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Abstract. We consider the Dirac equation in R® with constant coefficients and study the
distribution py of the random solution at time ¢t € R. It is assumed that the initial measure
1o has zero mean, a translation-invariant covariance, and finite mean charge density. We also
assume that pg satisfies a mixing condition of Rosenblatt type or Ibragimov—Linnik type.
The main result is the convergence of p; to a Gaussian measure as t — co. The proof uses
the study of long-time asymptotics of the solution and S. N. Bernstein’s “room-corridors”
method.

1. INTRODUCTION

This paper can be regarded as a continuation of our papers [1-5] concerning the analysis of
long-time convergence to an equilibrium distribution for hyperbolic partial differential equations
and harmonic crystals. Here we develop the analysis for the Dirac equation

z,t) = [—a -V —ifm|y(z,t), r € R3 (1.1)

{3 z,0) = o (),

where V = (01, 02,03), Ox = 0/0xk, m > 0, a = (aq, az, a3), and ai and (3 are 4 x 4 Dirac matrices
(see (2.12), (2.13)). The solution 1 (z,t) takes the values in C* for (z,t) € R?.

It is assumed that the initial data 1g(z) are given by a random element of the function space
H = HY _(R3) of states with finite local energy, see Definition 2.1 below. The distribution of g is
a zero-mean probability measure pg satisfying some additional assumptions, see Conditions S1-S3
below. Denote by us, t € R, the measure on H giving the distribution of the random solution
¥(t) of problem (1.1). We identify the complex and real spaces C* = R3, and ® stands for the
tensor product of real vectors. The correlation functions of the initial measure are supposed to be
translation-invariant,

—~—~

Qo(a,y) = B(vo(2) ©%o(y)) = (e —y), =,y € R (1:2)
We also assume that the initial mean charge density is finite,
eo = Bliho(z)]* = trgo(0) < oo,  x€R. (1.3)

Finally, assume that the measure pg satisfies a mixing condition of Rosenblatt type or Ibragimov—
Linnik type, which means that

Yo(x) and o(y) are asymptotically independent as |z — y| — oo. (1.4)
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400 T. V. DUDNIKOVA et al.
Our main result gives the (weak) convergence of y; to a limit measure pioo,
e — oo, t — o0, (1.5)

which is an equilibrium Gaussian measure on H. A similar convergence holds as t — —oo because
our system is time-reversible. Explicit formulas (2.17) for the correlation functions of p are given.

To prove the convergence (1.5), we follow the strategy of [1-5]. There are three steps.

I. The family of measures u;, t > 0, is weakly compact in an appropriate Fréchet space.
II. The correlation functions converge to a limit,

Qulz,y) = / () © V() e (@A) — Qo) t— 0. (1.6)

ITI. The characteristic functionals converge to a Gaussian functional,
) ; 1
Mt(¢) = /6 <w’¢>,ut(dw) — €Xp {_2Q00(¢7 ¢)} ’ t — oo. (17)

Here (-,-) stands for a real scalar product in L?, Q.. for a quadratic form with the integral kernel
Qoo(x,y), and ¢ for an arbitrary element of the dual space.

Property I follows from the Prokhorov compactness theorem by a method used in [13]. Namely,
we first establish a uniform bound for the mean local charge with respect to the measure .,
t > 0. Then the Prokhorov condition follows from the Sobolev embedding theorem by Chebyshev’s
inequality. Property II is derived by studying oscillatory integrals arising in the Fourier transform.
However, the Fourier transform by itself is insufficient to prove Property I11. We derive it by using an
explicit representation of the solution in the coordinate space with the help of the Bernstein “room-
corridor” technique by a method of [1-5]. The method gives a representation of the solution as a
sum of weakly dependent random variables. Then (1.5) follows from the Ibragimov-Linnik central
limit theorem under a Lindeberg-type condition. We sketch the proofs by using the technique of [1].

The paper is organized as follows. The main result is stated in Section 2. The compactness (Prop-
erty I) is established in Section 3, the convergence relation (1.6) in Section 4, and the convergence
relation (1.7) in Section 5.

2. MAIN RESULTS

Let us describe our results more precisely.

2.1. Notation

We assume that the initial date 1) in (1.1) is a complex-valued vector function belonging to the
phase space H.

Definition 2.1. Denote by H = H__(R? C*) the Fréchet space of complex-valued functions

loc
¥ (x) for which the local (charge) seminorms are finite,

1912 5 = /| B (@) de < 00, R >0. (2.1)

Proposition 2.2. (i) For any g € H, there exists a unique solution (-, t) € C(R, H) of the
Cauchy problem (1.1).

