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UNIQUE EXPANSIONS OF REAL NUMBERS

MARTIJN DE VRIES AND VILMOS KOMORNIK

ABSTRACT. It was discovered some years ago that there exist non-integer real
numbers g > 1 for which only one sequence (¢;) of integers 0 < ¢; < ¢ satisfies
the equality > 2, cig”? = 1. The set U of such “univoque numbers” has
a rich topological structure, and its study revealed a number of unexpected
connections with measure theory, fractals, ergodic theory and Diophantine
approximation.

For each fixed ¢ > 1 consider the set U, of real numbers = having a unique
expansion of the form > o2, ciqg~? = x with integers 0 < ¢; < q. We carry
out a detailed topological study of these sets. In particular, we characterize
their closures, and we determine those bases g for which U, is closed or even
a Cantor set.

1. INTRODUCTION

Following a seminal paper of Rényi [R] many works were devoted to probabilistic,
measure-theoretical and number theoretical aspects of developments in non-integer
bases; see, e.g., Frougny and Solomyak [FS], Pethé and Tichy [PT], Schmidt [Sc].
A new research field was opened when Erdés, Horvath and Jo6 [EHJ] discovered
many non-integer real numbers ¢ > 1 for which only one sequence (¢;) of integers
0 < ¢; < ¢ satisfies the equality
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(They considered only the case 1 < g < 2.) Subsequently, the set U of such
univoque numbers was characterized in [EJK1], [KL3], its smallest element was
determined in [KL1], and its topological structure was described in [KL3]. On the
other hand, the investigation of numbers ¢ for which there exist continuum many
such sequences, including sequences containing all possible finite variations of the
integers 0 < ¢ < q revealed close connections to Diophantine approximations; see,
e.g., [EJK1], [EJK3], [EK], [KLP], Borwein and Hare [BH1], [BH2], Komatsu [K],
and Sidorov [Si2].

For any fixed real number ¢ > 1, we may also introduce the set ¢, of real numbers
x having exactly one expansion of the form

o0
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LR

i=1
where the integer coefficients ¢; are subject to the conditions 0 < ¢; < ¢q. If ¢ is
an integer, these sets are well known. However, their structure is more complex
if ¢ is a non-integer, see, e.g., Daréczy and Kétai [DK1], [DK2], Glendinning and
Sidorov [GS], and Kallés [K1], [K2]. The purpose of this paper is to give a complete
topological description of the sets U,: they have a different nature for different
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classes of the numbers ¢q. Our investigations also provide new results concerning
the univoque set U.

In order to state our results we need to introduce some notation and terminol-
ogy. In this paper a sequence always means a sequence of nonnegative integers. A
sequence is called infinite if it contains infinitely many nonzero elements; otherwise
it is called finite. Given a real number ¢ > 1, an expansion in base ¢ of a number
x is a sequence (¢;) such that

0 .
0<c¢i<gqforalli>1 and z= %
i=1

This definition only makes sense if 2 belongs to the interval
—1
J = [o, L}
q—1
where [¢] denotes the upper integer part of g. Note that [0,1] C J for all ¢ > 1.
A sequence (¢;) satisfying 0 < ¢; < ¢ for each i > 1 is called univoque in base ¢ if

o0
(&)

ql

xr =
i=1
is an element of U,. The greedy expansion (b;(x)) = (b;) of a number x € J in base
q is the largest expansion of x in lexicographical order. It is well known that the
greedy expansion of any = € J exists; [P], [EJK1], [EJK2]. A sequence (b;) is called
greedy in base ¢ if (b;) is the greedy expansion of

=1 q1

The quasi-greedy expansion (a;(z)) = (a;) of a number z € J \ {0} in base ¢ is the
largest infinite expansion of x in lexicographical order. Observe that we have to
exclude the number 0 since there do not exist infinite expansions of x = 0 at all.
On the other hand, the largest infinite expansion of any x € J \ {0} exists, as we
shall prove in the next section. In order to simplify some statements below, the
quasi-greedy expansion of the number 0 € J is defined to be 0° = 00.... Note
that this is the only expansion of x = 0. A sequence (a;) is called quasi-greedy in
base ¢ if (a;) is the quasi-greedy expansion of
o0
a;
i1 4
We denote the quasi-greedy expansion of the number 1 in base ¢ by («;). Since
a1 = [q] — 1 the digits of an expansion (c¢;) satisfy

¢ €{0,...,aq} forall i>1.

Hence, we consider expansions with coefficients or digits in the alphabet A :=
{0,...,a1} of numbers = € [0,a1/(q — 1)].

Of course, whether a sequence is univoque, greedy or quasi-greedy depends on
the base q. However, if ¢ is understood, we simply speak of univoque sequences and
(quasi)-greedy sequences. Furthermore, we shall write @ := a1 — a (a € A), unless
stated otherwise. Finally, we set a™ :=a+ 1 and a~ := a — 1, where a € A.

The following important theorem, which is essentially due to Parry (see [P]),
plays a crucial role in the proofs of our main results:

Theorem 1.1. Fiz q > 1.
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(i) A sequence (b;) = biby... € {0,..., oq}N is a greedy sequence in base q if

and only if
bnt1bpto ... < aras... whenever b, < aj.
.. N . . .
(i1) A sequence (¢;) = cica... € {0,...,a1} is a univoque sequence in base q
if and only if
Cn+1Cnt2 ... < Qiag... whenever c, <o
and
Cnt1Cntz--- < aiag... whenever ¢, > 0.

