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1. Introduction and statement of main result

Global integrals of Rankin-Selberg type are ubiquitous in the the-
ory of automorphic forms and their L-functions and have been stud-
ied extensively in the literature. The prototype is the original con-
struction for GLg X GLy [Ran39, Sel40]. Its extension to GL,, x GL,
was the subject matter of intensive work by Jacquet, Piatetski-Shapiro
and Shalika around 1980 [JPSS79a, JPSS79b, JS81b, JS81a| (with
some parts completed only in recent years by Jacquet [Jac04, Jac09]).

Along with the global integrals there is a rich local theory (see
[JPSS83, JS90] and the references above). The local zeta integrals
admit functional equations which give rise to the local L and e factors.
The purpose of this paper is to derive a variant of the local functional
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equations of Rankin-Selberg integrals. The precise statement is Theo-
rem 1.2 below. On a formal level, one can view these functional equa-
tions as a consequence of the ordinary ones. However, they differ in
that they don’t have mysterious proportionality constants. At any rate
we will give a direct proof which is independent of the detailed local
theory of Rankin-Selberg integrals. In the supercuspidal case this was
proved in [LM]. Here we prove the general case which is complicated
by analytic difficulties.

The new functional equations admit a non-split analogue, which is
also covered in Theorem 1.2. They are proved similarly, except that
they depend on a certain growth condition which we do not address
in this paper, but is probably within reach. Thus, our results in the
non-split case are conditional.

The new functional equation is one of the ingredients of the paper
[LM]. In that paper we formulate a conjecture about Whittaker co-
efficients of classical groups and the metaplectic double cover of the
symplectic group. For the latter, we reduce the global conjecture to a
local one, and prove the local conjecture in the supercuspidal case. In
a subsequent work we will use the results of this paper (among other
things) to extend the argument of [LM] to the non supercuspidal case.

Rankin-Selberg integrals have been a favorite topic of Piatetski-
Shapiro. We hope that this note serves as a tribute to Piatetski-
Shapiro’s legacy.

Acknolwedgement. We would like to thank Hervé Jacquet and
Yiannis Sakellaridis for helpful discussions.

1.1. General notation. Let F' be a local field of characteristic
0 (although this is probably not essential) with normalized absolute
value |-|. In the non-archimedean case let g be the size of the residue
field.

In general we denote by bold face letters algebraic varieties over F
and by plain letters the set of F-points. Thus, X = X(F).

Let E/F be a quadratic étale algebra over F' (either split or inert).
Let G be the restriction of scalars of GL, from E to F. Thus G =
GL,(F). Let G = GL, considered as a subgroup of G. For any
subgroup X of G we write X :=XnG (and correspondingly, X =
XNnaG).

Let K be the standard maximal compact subgroup of G. We denote
by I,,, the identity matrix in GL,, and by ¢' the transpose of the matrix

qg.
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Let N be the subgroup of upper unitriangular matrices in G. Fix
a unitary character ¢ : F\E — C*. Let ¢y be the character of N,
which is trivial on N, given by

Un(u) = (urs + ...+ Up_1,), u€E N.

When there is no source of confusion we will often write 1) instead of
(CIN

By a representation of G we will always mean either a smooth
complex representation of finite length in the p-adic case or a smooth
Fréchet representation of finite length and moderate growth in the
archimedean case.

Let II(G) be the set of irreducible representations of G, Ilge, (G) the
subset of generic representations, and Iiemp(G) the subset of tempered
representations. For any 7 € Iy, (G) we let W(m, 1) be its Whittaker
model: every W € W(m, 1) is a function satisfying

W(ug) = ¢¥(u)W(g), ueN, g€ G

which is of moderate growth on N\G.

Recall that m € TI(G) is called G-distinguished if it admits a non-
trivial continuous linear form L on 7 such that L(w(g)v) = L(v) for all
vemandall g € G. Recall that such L, if exists, is unique up to scalar.
(This is clear in the split case; in the inert case see [F1i91, AG09].)

Fori=0,...,nlet H; = GL,_;(E) be the subgroup of G consisting
of (h Ii) where h € GL,,_;(E) and let N; be the subgroup of upper
unitriangular matrices in H;. We also let R; be the unipotent subgroup
of G consisting of the matrices of the form (I’}gi Iz-) where the last row
of X is zero.

Let w,, be the permutation matrix corresponding to the longest
Weyl element in GL,,. Also for i = 0,...,n let w,; = (wnﬂ. 1) For
g € G, let g% = (¢*)~! — the Cartan involution, and ¢* = w,gw, —
the principal involution. For a subgroup H of GG we denote by H* its
image under *.

1.2. Let m € Igen(G). For W e W(m,¢), r =1,...,n— 1, we
consider the integrals

(1) AT(VV,S):/ W (R)|det T dh,
N \Hr

2) A(W,s) = / / W (ha)|det B[ dh d,
R, T\H’I‘
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(3) (W, 5) / / W (hawy,)|det b=+ dh da.
i J (N \()*

Since W¥(g) := W (w,g°) = W(g*w,) is a Whittaker function (with
respect to ¢~1) in the space of the contragredient # of 7, we can relate
Al to B, as follows:

(4) B, (W#,s) = AL(m(w), wa) W, 5).

The following Lemma is standard. For completeness we will prove
it in §2.2 below.

LEMMA 1.1. Let m € gen(G) and v = 1,...,n — 1. Then the
integrals defining A, (W, s), AL(W,s) and B,(W,s) converge absolutely
for Res > 0 and these functions admit meromorphic continuation to
C. In the p-adic case they are rational functions in q°. Moreover, if ™
is tempered (resp., unitarizable) then A.(W,s) and B,.(W,s), Al(W,s)
are absolutely convergent for Res > —1 (resp. Res > 0).

We remark that for 7 unitarizable, the convergence of A; was
proved in [JS81b, §1,3] for the split case and in [F1i88, §4] for the
non-archimedean inert case.

For simplicity we write A,.(W) = A,.(W,0), and similarly for B, (W).

Our main result is

THEOREM 1.2. Let 1 € Hyen(G) be unitararizable and G-distinguished
and letr=1,...,n— 1. Then the identity

A (W) = B.(W), W eW(r, 1)
holds provided that either
(1) E/F 1s split,
(2) E/F is inert non-archimedean and Assumption 2.8 below holds,

or,
(3) E/F = C/R and Assumptions 2.8 and 2.10 below hold.

Note that the statement of Theorem 1.2 depends implicitly on the
choice of Haar measures. If for any subgroup X of G the Haar measure
on X* is compatible with that of X then we only need to specify the
Haar measure on R,. To that end we will take the self-dual Haar mea-
sure on E with respect to 1 and use the identification R; ~ E(—D(=r)
(by coordinates).