(ii) For any t € R, the operator U(t): 1o — (-, t) is continuous on H.

Proposition 2.2 follows from [10, Ths. V.3.1 and V.3.2] because the speed of propagation for Eq.
(1.1) is finite. Let us choose a function ((z) € C§°(R?) such that ¢(0) # 0. Denote by H (R?),
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ON THE CONVERGENCE TO A STATISTICAL EQUILIBRIUM 401
s € R, the local Sobolev spaces, i.e., the Fréchet spaces of distributions u € D’(R3) with the finite

lulls.r = | A* (¢ (e/Ryu)| (2:2)

L2(R3)’

where ASv := F. L ((k)*(k)), (k) := \/]k|? + 1, and © := Fv is the Fourier transform of a tempered

k—x

distribution v. For ¢ € C§°(R?) write

Fo) = [ o) do

Note that the space H

loc

(R?) for s = 0 agrees with Definition 2.1.

Definition 2.3. For s € R write, H® = (R3).

loc

Using the standard technique of pseudodifferential operators and Sobolev’s embedding theorem
(see, e.g., [8]), one can prove that H = H® C H~¢ for every ¢ > 0, and the embedding is compact.

2.2. Random Solution. Convergence to an Equilibrium

Let (2,X, P) be a probability space with expectation E and let B(H) be the Borel o-algebra
of H. Assume that ¢y = 1o(w, ) in (1.1) is a measurable random function with values in (H, B(H)).
In other words, (w,z) — o(w,x) is a measurable mapping 2 x R3> — C* with respect to the
(completed) o-algebras 3 x B(R?) and B(C*). Then, by virtue of Proposition 2.2, ¥(t) = U)o
is again a measurable random function with values in (H,B(H)). Denote by po(dio) the Borel
probability measure on ‘H giving the distribution of 1. Without loss of generality, we can assume
that (Q,%, P) = (H,B(H), no) and ¢o(w,z) = w(z) for po(dw) x dz-almost all points (w,x) €
H x R3.

Definition 2.4. Let u; be the probability measure on H giving the distribution of Y (¢),

w(B) = po(U(—t)B),  BeB(H), teR (2.3)

Our main objective is to derive the weak convergence of the measures u; in the Fréchet space
‘H~¢ for each ¢ > 0,

—€

Mt — foo aS t— 00, (2.4)

where i is some Borel probability measure on the space H. This means the convergence

/ F)pn(d) — / fWtiso(di),  t— oo, (2.5)

for any bounded continuous functional f(1)) on H™*.

Set Ry = (Rew,Imvp) = {Rewby,...,Rethy, Imepy, ..., Imapy} for ¢ = (¢1,...,1%4) € C* and
denote by R’ the jth component of the vector R, j = 1,...,8. The brackets (-,-) mean the
inner product in the real Hilbert spaces L? = L?(R?), in L2 @ R, or in some their extensions. For
b(x), 6(z) € L*(R3, CY), write

8
(¥, ¢) = (R), R¢) = Y (R79), R ¢). (2.6)
j=1
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402 T. V. DUDNIKOVA et al.

Definition 2.5. The correlation functions of the measure u; are defined by
(x,y) = E(R’d)(m)RJw(y)> for almost all z,y € R3, i,j=1,...,8, (2.7)

provided that the expectations on the right-hand side are finite.

Denote by D the space of complex-valued functions in C§°(R?) and write D := [D]*. For a Borel
probability measure p on H, denote by fi the characteristic functional (the Fourier transform)

A(g) = / exp(i{t, &) u(dy)),  SED (see (26)).

A measure p is said to be Gaussian (with zero expectation) if its characteristic functional is of the
form

o) = exn {30000}, oD,

where Q is a real nonnegative quadratic form on D. A measure u is said to be translation-invariant
if

w(TyB) =u(B),  BeB(H), heR’
where Ty (z) = (z — h), x € R3.

2.3. Mixing Condition

Let O(r) be the set of all pairs of open bounded subsets A, B C R3 at the distance not less
than r, dist(A, B) > r, and let 0(A) be the o-algebra in H generated by the linear functionals
Y — (Y, ), where ¢ € D with supp ¢ C A. Define the Ibragimov—Linnik mixing coefficient of a
probability measure 1o on H by the rule (cf. [9, Def. 17.2.2])

1o (AN B) — po(A)po(B)|

o(r) = sup sup (28)
(AB)EO(T) A € o(A),B € o(B) to(B)
po(B) >0

Definition 2.6. We say that the measure po satisfies the strong uniform Ibragimov—Linnik
mixing condition if
o(r) —0 as 71— o0. (2.9)

We specify the rate of decay of ¢ below (see Condition S3).