Note that if ¢ € U, then («;) is the unique expansion of 1 in base ¢q. Hence,
replacing the sequence (¢;) in Theorem 1.1 (ii) by the sequence (), one obtains a
lexicographical characterization of Uf.

Recently, the authors of [KL3] studied the topological structure of the set U.
In particular, they showed that U is not closed and they obtained the following
characterization of its closure U:

Theorem 1.2. ¢ € U if and only if the quasi-greedy expansion of the number 1 in
base q satisfies
Qpt1Qkt2--- < aiag... forall k>1.

Remark. In the definition of U given in [KL3] the integers were excluded; however,
U is the same in both cases. Our definition simplifies some statements. For example
it will follow from the theorems below that

U =U, += qe(l,00)\U
where U, denotes the closure of U,.

Now we are ready to state our main results.

Theorem 1.3. Let g € U and x € J. Denote the quasi-greedy expansion of x by
(a;). Then,

T € Z/Tq <  Upt10n+t2--- < aias... whenever a, > 0.

Theorem 1.4. Suppose that ¢ € U. Then,
(1) Uy \Uy| = No and Uy \ Uy is dense in Uy.
(ii) If ¢ € U, then each element x € U, \ U, has 2 expansions.
(iii) If ¢ € U\ U, then each element x € Uy \ Uy has Rg ezpansions.

Remarks.
e Our proof of part (i) yields the following more precise results where for
q € U we set,
Ay = {z €Uy \ Uy : x has a finite greedy expansion }
and
B, = {x € Uy \ Uy : x has an infinite greedy expansion} :

— If ¢ € U\ N, then both A, and B, are countably infinite and dense
in U,. Moreover, the greedy expansion of a number z € B, ends with
aiag ..

- If¢g=2,3,..., then B, = @.

e For each x € U, \ Uy, the proof of parts (ii) and (iii) also provide the list of
all expansions of x in terms of its greedy expansion.
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Motivated by Theorem 1.3, we introduce for a general real number g > 1, the
set V,, defined by

Vg = {x €J:apt1(@)ans2(x) ... < ajas... whenever ay,(x) > 0} .

It follows from the above theorems that U, C U, = V, if ¢ € U. Tt is natural
to study the relationship between the sets U,, U, and V, in case ¢ ¢ U. In order
to do so, we introduce the set V, consisting of those numbers ¢ > 1, for which the
quasi-greedy expansion of the number 1 in base ¢ satisfies

Qk+10k+2--- < aiag... foreach k> 1.

It follows from Theorem 1.1 and Theorem 1.2 that U C U cV and U, C V, for all
g > 1. The following results imply that U, is closed if ¢ ¢ U and that the set V, is
closed for each number g > 1.

Theorem 1.5. Suppose that ¢ € V\U. Then,

(1) The sets Uy and Vy are closed.
(ii) |Vq \ Uyl = Ro and V4 \ U, is a discrete set, dense in V.
(iii) Each element x € Vy \Uy has Ro expansions, and a finite greedy expansion.

Remark. Our proof also provides the list of all expansions of all elements z € V,\Uy.
Theorem 1.6. Suppose that q € (1,00) \ V. Then,

U, =Uy =V,
Remarks.

e In view of the above results, Theorem 1.1 already gives us a lexicographical
characterization of U, in case q ¢ U because in this case Uy = U,.

o It is well-known that the set U has Lebesgue measure zero; [EHJ], [KK]. In
[KL3] it was shown that the set I/ \ U is countably infinite. It follows from
the above results that U, is closed for almost every ¢ > 1.

e Let ¢ > 1 be a non-integer. In [DDV] it has been proved that almost every
x € J has a continuum of expansions in base ¢ (see also [Sil]). It follows
from the above results that the set I, has Lebesgue measure zero. Hence,
the set U, is nowhere dense for any non-integer ¢ > 1.

e Let ¢ > 1 be an integer. In this case, the quasi-greedy expansion of 1 in
base ¢ is given by (a;) = af° = (¢ — 1)*°. It follows from Theorem 1.1 that
J \ Uy is countable and each element in J \ U, has only two expansions,
one of them being finite while the other one ends with an infinite string of
(q—1)s.

o In [KL1] it was shown that the smallest element of U/ is given by ¢’ ~ 1.787,
and the unique expansion of 1 in base ¢’ is given by the truncated Thue-
Morse sequence (7;) = 7172 . . ., which can be defined recursively by setting
Ton =1 for N =0,1,2,...and

Tong;=1—7 for1<i<2¥ N=1,2....

Subsequently, Glendinning and Sidorov [GS] proved that U, is countable if
1 < ¢ < ¢’ and has the cardinality of the continuum if ¢ € [¢/, 2). Moreover,
they showed that U, is a set of positive Hausdorft dimension if ¢ < ¢ < 2,
and they described a method to compute its Hausdorff dimension (see also
[DK2], [K1], [K2]).

In the following theorem we characterize those ¢ > 1 for which U, or U, is a
Cantor set, i.e., a non-empty closed set having no interior or isolated points. We
recall from [KL3] that
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e V is closed and U is closed from above,
o [U\U|=Ngand U \U is dense in U,
o [V\U| =Ry and V \ U is a discrete set, dense in V.
Since the set (1,00)\V is open, we can write (1, 00)\ )V as the union of countably
many disjoint open intervals (qi, g2): its connected components. Let us denote by
L and R the set of left (respectively right) endpoints of the intervals (g1, g2).