REMARK 1.3. It is known that for any 7 € Il,,(G), A1(W,s) is
holomorphic at s = 0 (cf. [FLO12, appendix A]). Thus, A;(W) is
defined. It is likely that the same is true for A, (W, s) (and B,.(W, s)) for
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7 > 1 and that Theorem 1.2 holds for any G-distinguished 7 € Heen (G).
However, we will not discuss this issue here.

1.3. Let us give a purely formal argument for Theorem 1.2 in
the split case (ignoring convergence issues). Write 1(a,b) = 11(a — b)
where 1) is a non-trivial character of F. Also write 7 = m ® m9
with m = ;. We can view A,.(W; ® W;) as the inner product in
X = N,(F)\ GL,,_.(F) of W |det|*="/2 and W;|det|*~"/2. Expanding
it spectrally we get

/ Z/ Wi((? 1, )W (g)ldet g|* =77 dg x
Hgen (GLn—r (F)) 377 /X
[ Wall? PTG ldet gl dg do
X
for an appropriate spectral measure d, where W' range over an or-
thonormal basis in the ¥, '~-Whittaker space of o. The usual functional

equation in Rankin-Selberg theory (e.g. [JPSS83]) gives a relation (in
the sense of analytic continuation)

/ / Wi((" ) mwn) W' (g)ldet g|/*+*7" da dg
= iV(Saﬂl X o, ¢1)/ W1((g Ir))W,(9)|det9|s_T/2 dg.
X
1

In particular, for s = 5 we get

// Wi(( %) 2w, )W (g)|det g| "~ V/? dx dg

L —r
= ifY(ﬁaﬂ'l X o, w1>/XW1((g IT))W/(Q)’detg’(l )/2 dg

Similarly,
/ / Wa(( anr)W'( )|det g| "V dx dg
1 5 - T ) —r
= :l:'y(E,’ﬂ'Q X 071/)1 1)/ W2((9 IT))W/(9>|detg|(1 )/2 dg.
X
Since

1 1 .
7(577‘-1 X g, 1/11)7(5772 X 0-7¢1 1) - 17
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A, (W1 @ Wy) equals

/ / / Wal(" ) 2wn )W (g)ldet g /% do dg
Mgen(GLo—r (F)) :
/ / Wa(( xwm)W’( )|det g| V"2 dx dg d,,o.

Once again, this is the spectral expansion of B,.(W; ® Ws).

The rigorous proof of Theorem 1.2 will be given in the following
sections. The idea of the proof is to express A, as a Fourier coefficient of
A; with respect to the unipotent radical U, of the standard parabolic
subgroup of type (n —r+1,1,...,1). (We call this procedure “model
transition”.) Similarly, we express A/ as a Fourier coefficient of A} =
Ay with respect to a conjugate of U, ;. This is done in §3 and §4
respectively. Finally, we use the relation (14) below to get the required
identity. The definitions of the Fourier coefficients above require some
care since they are not given by absolutely convergent integrals. The
analysis will be facilitated by the estimates of §2.

1.4. Let us introduce some more notation which will be used for
the rest of the paper.

Let T be the group of diagonal matrices in G. We write an element
t € T as diag(ty,...,t,). Let N° be the derived group of N. For any
subgroup X of N we write X° = X N N° which is a normal subgroup
of X containing (possibly strictly) the derived group of X; let X =
X°\X. Let P be the mirabolic subgroup of G consisting of elements

whose last row is (0,...,0,1).
For ¢+ =1,...,n — 1, we introduce some more algebraic subgroups
of G.

e Let G; = GL;(F) be the subgroup of G consisting of (I"—i h)
where h € GL;(E).

e Let V; be the unipotent radical of the standard parabolic sub-
group of G of type (n —i,1).

e Let U; be the unipotent radical of the standard parabolic sub-
group of G of type (n —1,1,...,1).

e Let C; = U; N H;_, consisting of elements v = [, + v in
N where v is zero outside the (n — i + 1)-th column. Then
Ui = Cz X Ui—l (Wlth U() = 1)

e Fork=1,. iletCivk:C’kﬁViandkCi:C’kﬂGi.

o Let D, = C’+1, ik = DpNVEand (D, = Dy N G;. Thus

Ri - sz:l
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e Let T; be the ¢-dimensional torus

EZTQGZ+1HP:{d1ag(t1,,tn)tlz:tnfzflztnzl}
eForm=1,....,rlet R, = R, NH,, = Z;}nan' In partic-

ular, R, = R, and R,, = 1.

e Let a; be the simple root «;(t) = titJil of T and let N,, denote
the corresponding one parameter root subgroup of N. It is
the image of the homomorphism \; : B — N given by \;(z) =
I, +ze;;+1, v € E where e; ; is the matrix whose (7, j)-th entry
is 1 and all other entries are zero.

For a group X defined over F', we denote the quotient X(F)\X(E)
by [X]. For example [U2*] = (U\U;)\(U?\U;) is isomorphic to [ ]! _[Na,]
through the embedding of N,, in U;. If X C N, we can consider v as
a character on [X?].

If f is a function on a group Y and X =Y x Z, then we often
extend f to a function on X via the quotient map X — Y.

For any group X we write dx for the modulus function of X. We
also write dp for the modulus function of the upper triangular Borel
subgroup 7' x N. Similarly for . R

If X is a locally compact Abelian group then we denote by X its
Pontryagin dual.

Note that [C?, D;] = N,,_, where as usual we denote by [z,y] the
commutator xyx~'y~!'. This gives rise to a non-degenerate pairing
between C7 and D; given by (c,d) = (c,d), = 9([c,d])~". Moreover,
(-,-) induces non-degenerate pairings between [C°] and D;, between
Cp,i and Dy, ;, and between ,C; and ;D,, for i <m < n.

For any Whittaker function W on G with respect to ¥ we have the
following basic property:

()
W(hzzy) = ¢¥(2) (y,z) W(hz), h€ Hiy,x € Dy yeCr,ze .

The convention of Haar measures will be as follows. Recall that we
fixed the Haar measure on F to be the self-dual Haar measure with
respect to 1». We also fix once and for all an arbitrary Haar measure

—_—

on F. Note that v gives rise to an isomorphism between E/F and

F. Under this isomorphism, the Haar measure on F/F dual to the
quotient measure on E/F coincides with the Haar measure on F.

In the sequel we will encounter Haar measures on two types of al-
gebraic subgroups of G (or quotients thereof): subgroups of G and
unipotent subgroups of G. In the former case, we will take the unnor-
malized Tamagawa measure with respect to the “obvious” gauge form
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and the above measure on F. For instance for G we take the gauge
:i\jtg;’j; ; for unipotent groups we take the product of the differentials
of the coordinates; for diagonal groups we take the logarithmic differ-
entials of the coordinates. In the second case, all unipotent subgroups
of GG in hand will have natural coordinates and we will take the product
of the Haar measures of the coordinates (using the above measure on

We endow all compact groups with Haar measures of total volume
one.