2.4. Main Assumptions and Results

We assume that the measure g has the following properties S0—S3.
S0. p has zero expectation value,

Evo(z) =0, z € R3.

S1. po has translation-invariant correlation functions,
f)j(w,y) = E(R’w(fn)RWJ(y)) = qéj (x —y) for almost all z,y €R3, i,j=1,...,8 (2.10)

S2. po has finite mean charge density, i.e., Eq. (1.3) holds.
S3. uo satisfies the strong uniform Ibragimov—Linnik mixing condition with

/ 212 (r) dr < . (2.11)
0
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ON THE CONVERGENCE TO A STATISTICAL EQUILIBRIUM 403

The standard form of the Dirac matrices aj and 3 (in 2 x 2 blocks) is

ﬁz(é —OI>’ O‘k:<£k %’“) (k=1,2,3), (2.12)

where I stands for the unit matrix and

01:<(1) é) 02:<? _OZ'>, 0—3:<(1) _01>. (2.13)

Introduce the following 8 x 8 real valued matrices (in 4 x 4 blocks)

_ [ a1 0 _ 0 ’iO&Q _ [ a3 0 _ 0 —ﬁ
= (5 0 om (0, ) (5 2)ome= (5 P). e

Note that by (2.12) and (2.13) we have

oy = 0 o here 1109 = 0 1
2= \ioy 0 )V 2=\-1 0)"

Moreover, AT = Ag, k=1,2,3, Al = —Aq. Write
A= (Al,AQ,Ag), P(V) :AV—i-on (215)

For almost all =,y € R3, introduce the matrix-valued function

Qu(ey)=(QLw) | =(de-v) (2.16)
Here ) .
Qoo (k) = S0 (k) + 5P (k) P(=ik)do (k) P7 (ik), (2.17)

where P(k) = 1/(k? + m2), and o(k) is the Fourier transform of the correlation matrix of the
measure i (see (2.10)). Since PT (ik) = —P(—ik), we formally have

0(2) = 300(2) = 5P+ P(V)ao(2) P(V), (2.18)

where
P(z) = e ™ /(4 |2))

is the fundamental solution for the operator —A + m? and * stands for the convolution of distri-
butions. We show below that gy € L? = L*(R3) (cf. (4.7)). Hence, 4o (k) € L? by (2.17), and the
convolution in (2.18) also belongs to L2.

Denote by Q. a real quadratic form on L? defined by
Que(6:0) = (@l ). ROD) 0 Ro(w) = 3 [ Qlan)R6(a)RI0(y) dady.
i,j=1 7RO XRS

The form Q. is continuous on L? because G (k) is bounded by Corollary 4.3.
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404 T. V. DUDNIKOVA et al.

Theorem A. Let m > 0, and let conditions S0—S3 hold. Then

(i) the convergence in (2.4) holds for any € > 0;
(ii) the limit measure poo is a Gaussian equilibrium measure on H;
(iii) the characteristic functional of oo is of the form

(@) =exp{ ~ 1 0n(6.0)},  6eD.

Theorem A can be derived from Propositions 2.7 and 2.8 given below by using the same argu-
ments as in [13, Theorem XII.5.2].

Proposition 2.7. The family of measures {u,t € R} is weakly compact in the space H™¢ for
any € > 0.

Proposition 2.8. For any ¢ € D,
t(0) = [ explith. )} u(ds) = Eexpli{U®0.0)} — exp { - 50x(0.0)}, 1. (219)

Propositions 2.7 and 2.8 are proved in Sections 3 and 4-5, respectively.

2.5. Remark on Various Mixing Conditions for the Initial Measure

We use the strong uniform Ibragimov—Linnik mixing condition for the simplicity of our presen-
tation. The uniform Rosenblatt mixing condition [12] with a higher degree (> 2) in the bound (1.3)
is also sufficient. In this case we assume that there exists a §, § > 0, such that

sup Bl (z)]?T0 < oo.
zER3

Then condition (2.11) requires the following modification:
/ raP (r)dr < oo, p=min(d/(249),1/2),
0

where «a(r) is the Rosenblatt mixing coefficient defined as in (2.8), but without the denominator
to(B). The statements of Theorem A and their proofs remain essentially unchanged.

