to one another under permuta-
tions of finitely many coordinates (or are symmetric in some other
respect) have equal probabilities. For applications, the case of higher-
dimensional actions needs serious development. The general situations
connected with Sfr-invariance (which can keep track of accumulated
symbol or transition counts or derangement effects) might reflect a
cost associated with sending or receiving certain signals, or a hyster-
esis or memory in materials. In image enhancement and pattern gen-
eration and recognition, symmetric Gibbs measures could account for
the presence of texture, like bands or dapples [1, 12]. Knowing their
dynamics, for example spectral properties, could help to filter out such
background by using appropriate transforms, to code signals better by
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taking the structure into account, or to detect boundaries between re-
gions with different textures. The presence of discrete spectrum might
reflect subtle rhythms (periodic or aperiodic regularities different from
spatial regularities, which are connected with the dynamics of the as-
sociated shift transformations). Weak mixing would be tantamount
to the lack of any such almost periodic structure and might indicate
resistance to filtration by Fourier methods.
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