We will use the following convention for iterated and double inte-

grals: we write
/(//f(a,b,c) de db) da
A JBJC

to mean that the double integral over B and C converges and the
integral over A (as an iterated integral) converges.

form

2. Basic estimates

2.1. For any 7 € I, (G) and s € R we write 7[s] = 7 ® |det -|°.
Let m € Ilgen (G). Denoting by x parabolic induction. We write

T=mq[s1] X -+ X 78]

with m; square-integrable and sy,...,s; € R. This presentation is
unique up to permutation. By an abuse of language we call the s;’s
the exponents of 7. For instance, if 7 is tempered then the exponents
are 0. If 7 is unitarizable then the exponents are in the open interval
(_%7 %)

We will need the following variant of the estimates of [JPSS79a].

LEMMA 2.1. Suppose that 7 € Ty, (G) with unitary central char-
acter and all its exponents are bigger than \. Then for any W in the

Whittaker space of m there exists a Schwartz function ¢ € S(F"!)
such that

(6) W (tk)] < 32 (£)]det £ ta] ™ $(as (1), - . ., an 1 (1))
forallteT, ke K.

PROOF. Indeed, in the non-archimedean case, it is easy to see that
for any standard parabolic P = MU, any cuspidal exponent of 7 along
P (viewed as a R.g-valued quasi-character of the center Z(M) of M)
has the form

n—1
t i |det ¢t~ ] Jleu(t)

i=1

Yot =diag(ty,...,t,) € Z(M)
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with 2; > 0 for all i. The estimate (6) follows from [LMO09, Theorem
3.1]. In the Archimedean case the result follows from Lemma 15.2.3
and statement (1) on the bottom of p. 369 of [Wal92]. We note
that the A in [ibid.] is of the form p 4+ nAw + > y;a; where y; > 0,
p is the half-sum of positive roots and w is the fundamental weight

corresponding to «;,,_1. [

Suppose that E/F is inert. Then we define exponents for m €
e (G) in a similar way (with |-|g instead of ||). If E/F splits then
the exponents of 7 = m ® 7y € Ieen(G) are by definition the union of
the exponents of m;, ¢ = 1, 2.

COROLLARY 2.2. Suppose that m € Ilyen(G) with unitary central

character and all its exponents are bigger than A. Then for any W €
W(r,v) there exists a Schwartz function ¢ € S(F"') such that

(7) (W (tk)| < 65 (8)|det ][t |2 (e (1), . ., cvn 1 (1))
forallteT, keK.

2.2. Next, we will prove the following slightly stronger version of
Lemma 1.1. The argument is standard.

LEMMA 2.3. Let 1 € lgen(G), W € W(m, %) and r =1,...,n — 1.
Suppose that the exponents of m are > A. Then A,.(W,s), A/ (W, s) and
B.(W,s) are given by absolutely convergent integrals for Res > —2A—1
which extend to meromorphic functions in s € C. In the p-adic case
they are rational functions in q°. Moreover for any s in the range of
convergence there exists N and C such that

A (m(g)W. 5)], [AL(m(g) W 5)| < Cllg]| ™.

PrROOF. We start with A,. Let K, be the standard maximal com-
pact subgroup of H,, T; the diagonal torus in H, and 4, the modulus
function of the upper triangular Borel subgroup TTf x N, of H,. We
rewrite A, using the Iwasawa decomposition as

(8) A (W, s) = cr[ - W (th)|det ¢[*6, 7 (¢) dt dk
T TT/

for a suitable constant ¢, > 0. Note that 5§(t)5;1(t) = |det t|". There-
fore by (7) there exists ¢ € S(F™!) such that

W (tk)||det ¢|ResT175 71 (1) < |det t|Res T2 p(qy (1), . . . i (1))

forallt € T ke K,. Thus the integral (8) converges provided that
Res > —2\ — 1 as claimed.
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The meromorphic continuation of A,.(W,s) also follows from (8) by
using the asymptotic behavior of Whittaker functions (cf. [JPSS79a)]
for the p-adic case and [Jac04] for the archimedean case).

We turn to A/. Again, we use Iwasawa decomposition to write it
as

Cr/ / - W(twk)|det t|5+1—7“5;1(t) dt dk dz.
- JEK, ST

We note that the Iwasawa decomposition of z is given by uak’ where
a = diag(ay,...,a,) with a, = 1 and |a,—,11|p > max|z;|g in the
inert case and |aglr ] > max]a:g;], [ = 1,2 in the split case where

2 @

we write a; = (a;,a;”’) and similarly for the z;;’s. The convergence

follows as in the case of A,. (It will also follow from the argument
below.)

The moderate growth property of A, and A’ is also clear.

Let us prove meromorphic continuation of A’. Recall that for m =
1,...,r we write R,,, = R, N H,,. Thus, R,; = R, and R,, = 1.
Recall that (), and D,,, are in duality via the commutator. Observe
that for m < r, by (5) (applied with i = m, h = hy and z = e) for any
¢ € S(C...,) we have

(9) (@)W (hyz) = o(«)W (hyz)
forall h€ H,, x € D,,, and y € R, ,41.
We introduce auxiliary integrals

Apn(W) = / / W (ha)|det h|*T dh da.
,m ’I‘\HT

Using the Dixmier-Malliavin theorem and (9), one proves the mero-
morphic continuation of A, ,, by descending induction on m. Since
Al = A, the analytic properties of A’ follow.

Finally, the case of B, follows from the relation (4). O

REMARK 2.4. Note that the use of the Dixmier-Malliavin Theorem
is not essential. It suffice to write W as a convolution by a sufficiently
smooth test function (which is elementary) in order to get the mero-
morphic continuation strip by strip. The same remark applies to all
future applications of the Dixmier-Malliavin Theorem.

2.3. Next, we discuss the split case in more detail. For any A € C"

we write
n
it =T
i=1

Moot = diag(ty, ..., t,) €T.
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For any A € C" let o, be the function on G given by
ox(ntk) =62 )|t|*, neN,teT ke K.
Let f, be the function on N2* given by

(10) fo(v) = / wo(wpuv) du.

For convenience let 1 be a non-degenerate character of N. Recall
the Jacquet integral

J<97 )‘) = [ @A<wnu9)w/(u)il du.