3. COMPACTNESS OF MEASURES

3.1. Fundamental Solution of the Dirac Operator

One can readily see that af and [ are Hermitian symmetric matrices satisfying the anti-
commutation relations
oy, = ag, pr=p
ara + agag =201, g+ Bax =0,

(0 is Kronecker’s delta). Therefore,

(Or+a-V+ipm) (0 —a-V —ifm) = (0} — A +m?)I.
Then ‘we can construct a fundamental solution £(x,t) of the Dirac operator, i.e., a solution of the
uation (O +a-V +ipm)E(x,t) =d(x,t)], E(x,t) =0 for t<0,

of the form
E(x,t) = (0 — -V —ipm) E(z,t), (3.1)
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ON THE CONVERGENCE TO A STATISTICAL EQUILIBRIUM 405

where F(x,t) = E;(x) is a fundamental solution for the Klein-Gordon operator (97 — A + m?),
and E vanishes for ¢ < 0.

Remark 3.1. The function E;(x) is given by
i t
E(e) = F 2,220 w=w(k) = VIRE+ m2. (3.2)
w

Then, by the Paley-Wiener theorem (see, e.g., [6, Th. I1.2.5.1]), the function E(-) is supported by
the ball |z| < t.

Denote by U(t), t € R, the dynamical group for problem (1.1). Then U(t) is a convolution
operator given by

b(a,t) = Ut)o = E(,t) * o = By — a - V — iBm) Ey(-) * . (3.3)

The convolution exists because the distribution £(-,t) is compactly supported by (3.1) and by
Remark 3.1.

3.2. Local Estimates

Proposition 3.2. For any ¢¥g € H and R > 0,

1T #)vollo,r < Cllvollo,r+t teR, (3.4)
where C' < 0o does not depend on R and t.

Proof. In the Fourier transform, the solution ¢ (z,t) of the Cauchy problem (1.1) reads as

| dok)

sin wt

(k,t) = E(k, t)o(k) = | coswt — (- (—ik) + i3m)

¥
w
by (3.1) and (3.2). Then, for vy € L?,

oGO lee = 198z < Clldo()lze = Clivbo(:)llza- (3.5)

Let us consider 1y € H. Introduce the function ¢§(z) equal to 1g(z) for |z| < R+t and to 0
otherwise. Denote by 1 (z,t) (by ¢*(z,t)) the solution of the Cauchy problem (1.1) with the initial
data ¥ (x) (¢§(x), respectively). Note that ¢ (z,t) = ¢*(z,t) for |x| < R. Therefore, relation (3.5)

implies
¢ Dllr =147 0)llr < Clivg (e = Cllo() | e

3.3. Proof of Compactness

Proposition 2.7 follows from the estimate (3.3) below by using the Prokhorov theorem [13,
Lemma I1.3.1], as in the proof of [13, Th. XII.5.2].

Proposition 3.3. Let the conditions of Theorem A hold. Then, for any positive R, there exists
a constant C(R) > 0 such that

?EEEHU(t)wO”?J,R < CO(R) < oo (3.6)

Proof. Let us write
e(z) = Ely(z,t)|?, T € R3. (3.7)
The mathematical expectation is finite for almost every x by (3.4) and by the Fubini theorem.

Moreover, e;(z) = e; for almost every x € R? by Condition S1. Hence, it follows from the Fubini
theorem, (3.4), and Condition S2 that

E|Ut)oll§ g = et Br| < CEl[%oll§ gyjy = CeolBrypl,  tER. (3.8)

Here Bp is the ball |z| < R in R, and |Bg| is the volume of this ball. As R — oo, we see from
(3.8) that e; < Ceg. Thus,

E|U#)¢oll§ g = e:| Br| < Ceo| BR| < oo
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406 T. V. DUDNIKOVA et al.

4. CONVERGENCE OF CORRELATION FUNCTIONS

We prove the convergence of the correlation functions for the measures p;. This implies Propo-
sition 2.8 in the case of Gaussian measures . It follows from condition S1 that

Qf(xy)=q/(x—y), w,yeR’ (4.1)
fori,j=1,...,8.
Proposition 4.1. The correlation functions qij(z), i,7=1,...,8, converge for any z € R3,
0’ (2) = q2(2),  t— oo, (4.2)

where the functions ¢%l(z) are defined in (2.17).
Proof. Using the notation (2.14) and (2.15), by (3.3) we obtain

Rp(x,1) = (at - P(V))Et * Rabo.