Theorem 1.7.
(i) L=NUW\U) and R=V\U. Hence, R C L and
(1,00) \U = U(q1, ¢]
where the union runs over the connected components (q1,qz) of (1,00)\ V.
(i) If ¢ € {2,3,...}, then neither Uy nor Uy is a Cantor set.
(iii) If g € U\N, then U, is not a Cantor set, but its closure Uy is a Cantor set.

(iv) If q € (q1, q2], where (q1,q2) s a connected component of (1,00) \ V, then
Uy is a Cantor set if and only if ¢1 € {3,4,.. .U U\U).
Remark. We also describe the set of endpoints of the connected components (p1,p2)
of (1,00) \ U: denoting by L' and R’ the set of left (respectively right) endpoints
of the intervals (p1, p2), we have
L'=NUU\U) and R CU;
see the remarks at the end of Section 7.

The above theorem enables us to give a new characterization of the stable bases,
introduced and investigated by Dardczy and Kétai ([DK1], [DK2]). Let us denote
by U, and V, the sets of quasi-greedy expansions of the numbers z € U, and = € V,.
We recall that a number ¢ > 1 is stable from above (respectively stable from below)
if there exists a number s > ¢ (respectively 1 < s < ¢q) such that

U =u..
Furthermore, we say that an interval I C (1,00) is a stability interval if U, = Uy for
all ¢,s € I.

Theorem 1.8. The mazimal stability intervals are given by the singletons {q}
where ¢ € U and the intervals (q1, q2] where (q1,qz2) is a connected component of
(1,00)\ V. Moreover, if g1 € V\U, then

Uy =V, foradl q¢c(q,q]

Remark. The proof of Theorem 1.8 yields a new characterization of the sets ¢ and
V (see Lemma 7.9).

We recall from [LM] that a set A C {0,..., al}N is called a subshift of finite
type if there exists a finite set F C U2, {0,.. .,a1}” such that a sequence (¢;) €
{0,.. .,a1}" belongs to A if and only if each “word” in F does not appear in (c;).
The following theorem characterizes those ¢ > 1 for which U is a subshift of finite
type.

Theorem 1.9. Let ¢ > 1 be a real number. Then,

U, is a subshift of finite type <= q € (1,00) \U.

Finally, we determine the cardinality of U, for all ¢ > 1. We recall that for
g € (1,2) this has already been done by Glendinning and Sidorov ([GS]), using a
different method. Denote by ¢ the smallest element of U N (2,3). The unique
expansion of 1 in base ¢” is given in [KL2].
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Theorem 1.10. Let ¢ > 1 be a real number.
(i) If g € (1,(1 ++/5)/2], then U, consists merely of the endpoints of J.
(i) If g€ (1 +V5)/2,4) U (2,4"), then [Uy| = Ro.
(iii) If g € [¢/,2] U [q", 00), then |U,| = 2 0.

Remark. We also determine the unique expansion of 1 in base ¢(™ for n € {3,4,...}
where ¢(™ denotes the smallest element of & N (n,n 4+ 1) (see the remarks at the
end of Section 7).

For the reader’s convenience we recall some properties of quasi-greedy expansions
in the next section. These properties are also stated in [BK] and are closely related
to some important results, first established in the seminal works by Rényi [R]
and Parry [P]. Sections 3 and 4 are then devoted to the proof of Theorem 1.3.
Theorem 1.4 is proved in Section 5, Theorem 1.5 and Theorem 1.6 are proved in
Section 6, and our final Theorems 1.7, 1.8, 1.9 and 1.10 are established in Section 7.

2. QUASI-GREEDY EXPANSIONS

Let ¢ > 1 be areal number and let m = [¢]—1. In the previous section we defined
the quasi-greedy expansion as the largest infinite expansion of x € (0, m/(q — 1)].
In order to prove that this notion is well defined, we introduce the quasi-greedy
algorithm: if a; = a;(x) is already defined for i < n, then a,, is the largest element
of the set {0, ..., m} that satisfies

Z E <.

i=1
Of course, this definition only makes sense if x > 0. In the following proposition we
show that this algorithm generates an expansion of x, for all z € (0,m/(¢ —1)]. It
follows that the quasi-greedy expansion is generated by the quasi-greedy algorithm.

Proposition 2.1. Let x € (0,m/(q — 1)]. Then,
iz 4
Proof. If x = m/(q — 1), then the quasi-greedy algorithm provides a; = m for all
1 > 1 and the desired equality follows.
Suppose that = € (0,m/(q — 1)). Then, by definition of the quasi-greedy algo-
rithm, there exists an index n such that a,, < m.
First assume that a,, < m for infinitely many n. For any such n, we have by

definition
- 1
O<z— E S _n

o0
Q;
=1 q

Next assume there exists a largest n such that a,, < m. Then,
n n 1
Z Z + o

for each N > n. Hence,

Letting n — oo, we obtain

i=n-+1

S

P B
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Note that
1 < i m
" L
for any ¢ > 1 and
I i m
q" i=n-+1 ql

if and only if ¢ = m + 1. Hence, the existence of a largest n such that a,, < m is
only possible if ¢ is an integer, in which case a,4+; = m for all ¢ > 1 and
n
CM
=y Z Z -

1= n+1

hQ

Now we consider the quasi-greedy expansion («;) of x = 1. Note that ay =m =
[q] — 1. If @, < a1, then

n

Z%+i>1

— q" q

1=1
by definition of the quasi-greedy algorithm. The following lemma states that this
inequality holds for each n > 1.