N

The integral converges absolutely for Re Ay > --- > Re A\, and admits
holomorphic continuation to A € C™. Moreover, J(g, A) is a Whittaker
function for the induced representation I(\). In particular, for any
A € C" such that Re ) is dominant there exists ¢ € S(F"~!) such that

(11) TN < dlen(d).. ..oy (65 (B]Ew
for all t € T.

LEMMA 2.5. fo is defined (i.e., the integral (10) converges) and
fo € L3(N®). Moreover, its Fourier transform at ¢, = '(t - t=1)71,

t €T is given by o, 2 (t)J(t,0).

ProOF. We follow the argument of [SV, Lemma 6.3.1]. For Re A
dominant, the function

fHlv) = /o ox(wpuv) du, ve N*®

is smooth and belongs to L'(N?"). Its Fourier transform at ¢/ is
~_1 ~

& 2(O)|t|7AJ(t, N). Note that {¢, : t € T} is a co-null subset of
N#b and that the push forward of the measure |t1] dt on T via t — v/

is the restriction of the Haar measure on Nab. Therefore, by Fourier
inversion we have

(12) A = [ s ol

(The integral on the right-hand side converges absolutely by (11).)
Fix a dominant Ay € R". We claim that for any € > 0 there exists
¢ € S(F™ ') such that

(13) T8N 8 2 (1) < (e (0), . e (1)
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for all t € T NP and A = s\ with |s| < e. Indeed, by the maximum
modulus principle it is enough to prove this inequality for |s| = €. In
the p-adic case this follows immediately from the fact that on the set
of regular \ we have

() = 1pr(@a(t), . ana(8) D cw(N)]E™

weSn

ol

J(t, \)dy

where [ is the largest fractional ideal on which ¢’ is trivial, S, is
the Weyl group and ¢, are holomorphic functions on the set of reg-
ular A (which can be explicated by Shintani’s formula [Shi76]). The
Archimedean case follows from [Jac04, Theorem 2].

Take A\ = s\, s € (0,1). It follows from (13) and the dominated
convergence theorem that the right-hand side of (12) is a continuous
function at s = 0. On the other hand A — ¢,(w,u) is monotone de-
creasing in s. Therefore by Lebesgue’s monotone convergence theorem
(or Fatou’s lemma) we conclude the convergence of (10) for v = I,,.
The same argument works for any v € N2b_ or alternatively we can use
the fact that po(gv) < max, z wo(kv)po(g) for all g € G.

Moreover, for Re A\ dominant we have

[ B = [ 3R ) de
Nab TP

Once again, taking A = s\, the right-hand side is continuous at s = 0,
which implies that f, € L?(N?"). In addition, it follows once again

from (13) that ]/”; converges in L?(N#b) as s — 0. Hence, f converges
(necessarily to fo) in L?(N?P) as s — 0. We deduce that

Jo = lim f)
s—0

N

in L(N*b) and therefore fo(v]) = 0y 2(t)J(t,0) for all t € T as re-
quired. ]

Let = be the standard zonal spherical function of G, i.e.

=(g) = [ wol(kg) dk = c/ ©o(wnug)po(wyu) du, g€ G
K N
for some scalar ¢ > 0.
LEMMA 2.6. The function v — [g,Z(uwv) du, v € N2> s well-
defined and belongs to L*(N?P).
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PROOF. For any v € N?® we have

1/ =(uw) alu:/~ /~g00(wnv’uv)g00(wnv’) dv’ du
o o N

o

/ 0o (wuv'v)po(w,v') dv' du
o JN
Nab/

ab /

Ne

I [l
S—

— wo(wpuv1vav) 0o (Wnv1v2) dvr du dvg

\

/ oWy uve) o (wyv1v9) dvy du dug
o J o

Jfo(v'v) fo(v") dv' < oo

Nab
by the previous lemma. Thus, also by the previous lemma, v —
[0 E(uv) du is the Fourier transform of c[.J(¢,0)[*6; " (). Hence [, E(u-) du €
L2(N#b). O

From Lemma 2.6 and the fact that smooth matrix coefficients of a
tempered representation are bounded by = ((CHHS88, Sun09]) we get

COROLLARY 2.7. Suppose that E/F is split and 7 € iemp(G) is
G-distinguished. Then for any W € W(m, 1)

/[ W) do < o

/[Nab] (/[ o}|A1(W(vu)W)| )’ du < oc.

In the non-split case we will make the following assumption.

and

ASSUMPTION 2.8. Corollary 2.7 holds in the non-split case as well.

In the p-adic case, it is likely that this can be deduced from the
results of [Lag08, KT08|, but we don’t address this issue here.

2.4. Observe that

A1<W) = |. . W(g) dg
N\P
since H; N = P. Therefore A; is a P-invariant functional. B
Suppose that E/F splits and 7 € I, (G) is unitarizable and G-
distinguished. Then © = 7 ® 7, where 7 is an irreducible unitarizable

representations of GL,(F). It is known that A; is G-invariant [Ber84,
Bar03].
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We can write ¢(a,b) = 11(a — b) for some character ¢; of F' and
take T of the form W (z,y) = Wy (z)Wi(y) with Wy € W(my, 1) and
Wy € W(a, 7). Then W (z,y) has the form Wy(y)Wa(z) with W, €
W(my, 1) and Wy € W(#,¢7"). By uniqueness we have A;(W#) =
cA1(W) for some positive constant c. Since A;(W) = Al((Wﬁ)ﬁ) =
cA (W#) = 2A; (W) we get that ¢ = 1 and hence ¢ = 1. Thus,

(14) Ay (WH = A (W),
In the non-archimedean inert case, again when 7 is unitarizable
and G-distinguished, it is still true by [Off11, Theorem 3.1] that A; is

G-invariant and that (14) holds [Off11, Corollary 7.2].
We also record the following result of Matringe.

THEOREM 2.9 ([Matl1]). Suppose that E/F is a quadratic exten-
sion of p-adic fields. Let T be the Galois involution. Then the G-
distinguished representations m € e, (G) are precisely the irreducible
representations of the form

T=T X+« XM XTX0T
where m; € II(GL,,(F)), i =1, ...,k is square-integrable and GL,,, (F)-
distinguished and o € Igen(GL,,(E)), where n =mny + - - 4+ ng + 2m.

ASSUMPTION 2.10. Both Theorem 2.9 and the relation (14) hold
for EJ/F = C/R.

Note that the characterization of generic irreducible representations
of GL,(C) which are distinguished by a unitary group was given in
[FLO12|. 1t is likely that the methods of [loc. cit.] apply for the
analogue of Theorem 2.9 in the archimedean case. So Assumption 2.10
is certainly within reach.

3. Model transition — first case

Throughout this section let 7 € Iliemp(G) be G-distinguished. In
the non-split case we will work under Assumption 2.8. Our goal is to
express the A,’s in terms of A;.