Then, by (3.2) and (2.15), the Fourier transform of the solution of the Cauchy problem (1.1)

becomes .
sin wt

Rib(k,t) = G, (k)Ruo(k), where Gy(k) = coswt — P(—ik) —. (4.3)
The translation invariance condition (2.10) implies that
E(Rijo(k) @ Ripo(K)) = Fosky—roto( — y) = (27)>3(k + K)o (k). (4.4)
Further, (4.3) gives
ER(k,t) @ RY(K 1)) = (27)*5(k + k)G (k)do (k)G (k). (4.5)

Therefore, by the inverse Fourier transform we obtain
gz —y) =B(Ry(x,t) ® R(y, 1)) = F L, Ge(k)do (k)G ()

. 3 t . t
=(2m) _3/ et (COS‘“_ P(—ik) > >éo(k) <Coswt— PT(z'k:)Smw> dk
w

w

(4.6)

—(2m) @ [ ikt [LEEEE 4oy — SR (4o ()P (k) + P(-ik)io(b))

1 — cos 2wt

5,7 P(~ik)do(k)P" (ik) | dk.

To prove (4.2), it remains to show that the oscillatory integrals in (4.6) converge to zero. Let us
first analyze the entries of the matrix ¢y, 4,7 = 1,...,8.

Lemma 4.2. Let the assumptions of Theorem A hold. Then

Qéj e L'(R®) for any i,j.

Proof. Let us first prove that

@ (2) eLPRY), p>1, dij=1,..8 (4.7)
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Conditions S0, S2 and S3 imply (cf. [9, Lemma 17.2.3]) that
a7 (2)] < Ceaw'?(12]),  z€R%,  ij=1,....8. (4.8)

The mixing coefficient ¢ is bounded, and hence relations (4.8) and (2.11) imply (4.7),

/ ]qéj(z)|p dz < C’eg/ gop/2(|z\)dz < C’l/ 7“2901/2(7") dr < o0.
R3 R3 0

By Bochner’s theorem, (jéj is a nonnegative matrix-valued measure on R, and condition S2 implies
that the total measure go(IR?) is finite. On the other hand, relation (4.7) for p = 2 gives ¢; € L?(R3).
Hence, ¢ € L'(R3).

Let us apply this lemma to the oscillatory integrals entering (4.6). The convergence (4.2) follows
from (4.6) by the Lebesgue—Riemann theorem. This completes the proof of Proposition 4.1.

Relation (4.7) with p = 1 implies now that go(k) is bounded. Hence, the explicit formula (2.17)
implies the following assertion.

Corollary 4.3. All matriz elements % (k), i,7 =1,...,8, are bounded.

5. CONVERGENCE OF CHARACTERISTIC FUNCTIONALS

To prove Proposition 2.8 for the general case of a non-Gaussian measure ug, we develop a
version of Bernstein’s “room—corridor” method of [1-4]: (i) we use an integral representation for
the solutions of (1.1), (ii) divide the region of the integration into “rooms” and “corridors” and
(iii) evaluate their contribution. As the result, the value (U (t)g, ¢) for ¢ € D is represented as the
sum of weakly dependent random variables. Then we apply Bernstein’s “room—corridor” method
and the Lindeberg central limit theorem.

(i) We first evaluate the inner product (U ()10, ¢) in (2.19) by using duality arguments. For ¢ € R,
introduce “formal adjoint” operators U’(t) from the space D to a suitable space of distributions.

For example,
(W, U'(t)g) = Ut} ¢), €D, YeH. (5.1)
Write ¢(-,t) = U’(t)¢. Then (5.1) can be represented as

<7p(t)¢¢> = <¢0,¢(',t)>7 teR. (52)

The adjoint groups admit a convenient description (see Lemma 5.1 for the group U’(t)).

Lemma 5.1. For ¢ € D, the function U'(t)¢ = ¢(x,t) is the solution of

¢(z,t) = (- V+ifm)d(x,t),  ¢(x,0) = ¢(x). (5.3)

Proof. Differentiating (5.1) with respect to ¢ for ¢, ¢ € D, we obtain

(W, U'(t)g) = ({U(t)Y, ¢). (5.4)

The group U (t) has the generator
A=—a-V —ifm.

Therefore, the generator of U’(t) is the conjugate operator
A =a-V+ifm. (5.5)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 10 No. 4 2003



408 T. V. DUDNIKOVA et al.

Hence, relation (5.3) holds indeed with
¢=A'g.