Lemma 2.2. For each n > 1, the inequality

(2.1) Yl

o a
holds.

Proof. The proof is by induction on n. For n = 1, the inequality holds, since
a1+1 > g. Assume the inequality is valid for some n € N. If o, 11 < 1, then (2.1)
with n replaced by n + 1 follows from the definition of the quasi-greedy algorithm.
If ap41 = ag, then the same conclusion follows from the induction hypothesis and
the inequality a; +1 > g. O

Proposition 2.3. The map q — («;) is a strictly increasing bijection from the
open interval (1,00) onto the set of all infinite sequences satisfying

(2.2) Qpt10kt2--- < arag... forall k>1.

Proof. By definition of the quasi-greedy algorithm and Proposition 2.1 the map
q — («;) is strictly increasing. According to the preceding lemma,

=1 q q" =1 ql
for every n > 1, whence
o) o)
(2.3) HT—H_F 2;_2+"'§1-

Since (@n4i) is infinite and («;) is the largest infinite sequence satisfying (2.3),
inequality (2.2) follows.
Conversely, let (a;) be an infinite sequence satisfying (2.2). Solving the equation
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we obtain a number ¢ > 1. In order to prove that (o) is the quasi-greedy expansion
of 1 in base ¢, it suffices to prove that for each n satisfying a,, < a1, the inequality

o0

| Q

i oL
i — AN
i=n-+1 q q

holds.
Starting with ko := n and using (2.2), we try to define a sequence

ko<ki<---
satisfying for j = 1,2, ... the conditions
g, _yi=0; fori=1,... k;j—k;j_1—1 and ar;, <og;—x;_,-

If we obtain in this way an infinite number of indices, then we have

oo o %) kj—kj—1 o 1
1 1
SRS 3] U SESCIEEE
— ki_1+1 k.
S € j=1 - ¢ a
o0
1 1 1
<X (@)=
J:

If we only obtain a finite number of indices, then there exists a first nonnegative
integer N such that (agy+:) = () and we have

fe's) kj—kj_l (o)

N
o o 1 o
E = Z Z g1t - qT] + Z ghnti
1=n—+1 Jj=1 =1 =1
N )
1 1 Q; 1
S.Zl(qkf—l _E>+Zlq’w”:q_"' -
J: 1=

The proofs of the following propositions are almost identical to the proof of
Proposition 2.3 and are therefore omitted.

Proposition 2.4. Fiz q > 1 and denote by («;) the quasi-greedy expansion of 1 in
base q. Then the map x — (a;) is a strictly increasing bijection from (0, a1 /(q—1)]
onto the set of all infinite sequences, satisfying

0<a,<a; forall n>1
and
(2.4) Apt1Gnio - .- < aig... whenever a, < aj.

Proposition 2.5. Fiz q > 1 and denote by («;) the quasi-greedy expansion of 1 in
base q. Then the map x — (b;) is a strictly increasing bijection from [0, a1/(q —1)]
onto the set of all sequences, satisfying

0<b,<a; forall n>1
and
(2.5) bni1bnio. .. < aias... whenever b, < aj.

Remarks.

e A sequence (¢;) is univoque if and only if (¢;) is greedy and (a1 — ¢;) is
greedy. Hence, Theorem 1.1 is a consequence of Proposition 2.5.
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e The greedy expansion of z € [0,a1/(q — 1)] is generated by the greedy
algorithm: if b; = b;(x) is already defined for ¢ < n, then b, is the largest
element of A such that B

i=1

The proof of this assertion goes
sition 2.1.

e Note that the greedy expansion of a number z € (0, a1/(g — 1)] coincides
with the quasi-greedy expansion if and only if the greedy expansion of z is
infinite. If the greedy expansion (b;) of x € J\ {0} is finite and b, is its
last nonzero element, then the quasi-greedy expansion of x is given by

=

L <.
TS

SRS

long the same lines as the proof of Propo-

(CL@) = b1 .. .bn_lb;alag ceey

as follows from the inequalities (2.2), (2.4) and (2.5).

3. PROOF OF THE NECESSITY PART OF THEOREM 1.3
Let ¢ > 1 be a real number.

Lemma 3.1. Let (b;) = b1ba ... be a greedy sequence. Then the truncated sequence
b1...b0,0% is also a greedy sequence, where n > 1 is an arbitrary positive integer.

Proof. The statement follows at once from Proposition 2.5. O

Lemma 3.2. Let (b;) # a3° be a greedy sequence and let N be a positive integer.
Then there exists a greedy sequence (¢;) > (b;) such that

Cl...CNZbl...bN.

Proof. Since (b;) # a$°, it follows from (2.5) that b, < ap for infinitely many n.
Hence, we may assume, by enlarging IV if necessary, that by < a;. Let

I={1<i<N:bj<aq}=:{i1,...,in}.
Since N € I,I # @&. Note that for i, € I,

) b N—i, b 1 ) bN

Z ir+J _ Z ir+J + Z +1 <1
—_— - N i, -

j=1 ¢ j=1 ¢ A i=1 q

because (b;) is greedy and b;, < «y. Choose y;,. such that

o0

b
(3.1) > qf <y, <a1/(g—1)
=1
and
Ry 1
it
(3.2) > 5t o <L
j=1

Let y = min {y;,, ..., ¥, } and denote the greedy expansion of y by d1ds . ... Finally,
let (¢;) =b1...bydids. ... From (3.1) we infer that (¢;) > (b;). It remains to show
that (¢;) is a greedy sequence, i.e., we need to show that

o0

(3.3) Z % <1 whenever ¢, < aj.
i=1

If ¢, < a1 and n < N, then (3.3) follows from (3.2). If ¢;, < a7 and n > N, then
(3.3) follows from the fact that (d;) is a greedy sequence. O
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Lemma 3.3. Let (b;) be the greedy expansion of some x € [0,a1/(q¢ — 1)] and
suppose that for some n > 1, b, > 0 and

bn+1bn+2 L. > 1Oy ...