3.1.

LEMMA 3.1. Let W e W(m,¢) andi=1,...,n—1. Then
(1) The function u — Ay(w(u)W) lies in L*([U?]).
(2) Define the function Fy; on U™ by

(15) Fw,i(u) = /[UP] Aq(m(vu)W) dw.
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Then Fw,; € L*([U"]).

PROOF. It is clear that Fy;, once defined, is left invariant under
U? and thus defines a function on U2, and in fact on [U2P] since A; is
P-invariant. We will show that for ¢ < n we have

(16) /[ Q]!A1(7T(U)W)\ dv < o0,

and

(17) /Uab] /O|A1 T(wu)W)| dv)’ du < oc.

In the case t = n—1 (U,_; = N) this is precisely Corollary 2.7 and
Assumption 2.8.

The p-adic case follows trivially from this. In the archimedean case
we will prove (16) and (17) by descending induction on i.

Assume that (16) and (17) hold for ¢ = k£ and consider the case
t = k — 1. Recall that U = C; x U;_,. By Dixmier-Malliavin, we
can assume that W = 7(f1)W’ where fi € C®(CS). Set fi(u) =
fé,‘; fi(vu)| dv € C.([CF]). Then for u € U,

/ Ay (e (0u)W)] do = / [ R0 Ao W) dof| do
Ug_1l Cr

k— [U1271]

// |f1 )AL (7 (vur )W')| dv dv'.

Since v" normalizes Uy_; and commutes with Uj,_; modulo Uy_, we can
write this as

/ / |1 () Ay (7 (00" w)W)| dv dv' =

T UR

:/ / / | f1 (v} v5) Ay (T (vojugu) W) do dv) dus,.
e /ey g,

Since v} normalizes Uy, we get

/ / V)| Ay (7 (o' w) W) do dv’

<sup fi - / / | Ay (m(v0'u) W) dv do'
[CR o

—=sup f, / | Ay (7 (vu)W")| do.
[UR]
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This proves (16) for i = k — 1. Moreover to prove (17) for i = k — 1,
we only need to show that

/ (/ Ay (r(0u)W)] dv)” du < oo
vty o)
Assume that W = 7(fo)W” where f, € C®(N,, ). Let

folu) = /N fa(vw)] dv € Cul(Na,_,]).

In—k

Then since N, normalizes U,_; and U;_, while N, normalizes
n—k 1 Qpy

U and Up we have

[ itaw) @)

[wgb,]  JUR)

< / (/ / | Ay (7 (vun YW") fo(u)| du dv)zdu
[U;:El] [UIS] Fn—k

:/[U;:El] (/an_k/[;;}‘Al(W(wu)W ) dv | fo(u)] du')? du

/[U;?bl] /[Na
</

(N,

_ /[N

O‘nfk]

k

/ Ay (m (o) W) dv fo() du')® du
R

nfk]

fo(u')? du / / (/ | Ay (7 (vuu)W")| dv)2 du' du
J U]/ [Na,, 1 /U

o

k k

fo(u')? du/ / (/ | Ay (7 (vu)W")| dv)2du < 00
e JIg]

where we used the induction hypothesis, the Cauchy-Schwarz inequality
and the fact that [U"] = [U#*,]x [N, _,]. This completes the induction

QAn—k

step. ]

3.2. Consider now the Fourier transform of Fy; as an L*-function

—

of [U#"], the group of characters of [U2P].
We denote by [U2P

7] g the set of non-degenerate characters on [Uzb],

—

which is an open subset of [U?"]. The group 7} acts on [U2"] by con-

—

jugation. Therefore it acts on [U?"] and it acts simply transitively on

Let

e

2 ]reg'

be the open embedding



ON A NEW FUNCTIONAL EQUATION FOR LOCAL INTEGRALS 17

—_—

The image of r is [UP"],,,.

—

For any function f on [U#"] we write £*f = f ok (a function on T))
and for any function g on T; we write k,g to be the extension of g by

0 to [Eﬁ. Thus,
o1 O () = C2([UF)).

Let ¢ € S([U]), consadered also as a function on [U;]. Define

(18)  Ji(W,¢) = ) o(u)Fwi(u) du = d(u) Ay (m(w)W) du.
(U] [Ui]
Set S; = T; x [U?]. Note that for t € T,
n—1
(19) 0s,(t) = lta—s ™" T 15"
j=n—i+1

LEMMA 3.2. Let f € C=(T}) and W' = m(fog )W. Then /1*.7:/147,@-
is given by t — |t 1| Ti(m(t)W, /4;/*7) In particular, it is a smooth
function on T;.

Proor. We have

Fus = [ / SIS As(nlout W) di” o

/Uo]/f (vt tut )W) dt’ dv—/f (") Fows (8 tut”) dt'.

It is easy to see that the value of the Fourier transform of Fy; (¢! -t')

n—1i

*mi(t’ ). Note that the push-forward of the measure

at/f()ls|t

't = |t | dt’ on T} via & is the dual measure to du on [U??]. Thus,
by Parseval’s identity, the value of the Fourier transform of Fy-; at
k(t) is

[ SO Pt @t =
\/ ] () Frgoywii (1) du = |t To(m ()W, 5. f)

as claimed. O

Define &;(W) to be the value of the Fourier transform of Fy; at
¥~ Thus & (W) is a regularization of the integral

W) — /M Ay (7 ()W Yo (w) " du
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which is in general not absolutely convergent. Note that E (W) =
A (W).

REMARK 3.3. We expect that in the non-archimedean case, the
integral

/[UA Ay (e ()W) ()" du

makes sense as a stable integral, i.e. stabilizes for large enough compact
open subgroups of [U;]. However, we will not address this issue here.

REMARK 3.4. One can define &(W) (in the tempered case) without
knowing that Fy; € L2([U"]). Namely, one can show that the restric-

—

tion of the Fourier transform of Fy,; (as a distribution) to [U"], is

smooth. Therefore, in the non-split case we would only need to know
the first part of Corollary 2.7.

By Lemma 3.2 we have
(20) Em(fO5H W) = Ti(W, k. f).

The rest of this section is devoted to the proof of the following
result.

PROPOSITION 3.5. Fori=1,...,n we have
for any W € W(m, ).

Fix i = 0,...,n — 1. By (20) it suffices to prove that for all f €
C>(T;) we have
(21) A1 (m(fogHW) = Ti(W, k. f).

REMARK 3.6. Since A, 1(m(-)W) is a distribution on C°(7;) and
Ji(W, ) is a tempered distribution on S([U2"]) it suffices to prove (21)

for functions of the form f(t) = Hiczl ¢k(tz:i1) when t € T;, with

3.3. To prove (21), we use induction on i. The case i = 0 is trivial

By Remark 3.6, we can assume f(t) = fi(t)fa(t), where fy €
C’(?O(Ti_l) considered as a function on T via the obvious projection
T, — Tioy and fi(t) = dan—(t)) = ¢(72=) with ¢ € C2(F).