Remark 5.2. Comparing (5.3) and (1.1), we see that ¢(z,t) = U’(t)¢ can be represented as a
convolution (cf. (3.3)), namely,

d)(', t) = Rt * (;5, Rt = (8t + o - V + Zmﬂ)Et (56)

(i) Introduce a “room—corridor” partition of R®. For a given ¢ > 0, choose d; > 1 and p; > 0

such that p; ~ t'~9 with some 6 € (0,1) and
dy ~t/logt as t— oo.
Set hy = d¢ + p; and ‘ ' ‘
a’ = jhy, ¥ =da’ +d;, j €. (5.7)
We refer to the slabs

as “rooms”’ and to A _
Ol ={zeR®: V <2®<aj1}
as “corridors.” Here x = (2!, 2%, 23). The symbol d; stands for the width of a room and p; for that

of a corridor.

Denote by x, the indicator of the interval [0,d;] and by x. the indicator of [d;, h¢], which means
that

Z(XT(S —jh) + xe(s —jh)) =1 for (almost all) s € R.
JEZ
The following decomposition holds:
(W0, 8, 1)) = D> (Yo, X (-, 1)) + (20, X2 (-, 1)), (5.8)
JEL

where xJ := x,(2® — jh) and xJ := y.(2® — jh). Consider the random variables / and ¢ given by

rl = (Woxde(n1), o = (Woxlo(.t),  JEL (5.9)
Then (5.8) and (5.2) imply
(U)o, 0) =Y (r] + ). (5.10)
=/
The series in (5.10) is in fact a finite sum. Indeed, for the support of ¢ we have

supp ¢ C Br for some 7 > 0.

Then, by the convolution representation (5.6), the support of the function ¢(-,¢) at ¢ > 0 is a subset
of an “inflated future cone”

supp ¢ C {(z,t) e R* xRy : |z| <t +T}, (5.11)

whereas R;(x) is supported by the “future cone” |z| < t. The latter fact follows from (5.6) and
from Remark 3.1. Finally, it follows from (5.9) that

rl=c =0 for Jjhi +t < =T and for  jhy —t >T. (5.12)
Therefore, the series (5.10) becomes a sum,
N, ;

(U)o, 0) = Y (r] +¢l),  Ne~ o (5.13)

hy
—N, t
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Lemma 5.3. Let Conditions SO0—S3 hold. Then the following bounds hold for t > 1:

Elrl> < C(¢) di/t,  E|c]]> <C(¢) p/t,  jEL (5.14)

Proof. We discuss the first bound in (5.14) only because the other can be proved in a similar
way. Rewrite the left-hand side of (5.14) as the integral of correlation functions. We obtain

The following uniform bound holds (cf. [11, Th. XI.17 (b)]):

sup |p(z,t)] = O@t3/?), t — 0. (5.16)
z€R3

In fact, (5.6) and (3.2) imply that the function ¢(x,t) can be represented as the sum

bt =3 / e=ihakwt) o () B dk, (5.17)
+ JR3

where a® (w) is a matrix whose entries are linear functions of w or 1/w. Let us prove the asymptotics

(5.16) along each ray = = vt + x¢ with |v| < 1. The asymptotic relation thus obtained must hold
uniformly in z € R? by (5.11). By (5.17) we have

oot tant) = 3 [ gt @b d (5.18)

This is a sum of oscillatory integrals with the phase functions
o1 (k) = kvt w(k).
Each function has two stationary points which are solutions of the equation
v=FVw(k) if v <1,

and has none if |v| > 1. The phase functions are nondegenerate, i.e.,

2. (k)\° 3
det | ———= ke R°. 1
e ( 51k >i,j:1 £0, e (5.19)

Finally, q%(k:) is smooth and rapidly decays at infinity. Therefore,

P(vt + 0, 1) = O(t3/?)

according to the standard method of stationary phase, see [7].
According to (5.11) and (5.16), it follows from (5.15) that

Bl < Ct / e ) dedy = 01 /| (@) da / lao(2)lldz,  (5.20)
x| <t+7T R3

z|<t+T
where ||go(z)]|| stands for the norm of the matrix (qéj (z)) Therefore, relation (5.14) follows for

lao ()]l € L' (R?) by (4.7).
Hence, the rest of the proof of Proposition 2.8 is the same as that in the case of the Klein—Gordon
equation, [1, p. 20-25]. The proof of Theorem A is complete.
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