Then,

(1) There exists a number z > x such that [z, 2] NU; = 2.
(ii) If b; > 0 for some j > n, then there exists a number y < x such that
ly,z]NU; = @.

Proof. (i) Choose a positive integer M > n such that

bn+1 by > ot apm_n.
Applying Lemma 3.2, choose a greedy sequence (¢;) > (b;) such that ¢1...cpm
=by...by. Then, (¢;) is the greedy expansion of some z > z. If (d;) is the greedy
expansion of some element in [z, z], then (d;) also begins with by ...bys and hence

dn+1 cody > o .ap—n.
In particular, we have that d,, > 0 and

dn+1dn+2 R 02102 NI

We infer from Theorem 1.1 that [z, 2] U, = @.

(ii) It follows from Lemma 3.1 that (¢;) := by ...b,0% is the greedy expansion
of some y < z. If (d;) is the greedy expansion of some element in [y, z], then
(¢;) < (d;) < (b;) and dy . ..dp, = b1 ...b,. Therefore,

dn+1dn+2 L2 bn+1bn+2 N A1
and d,, = b, > 0. It follows from Theorem 1.1 that [y, z] NU, = @. O

Proof of the necessity part of Theorem 1.53. If © € U, then the quasi-greedy ex-
pansion (a;) and the greedy expansion (b;) of = coincide. Hence, the stronger
implication

(3.4) am >0 = Tpi1Gmiz--- < Q1Q...

follows from Theorem 1.1. Suppose now that = € U, \Uy. According to Theorem 1.1,
there exists a smallest positive integer n for which

b, >0 and bn+1bn+2 .2 a0s. ...
First assume that
bn+1bn+2 R 02107 NI
Applying Lemma 3.3 we conclude that b; = 0 for i > n. Hence, the quasi-greedy
expansion of z is given by
(CL@) =b;.. .b;alozz....
We must show that
A >0:>am+1am+2...§(11012....

Instead, we prove the stronger implication (3.4).
If m > n, then (3.4) follows from Theorem 1.2 and our assumption q € U.
If m = n, then (3.4) follows from a7 = 0 < a;.
Now assume that m < n and a,, > 0. Since a,, = b, we have that b,, > 0 and by
minimality of n,
bm+1bm+2 Lo <aiog....
Equivalently,
bm+1 .. bnoz(l)o < oag. ...
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Hence,

bm+1 by < ay..oom_m,
from which it follows that

Am+tl---0p S Q1 ... Qpom.

Moreover, according to Theorem 1.2,

Ap41Qn42 ... = Q102 ... < Op_mt1Qp_m42 .-,
proving (3.4).
Next assume that
(35) bn+1bn+2 .= 0109 .
If g is an integer, then (a;) = af® = (¢ — 1)* and the implication (3.4) follows
from the fact that (a;) is infinite by definition. If ¢ is a non-integer and (3.5) holds,
then (b;) is infinite and therefore (a;) = (b;). Hence, we need to show that the
implication
(36) by >0 — bm+1bm+2 . <aag. ..
holds. If m > n, then (3.6) follows from
bm+1bm+2 oo = Om—n+10m—n+2 - . - S a1y . ...

If m < n, then (3.6) follows from the minimality of n. O

4. PROOF OF THE SUFFICIENCY PART OF THEOREM 1.3

Fix ¢ € U and denote the quasi-greedy expansion of z € [0,a1/(¢ — 1)] by
(a;) = (a;(x)). Suppose that

(4.1) Gnt10ntz2--- < aiag... whenever a, > 0.

In this section we prove that such an element x belongs to the set Z/Tq .
It follows from Theorem 1.2 and Proposition 2.3 that the quasi-greedy expansion
of 1 in base ¢ satisfies

(4.2) Qpt10kt2--- < ajag... forall k>1,
and
(4.3) Qpr10kt2--- < aiag... forall k>1.

Note that a sequence satisfying (4.2) and (4.3) is automatically infinite. Hence,
a sequence satisfying (4.2) and (4.3) is the quasi-greedy expansion of 1 in base ¢
for some ¢ € U. The following two lemmas are obtained in [KL3].

Lemma 4.1. If («;) is a sequence satisfying (4.2) and (4.3), then there exist arbi-
trary large integers m such that o, > 0 and

(4.4) Qpt1-- QO < Q1...0;m— forall 0<k<m.
Lemma 4.2. Let (v;) be a sequence satisfying
Vet1Vk42--- <712 - - -
and
Vet1Vk+2 - S TN1Y2 -
forallk > 1, with7; :==v — ;. If
Tntl---Yen ZV1---Tn

for some n > 1, then in fact

(Vi) = (- V)™
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Now we are able to prove the sufficiency part of Theorem 1.3. For a fixed base
q € U, we will distinguish between x € J with a finite greedy expansion and =z € J
with an infinite greedy expansion.