Let 5 : T; — [ﬁa:] be the map t — (¢t - ¢t~')~ which factors
through a,,_;. For any function g on T; which depends only on «,,_;(?)



ON A NEW FUNCTIONAL EQUATION FOR LOCAL INTEGRALS 19

—

let 7.g be the function on [N,, ,] which is 0 on the trivial character
and given by g(t) on j(t).

—

Then Efj = ]/*JTlIii_l fo where we consider %' f, as function on
[U#P] that factors through [U2"], and j.f; factors through [N,, .].

~

More precisely, 7.f1(An_i(z)) = ¢(x) for z € F\E. We will consider
J«J1 as a function on [Cy] as C; = N, _, x C?.
Recall that U; = C; x U;_;. By induction hypothesis we have

TW, ) = / T (W) Tor ()W, 551 ) du

(C:

- /[C-]‘E(U)Ai(ﬂfzasil1)W(U)W) du

:/ J/*E(U)(/ fo(t)ds, , (1) Ai(m ()W) dt) du.
(Ci] Ti—a

We will express A; in terms of A;; ;. Let T C T; be the one-

7

dimensional subtorus consisting of diag(ty,...,t,) with t, = 1 if k #
n — i. Observe that the map

(NHHl\F[Prl X TZO) X DZ - NHZ\}NL

is an open embedding with dense image. Thus,
(22) A(W) = / / Ay (7 (€)W [det £ de dt.
70 Jb,
Therefore, we can write J;(W, a) as
[ L[] SR8 A W)l [ d a de) du
;] JTy JT0 JD;

From (19) we get for t” = tt with t € T,_, and ' € T?:
0, (8) " | i [P = 0, (87) 7
As Ty = Tpoy x TP, Ti(W, k. f) equals
L L R 005 0 A et Wbl de ) o
i T; J Dy

Write v € C; as ujuy with uy € C7 and us € N, ,. Then the above
integration can be written as

Jordwo U= Lo )
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as the inner triple integral is absolutely convergent. It is clear from (5)
that:

(23) Aipa (m(w)W) = ( JAipr (W), ue U
Thus A; 1 (7(Etugug)W) = A; i (m(EOW) (tugt ™, &) (tugt ™). We get

Wli* /o /N%l//J*f1U2f2 ()

A1 (m(EOW) [ty [T (bunt ™, ) W (tuat ™) dE dt dus) dus.

Integrating first over uy and using Fourier inversion, J;(W, f-@/*?) equals

/ ( / / F()35, () A (m(EOW) [tpia |77 (tunt ™€) d€ dt) duy.
¢l JTi JD;

It will follow from Lemma 3.8 below that we can switch the order
of integration, and integrate over [C7] before the integration over T;.
Changing u; to t~'u;t we get:

awed)= [ [ () O OAEEOW) .6 i) du

By Lemma 3.7 below A;y(7(€)W) € S(D;). Hence by Fourier inver-
sion the above is:

T / FBO5 () Avsr (r()W) dt = A1 (m(F51)W).

This completes the induction step and thus the proof of Proposition 3.5.
It remains to show the following two Lemmas.

LEMMA 3.7. The function & — A1 (m(§)W) on D; lies in S(D;).
LEMMA 3.8. For any f € C2(T}),

/[051 /T ( /D if(t)Ai—H(’/T(gt)W) (turt ™, &) d€) dt duy

15 absolutely convergent.

PROOF OF LEMMA 3.7. A priori A;1(7(-)W) is a tempered func-
tion on D;. We can assume W = 7(¢ )W’ where ¢/ € C*(C?). It
follows from (5) that

Aalm@W) = [ A (@)W )

~

- /.o A (T(OW) (1) (u, §) du = Aipa (w(EYW)¢'(€).

The Lemma follows. ]



ON A NEW FUNCTIONAL EQUATION FOR LOCAL INTEGRALS 21

PROOF OF LEMMA 3.8. We can assume W = 7(f")WW' where f’ €
. Then we need to consider

// / / F@OF(E) Aira(m(Ete )W) (turt ™", &) dg’ d€)]| dt duy.

By changing & — &4(¢)71~! and using (23), the inner double integral
inside the absolute value is

/ / FO) (€N A (m(Etu) W) (tugt ™ 4(E) 71T de de.
D; JD;

Integrating over £ we can express the above as

\/O]XIT /f Aia(n(Eg)W') d€)| dg

for some Schwartz function f” on [C°] x T;. The Lemma now follows
from the previous one. 0

4. Model transition — second case

4.1. Throughout this section let m € Loy (G) be G-distinguished.
Our goal is to express AL(WW) (defined in (2)) in terms of A}(W) =
A;(W). We keep the proviso of Assumptions 2.8 and 2.10.

Let Ng, = N N G,. Define the function Fj,, on [NZ] by

Fiy,(u) = / A (m(vu)W) do.
[Rrx N2 |

LEMMA 4.1. Let w, := (=, ) = w;imwn, and let w — 4 be the
automorphism of Ng, given by 4 = w,u’w, . Then for W € W(r,v)
we have the identity Fy: , 1 (u) = F/ ;. (4), u € Ng, . In particular,

(1) The integral defining Fy,,. is absolutely convergent.
(2) Fiy, € LA(IN&)).
(3) The Fourier transform of Fyy,,. is smooth at the non-degenerate

/\

elements of [Ng’]. Let (W) = .7?{;77”(17&_1). Then E!(m(w, )W)
£, (WH).

PROOF. Recall that W*# € W(#,1~1). Thus by (15)
Fwep_1(u) = / Ay (7 (vu)WH) do
[U7_1]

— / Al([W(UUUU)W]ﬁ) dv = / Ay (m(v7u”)W) do,
el U7 4]

T— T—
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where the last equation follows from the relation (14). Since w, (U?_,)%w; ! =

R, x N¢_, we deduce that the above is
/ Ay (m (w000, )W) dv = ‘F;r(wr)W,r(a)'
[RrxNg ]

The two claims on convergence follow. The last claim & (7 (w,)W) =
E,_1(W?#) follows from the fact that ¢»=1(@t) = ¥ (u). (Note that &.(W#)
is the Fourier transform of Fyy: , at ¢ because WheW(r,9 1)) O

The goal of this section is to prove:

PrOPOSITION 4.2. Forr =1,...,n— 1 we have
AL(W) = EL(W).

T

4.2. In order to prove the proposition we will prove a more general
auxiliary statement (Proposition 4.4 below). From now on we fix a
positive integer r < n.

Let 1 <4 <r—1. Let ,U, = U;NG,, then ;U = U\ ,U, is an
i-dimensional vector space. Let

‘FI//V’I"L(U) = / Ay(r(vu)W) dv, wu € [iUfb].
[RTX‘iUﬁ]

We have:

LEMMA 4.3. (1) The integral defining Fyy,,.; is absolutely con-
vergent.

(2) Fivei € L2(LUR)).

(3) The Fourier transform of Fyy,,. ; is smooth at the non-degenerate

—

elements of [[U2P].
PROOF. From the argument in Lemma 4.1 and the bounds (16)
and (17), we get:
/ | Ay (m(vu)W)| dv < o0
[RrxNg |

and

/ (/ | Ay (7 (vu) W) dv)zdu < 00.
Neb] SR |

Since N¢, = ,_,U,, we get the claim of convergence for : = r — 1. The
same induction argument as in the proof of Lemma 3.1 gives the claims
of convergence. The proof of the last smoothness claim is also identical
to the proof of Lemma 3.2. O
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Define &,,(W) = Fpy, ("), Clearly, £ = &/, _,.
Define the integral

AW = [ Ale)W) de
T 7,+1\R'r

It is clear that A} = A}, (since R,, = 1). Thus, Proposition 4.2 is a

special case of the followmg result which will be proved in the rest of
the section.

PROPOSITION 4.4. For any ¢ = 0,...,r — 1 the integrals defining
AL, (W) are absolutely convergent, and

A;‘Z(W) = géz(W)

4.3. Asin §3.2, we can write &/, (W) using an absolutely convergent
integral. For ¢ € S([;U"]) regarded as a function of [R, x ;U,], define

T = [ T du= [ s EW) du

[Ryx <U7-}

Then for f € C°(T}), by the same argument as in §3.2 we have
5r,i(7r(f5§;. )W) = ‘-71 (W "‘i*f)

where S] = T, x ;U2 x R,]. Note that the embedding ,U, < U; induces
an isomorphism ;U ~ U2*. We can therefore view k as a map & :

—

T, — [,U"]. Note that for t € T}:
i1
(24) 0 (t) = |det t|" " [t~ | a7,
j=1
Thus, it suffices to show that for any + = 0,...,7 — 1 and f €
C>(T;), the integrals

AL (r(F W ‘me/Am ~(@t) W) (D051 (1) db da

are absolutely convergent and equal J/(W, k. f ).

4.4. We use induction on i, the case i« = 0 is a tautology. By
Remark 3.6 we may assume that f(t) = fi(t) fo(t) with fo € C°(T;-1)
and f1(t) = ¢’(0¢n,i(t)) where o, _;(t) = tnti‘—;l and ¢’ € C°(F™*).

Note that U, = = in WU % ,C,y thus U =, U2 x C2P; /<¢*f =

r
o

Jx flfi* L, where KL fg is a function on [U2"] that factors through
[, U] and 7. 7. f1 factors through [Na, ;] More precisely, 7. f1(An—i(z)) =
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& () for x € F\E. We will consider 7.1 as a function on [;
i{Cr = Na,,_; X ,C7.
For the induction step we write

C,] via

TIW, mf) = / . o () Ay ()W) du

/ / J*fl ) iflfg(v)Al(ﬂ(vu)W) dv du.
CT] X 1U7"

By the induction hypothesis this is equal to

(25) / . o /R . / r(wtu) W) f2(t)05) (1) dt dz) du
_ /[ AW

where A(W) is the following absolutely convergent triple integral:
(26)

/ j*fl Uy / / T(xtu )W) fo(t)dg" (t) dt dx duy.
Rr z\R'r 1 1 it

4.5.
LEMMA 4.5. We have

=, e / T

rz 7

z+1( (Eyat)W) f(£)0g, () [tn—isa |7 dE dy dt) dov.

ProoOF. Note that N,, , and R,; commute. Making a change of
variable © — (tut™')x(tuy 1 1) in (26) we get that A(TV) equals

/ / / ]*fl w)) A (m(turt " zt)W) fo ()05 (1) duy di da.
er\Rr 1 1 al L il

By (22) this is

/rz\Rr/H/a _]*flul //AZ-H (&t'tugt ™t at) W)

fa(t)dg, 1()]15 S dt) duy dt da.
Note that & and #tu; (#t)~! commute. Applying (23) we get
A (m(Ettunt T )W) = Ay (m(§8ct)W )bt tua (1) 71).
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It is now clear that the quadruple integral over ¢/, t', &, uy is absolutely
convergent, i.e.

/Ti1 /[ op_il /Tio /bz

[Asir (e(E8 )W) fo(wn) fo()85" ()t || dE d¥' duy dt < o.

We can integrate over u; first. By Fourier inversion we get:

M= o S

Aip(n(Eat)W) f(#t)3g" (&)t _|'™" dg dt’ dt) da.

Next, we write z € Rm\RT as z'y’ with v € [D,;] and 2/ €
(D, R, ;)\R,. It follows from Lemma 3.7 that

AW) = / e / . / / 0 / Ty W)

f(tt 5— MO JTHdedt dt dy') da

with the inner integrals being absolutely convergent. Make a change of
variable y' — (#)~'y/t" and notice that T? acts trivially by conjugation
on (D,;R,;)\R,. We get

A A A Y

ftos 11 )|t dg dt dt dy') da

Finally, note that D; = D,; x ;D,, and from (24),
05t (O™ s = 5100
Unwinding the integrals we obtain the Lemma. O

REMARK 4.6. Since f(t) is an arbitrary function in C°°(7}), from
the Lemma we get the convergence of

A ¢ dy) d
/(Dr,iér,i)\Rr</Dm /er i1 (T(§yx)W) dE dy) dax

In particular we get:
/zf?r
)3

o0 8= LU
)f

H—l( (ﬁy:rt) (t)og (t Mtn—ia| T dE dy) dx dt.
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4.6. From (25) and (27), we get:

(28) F/(W.r.f) /Co //DHRM\RT / /

rz I3

Aipr (m(Eyato) W) f(t)d, st ( )|tn—i+1|1+z "d€ dy) dx dt) dv.

Note that ,C; and DMRT’Z- commute. Making a change of variable
— (tut ™)z (tv~171), the above is:

Wli* / // / / Air (m(Etot™ yzt)W)
Co D’I‘ZR’I‘Z\R’I‘ I3

rz 7

F£)0g (O)tuia] 77" d€ dy) du dt) dv.
From (23), we get
A (m(&tot ™ yat)W) = A (m(Eyat)W) (ot ™€) .