Lemma 4.3. Fiz ¢ € U. Suppose that x € [0,a1/(q — 1)] has a finite greedy
expansion (b;) and suppose that the quasi-greedy expansion (a;) of x satisfies the
condition (4.1). Then, x € U,.

Proof. Note that 0 € U,. Hence, we may assume that z € (0,a1/(¢ — 1)]. If b, is
the last nonzero element of (b;), then

(CL@) =b1...b;oqozz....

According to Lemma 4.1, there exists a sequence 1 < m; < mg < ---, such that
(4.4) is satisfied with m = m; for all ¢ > 1. We may assume that m; > n for all
i > 1. Consider for each 7 > 1 the sequence (%), given by

(b;) =by...b, (a1...am, a1 Qm,)>.
Define for ¢ > 1, the number z; by
=

Note that the sequence (z;);>1 converges to x as ¢ goes to infinity. It remains to
show that x; € U, for all i > 1. According to Theorem 1.1 it suffices to verify that

(4.5) byi1bhio ... < aiaz... whenever bi, <o
and
(4.6) bl qblie ... < aias... whenever bl > 0.

According to (4.3),
Omy;4+1 - - O2m,; S a1 ...0m,;.

Note that this inequality cannot be an equality, for otherwise it would follow from
Lemma 4.2 that

(o) = (1 ..., 00 Q).
However, this sequence does not satisfy (4.3) for k = m;. Therefore,
Apptl - - - Q2 < Q1 ... Qi .

Equivalently,

(47) A1 .. Oy < Qg1 -+ - Q2 -

If m > n, then (4.5) and (4.6) follow from (4.2), (4.4) and (4.7).
Now assume that m < n. If b, < a1, then
e b = by b
< bm+1 . bn
S a1 ...00—m,
where the last inequality follows from the fact that (b;) is a greedy expansion and
by, = bi, < ay. Hence, , ,
b;L71+1b;L71+2"'< a1 . ...
Suppose that b, = a,, > 0. Since by assumption,
Am+1Am+2 - - - S a1g ...

and since b% ., ...b" = ayiq...an, it suffices to verify that
m-+1 n + ) y

b%+1bf1+2 < O 10—t 2 - -
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This is equivalent to

(4.8) Qn—mi10n—mt2 - < (@1 ... Q01 -, )™
Since n < m; for each i > 1, we infer from (4.4) that
W1 - Qmy < Q1 - Qi ()
and (4.8) follows. O
Lemma 4.4. Fiz ¢ € U. Suppose that x € [0,a1/(q — 1)] has an infinite greedy

expansion (b;) and suppose_that the quasi-greedy ezpansion (a;) of x satisfies the
condition (4.1). Then, x € U,.

Proof. We may assume that x ¢ U;. Note that (a;) = (b;), since the greedy
expansion of z is infinite by assumption. Since x ¢ U,, there exists a first positive
integer n such that

b, >0 and bn+1bn+2...2 a1 . ...

According to (4.1) this last inequality is in fact an equality.

As before, let 1 < my < mg < --- be a sequence such that (4.4) is satisfied with
m = m; for all i > 1. Again, we may assume that m; > n for all ¢ > 1. Consider
for each i > 1 the sequence (b}), given by

(b%) = b1 ...bp (O O, 01 -, )™

and define for ¢ > 1, the number y; by
o
NG
Yi = e
=

Then the sequence (y;);>1 converges to x as ¢ goes to infinity. It remains to show
that y; € U, for all ¢ > 1.

If m > n, then (4.5) and (4.6) follow as in the proof of the preceding lemma.

Now assume that m < n. If b!, = by, < a1, then by (2.5),

b:n—i—l bZ,L me+1 bn S Q1 ...0h_m-
Hence, it suffices to verify that
byy1bygg - = (@ am 01, ) < Qe 10 —mg2 - -

which is already done (cf. (4.8)). Finally, suppose that b%, = b, > 0. We must
verify that

b:n_’_l...b%b%_i_l...<(110&2....

By minimality of n, we have

bm+1...bnbn+1...<(110&2...,

i.e.,

(4.9) bma1 .- -bpagaz .- < ajas....
Therefore,
B B = B B < 1 G,
for otherwise
bmt1---bp=0a1...ap_m

and it would follow from (4.9) that

102 ... < Ot 1 et 2 - - -
which contradicts (4.2). O
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5. PROOF OF THEOREM 1.4
In order to prove Theorem 1.4 we start with some preliminary lemmas.

Lemma 5.1. Fiz g > 1. If (b;) # a$° is the greedy expansion of a number x € J,
ie., if 0 <z < a1/(q—1), then there exists a sequence 1 < ny < ng < --- such
that for each i > 1,

(5.1) bn, <ar and bpmi1...bp, <a1...Qp—m  if m<n; and by, < ag.

Proof. We define a sequence (n;);>1 satisfying the requirements by induction.

Let r be the first positive integer for which b, < «1. Then, (5.1) with n; replaced
by r holds trivially. Set ny :=r.