Clearly ¢ commutes with y and acts trivially by conjugation on (D, ; R, ;)\ R,
Thus the above is:

FOFD= fs U e Uy, Aomsenm

rz 7

FO3! ) tn—iaa| 77 (b0t ™€) dE dy) dt dr) do.

The same argument as in Lemma 3.8, using Remark 4.6 in place of
Lemma 3.7, shows that the triple integral over x, ¢ and v above is
absolutely convergent. Thus we may integrate over v first.

awsh= [ T\RT//CO (f, [, At

FO)S5 Ot |77 (tot ™1, €) d€ dy) dv dt de.

Change v — t~vt:

t)5 ( ) (v,&) dé dy) dv dt dz.

By Lemma 3.7, A; 1 (7(yx&t)W) is a Schwartz function in £ and y for
fixed x and t. By Fourier inversion we get

gwrn=[ . L] Avetutiws0)s5) 0 ) .

(Dri
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If we could unwind this expression we would get J; (W, a) = AL (m(fog )W)
and complete the induction step of the proof of Proposition 4.4.
4.7. We are left to show:

LEMMA 4.7. Fixi=0,...,r — 1. Assume that the iterated integral

/ ~ (/ Ajpq(m(yx)W) dy) dx
(Dr,iRr,i)\RT‘ Dr,i

converges for all W € W(m,1). Then the integral

/ Apor (e(2) W) dir = / ~ / Asor (e (y) W) dy d
Ry it1\Rr (DriRri)\Rr J Dy

is absolutely convergent for all W € W(m, ).
To prove the Lemma, we need another auxiliary result:

LEMMA 48. Fiz j = 1...,r — 1 and let R' be a subgroup of G
which commutes with D, ; and centralizes C; modulo ;C7. Let R" be
a subgroup of R’ and let A(W) be a linear form on W(mw,v) satisfying
A(m(ro)W) = (v)A(W) for allr € R" and v € C;. Assume that the
iterated integral

/ ([ Alxlo)W)dy) de
RN\R JD,,
converges for all W € W(m,1). Then the integral
/ A(r ()W) da
R//\R/

is absolutely convergent for all W € W(m, ).

PRrROOF. Let W = (@)W’ where ¢ € S(C; ;). Then

/R”\R’ / W) dy) d
_ /R » / / (yzo)W)p(v) dv dy) dz.
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Since z centralizes C'; modulo ;C? and D, ; commutes with ;C7 we get
by a change of variable v — 2~ 'vx that

/R,,\R, / / T(yvz)W)p(v) dv dy) d
- /R,,\R,( / / A(r(yx)W') (v,y) o (v) dv dy) da

= [ U, AG@Wis ) = [ G .

The claim follows from the Dixmier-Malliavin theorem as ¢ is an arbi-
trary Schwartz function. O

PROOF OF LEMMA 4.7. Fix ¢ and r and assume that the condi-
tions of the Lemma hold. Note that

i—1
(Dr,iRr,i)\Rr - [Rr,i—i—l] X HDr,j~

j=1
We can apply Lemma 4.8 iteratively for j = 1,...,i — 1, where R’ =
er—H X Hk =j+1 Dr]7 R" = RM—H and A(W) = fDm‘ Ai+1(7r(m)W) dx.
We conclude that the iterated integrals

/ (/ Ajq (m(yx)W) dy) dx
[Rr,it1] D, ;

converge. Apply Lemma 4.8 once again for j = i with R’ = R, 41,
R" = R, ;1 and AW) = A;1(W). From (5), the conditions of the
Lemma are satisfied. We get that the integral

/ Ay (7 ()W) dae
[Rr z+1]

is absolutely convergent for all W € W(m, ). Note that Rr,Hl\Rr =
[R;iv1] % Hj‘:l D, ;. From the above convergence, we can derive the
claim in Lemma 4.7 using the Dixmier-Malliavin Theorem, (9) and the
last claim of Lemma 2.3. L]

The proof of Proposition 4.4, and hence of Proposition 4.2, is now
complete.
5. The functional equation

5.1. Finally, we prove Theorem 1.2.
We continue to work under the Assumptions 2.8 and 2.10.
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Suppose first that 7 € Temp(G) is G-distinguished. Then by (4),
Proposition 4.2 and Lemma 4.1 we have

B (W) = Al (r(w, )W) = EL(m(w)y wa) W) = EL(m ()W) = &1 (WF).

Theorem 1.2 now follows from Propositions 3.5 in this case.

Now let 7 € Tl e, (G) be unitarizable and G-distinguished. Consider
the inert case. Let 7 be the Galois involution of £/F. By Assumption
2.10 we can write

T=T X X X0)[=81] X+ X 0)[=5] X 0] [s1] X -+ X 0] [s1]
where 7, ..., are square-integrable and distinguished, o4, ..., 0, are
square-integrable and —% < S1,...,8 < % (since 7 is unitarizable).

Consider the Jacquet integral J(¢p,s), s € C' with respect to the in-
ducing representation. We then view the identity

Ar(J(p,8)) = B.(J(p, 5))

as an identity of holomorphic functions in the strip —% < Res; < %
Since it holds for s; € iR, it holds in the entire strip. Specializing to
s=(s1,...,8) we get A.(W) = B, (W). A similar argument works in
the split case.

5.2. We can extend Theorem 1.2 (still under Assumptions 2.8 and
2.10) as follows.

THEOREM 5.1. Let 7 € Ilgen (G) be unitarizable and G-distinguished.
Then for W e W(m,v) and 1 <i <r <n— 1 we have

(29) / W (hy)|det h|*~" dh dy
Rr,i Nr\f{r

= / / W (hxw,,)|det h|""" dh dx.
; Vi \H:

r,r—i+1

Proor. It follows from Lemma 2.3 and its proof that both sides of
the equation are absolutely convergent. Once again, we can reduce to
the tempered case by analytic continuation.

The equation for ¢ = r is just Theorem 1.2. Now assume that the
equation holds for i = [ + 1, and we prove it for ¢ = [. By induction
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hypothesis:

/ / W (hy)|det h|*=" dh dy

R’r',l ~7‘\I~"Ir

:/ / / W (huv)|det h|*™" dh du dv
Dr,l Rr,l+1 ~T\I:Ir

= / ( / / W (hawy,v)|det h|""" dh dz) dv
DT*k R:‘,Tfl ~:\Ij1';f

A

T

(/ / / W (ha&w,v)|det h|™~" dh dz d€) dv.
D:,'rfl R:,'er»l

As W (hzéw, v) = W (haz€w,,,) <w;$§wn,r, v>, we get by Fourier inver-
sion that the above is just

/ / W (haw,,,)|det h|"" dh dzx
: Ny\H;

rr—I4+1

as required. O
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