Suppose we have already defined n; < --- < ng, such that for each 1 < j </,

bp, <ar and bpir...by, <or...0n; o, ifm<njand by, <ay.
Since (b;) is greedy and b, < a1, there exists a first integer ng4+1 > ny such that
(5.2) brg1 - bnpy < Q1. Qg —ng-
Note that b,,,, < an,y—n, < a1. It remains to verify that for all 1 < m < ng4q
for which b,, < a1, we have that
(5.3) bmg1 - bpgy < Q1. Qpgy—m-
If m < ng, then (5.3) follows from the induction hypothesis. If m = ny, then (5.3)
reduces to (5.2). If ny < m < ngy1, then

b1 - bm = Q1 ... Qmny,

by minimality of n41, and thus by (5.2),

bm+1 .. 'bﬂu-l < Om—ng+1---Onyii—ny
<ar...0n,,—m- O

The following lemma has been established in [KL3]:

Lemma 5.2. If ¢ € U \ U, then the greedy expansion (B3;) of 1 is finite and all
expansions of 1 are given by

(5.4) (a;) and (al...am)Nal...am_1a+0°°, N=0,12,...,

m

where m is such that By, is the last nonzero element of (3;).

Note that if the greedy expansion (3;) of 1 is finite with last nonzero element
Bm, then the quasi-greedy expansion of 1 is given by (ay) = (61...0,,)° =
(a1...qm,)%. Hence, as a consequence of Lemma 5.2, for each ¢ € U, the quasi-
greedy expansion (a;) of 1 is also the smallest expansion of 1 in lexicographical
order.

Proof of Theorem 1.4. (ia) We establish that |, \ Uy| = No. More specifically, if
q € U\N, then the sets A, and B, (introduced in a remark following the statement
of Theorem 1.4) are countably infinite. Moreover, the greedy expansion of a number
x € B, ends with agaz ... If ¢ € {2,3,.. .}, then A, =U, \ U,.

Fix ¢ € U. Denote the greedy expansion of a number z € U, \ U, by (b;). Since
x ¢ Uy, there exists a number n such that b, > 0 and

bn+1bn+2 ‘e Z 109 . ...
If this inequality is strict, then b; = 0 for all ¢ > n (cf. Lemma 3.3). Otherwise,
the sequence (b;) ends with @yas ..., which is infinite unless ¢ is an integer. It

follows from Theorem 1.1, Theorem 1.2 and Theorem 1.3 that a sequence of the
form 010 for n > 0, is the finite greedy expansion of 1/¢"** € U, \U,. Moreover,
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if ¢ € U\ N, then a sequence of the form a}@rag .- for n > 1, is the infinite greedy
expansion of a number = € U, \ U,. These observations conclude the proof.

(ib) We show that if ¢ € U, then A, is dense in U,,.

Fix ¢ € U. For each z € Uy, we will define a sequence (x;);>1 of numbers in
A, C Uy \ U, that converges to x. We have seen in the proof of part (i) that
1/q" € A, for each n > 1. Hence, there exists a sequence of numbers in A, that
converges to 0 € U,. Suppose now that x € U, \ {0} and denote by (¢;) the unique
expansion of x. Since ¢1¢3 ... # af° is greedy, we infer from Lemma 5.1 that there
exists a sequence 1 < nj; < ng < ---, such that for each i > 1,

(5.5) en; >0 and Cpi1--Cn, < Q1...0n,—m if m<n;and ¢, > 0.
Now consider for each i > 1 the sequence (b}), given by
(bg) =cy...¢,,0%
and define the number z; by
_J

K3 qJ
j=1

According to Lemma 3.1, the sequences (bz) are the finite greedy expansions of the
numbers x;, i > 1. Moreover, the sequence (xlv)lvzl converges to x as ¢ goes to
infinity. We claim that z; € Ay for each ¢ > 1. Note that x; ¢ U, because the
quasi-greedy expansion (a}), given by

Cl...Cp,01Q2. ..
is another expansion of x;. According to Theorem 1.3, it remains to prove that
(5.6) az->0:>a§-+1a§-+2...§a1a2....

If j < n; and aé— > 0, then

a§-+1...a%i =Cjq1-.-Cny SO ... Om,—j,
by (5.5) and
afuﬂafuw =010 < Qb 10— b2 e ey
by Theorem 1.2. If j = n;, then (5.6) follows from @y = 0 < a;. Finally, if j > n,,
then (5.6) follows again from Theorem 1.2.

(ic) We show that if ¢ € U \ N, then the set B, is dense in U,.

Fix ¢ € U \ N. For each x € Uy, we will define a sequence (z;);>1 of numbers in
B, C Uy \ U, that converges to z. It follows from Theorem 1.1, Theorem 1.2 and
Theorem 1.3 that a sequence of the form 0’ aran ... for i > 0, is the infinite greedy
expansion of a number x; € U, \ U,. Note that the sequence (z;);>1 converges to
0 € U,. Therefore, we may again assume that x € U, \ {0}. Let (¢;) be the unique
expansion of a number z € U, \ {0}, and let 1 <ny < ng < --- be a sequence of
integers satisfying (5.5). Arguing as in the proof of part (ib), one finds that for
each ¢ > 1, the sequence

(b5) =c1...cp a0z
is the infinite greedy expansion of a number x; € Z/Tq \ Uy.

(ii) and (iii) Fix ¢ € U and let (b;) be the greedy expansion of some number x €
U, \Uy. Let n be the smallest positive integer for which b, > 0 and by, 1by42... >
ajagy. ... Let (d;) be another expansion of z. Then, (d;) < (b;) and hence there

exists a smallest integer j for which d; < b;. First we show that j > n. Suppose
by contradiction that j < n. Then, b; > 0 and by minimality of n, we have

bj+1bj+2 S S 2
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Since ajas ... is the smallest expansion of 1, we have that ajaz .- is the largest
expansion of the number )., @;/¢", and therefore,

o0 o0

bjti o
e
=1 =1

But then,
o0 o0
dj. bts
Y= tbi—d
=1 q =1 q
o @
ST
=1 q
o0

-\

=1 ql

which is clearly impossible. If j = n, then d,, = b,,, for otherwise we have again

[ee]

pti o= byt
DL EDIL LR
=1 q =1 q
n+1i 1 1
>y Ly Sy S
=1 =1 =1
s «
1
ZZqT)
i=1

where the second inequality follows from the fact that (o) is the smallest expansion
of 1 and the inequality

a1 ... < 1. ...

Now we distinguish between two cases:
If j=n and

(57) bn+1bn+2 L. > a1y,

then by Lemma 3.3, we have b, = 0 for » > n, from which it follows that (d, ;) is
an expansion of 1. Hence, if ¢ € U and (5.7) holds, then the only expansion of x
starting with by ...b,, is given by (¢;) := by ...b ajaz.... If ¢ € U\ U and (5.7)
holds, then any expansion (¢;) starting with by ...b;, is an expansion of z if and
only if (¢,44) is one of the expansions listed in (5.4).

If j=n and
(5.8) bpiibngz. .. =i, ..,
then . . .
Yol oy oyl
iz 1 iz 4 iz 4

Hence, if (5.8) holds, then the only expansion of x starting with b;...b;, is given
by by .. b;a‘f"
Finally, if j > n, then
bn+1bn+2 .=y,

for otherwise (b,+;) = 0 and d; < b; is impossible. Note that in this case
q ¢ U, because otherwise (b,4;) is the unique expansion of >,o, @;/¢" and thus
(dnii) = (bnyi) which is impossible since j > n. Hence, if ¢ € U, then (b;) is the
only expansion of x starting with by ...b,. If ¢ € U \ U and (5.8) holds, then any
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expansion (¢;) starting with by ... b, is an expansion of x if and only if (¢,;) is one
of the conjugates of the expansions listed in (5.4).

The statements of parts (ii) and (iii) follow directly from the above considera-
tions. d

Remark. Fix ¢ € U. Tt follows from Theorem 1.4 (i) that each = € U, \U, has either

a finite expansion or an expansion that ends with ajas ..., i.e.,  can be written as
b b 1 «
x=—1+~~~+—’;+—n( ! —1).
q q" \g—1

Moreover, according to Lemma 5.2, the greedy expansion of 1 in base ¢ is finite if
q € U\U. Hence, if ¢ € U is transcendental, then each z € U, \U, is a transcendental
number. If ¢ € U is an algebraic number or if ¢ € U \ U, then each z € U, \ U, is
also algebraic.

6. PROOF OF THEOREM 1.5 AND THEOREM 1.6

Fix ¢ > 1. It follows from Proposition 2.3 and Proposition 2.5 that a sequence
(b;) is greedy if and only if 0 < b, < o for all n > 1, and

(61) bn+k+1bn+k+2 ..<opag... forall k> 0, whenever b, < a;.

Lemma 6.1. Assume that ¢ ¢ U. Then a greedy sequence (b;) cannot end with
arag -
Proof. Assume by contradiction that for some n,
bpyibpyo ... =000z ...
Since in this case b,+1 = @1 = 0 < a1, it would follow from (6.1) that
10Ktz - - < apag... forall k>1.
But this contradicts our assumption that q ¢ U. O

Lemma 6.2. Assume that ¢ ¢ U. Then,

(1) The set Uy is closed.
(ii) Each element x € Vy \ Uy has a finite greedy expansion.

Proof. (i) Let € J \ U, and denote the greedy expansion of x in base ¢ by (b;).
According to Theorem 1.1, there exists a positive integer n such that

b, >0 and mz Q1o .. ..
Applying Lemma 3.3 and Lemma 6.1 we conclude that
[z, 2] Uy = @,
for some number z > z. It follows that U, is closed from above. Note that the set
U is symmetric in the sense that
TEUy <= a1/(¢g—1)—x €Uy,

as follows from Theorem 1.1. Hence, the set U, is also closed from below.

(ii) Let € V,; \ Uy and suppose that (a;(z)) = (bi(z)). Then, it would follow
that for some positive integer n,

m =a1a2.. .,

contradicting Lemma 6.1. O
Lemma 6.3. Let (a;) be the quasi-greedy expansion of some x € [0,a1/(q — 1)].

Furthermore, let M be an arbitrary positive integer. Then aj ...ap0% is a greedy
sequence.
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Proof. If x = 0, then there is nothing to prove. If x # 0, then the statement follows
from Proposition 2.4 and Proposition 2.5. U

Recall from the introduction that the set V consists of those numbers ¢ > 1 for
which the quasi-greedy expansion («;) of 1 in base ¢ satisfies
(6.2) Qpt10kt2--- < ajag... forall k> 1.
Note that the quasi-greedy expansion of 1 in base ¢ for ¢ € V' \ U is of the form
(6.3) () = (a1 ...apaq - ag),

where k > 1 is the first integer for which equality holds in (6.2). In particular, such
a sequence is periodic. Any sequence of the form (1™0™)°° where n is a positive
integer, is infinite and satisfies (2.2) and (6.2) but not (4.3). On the other hand,
there are only countably many periodic sequences. Hence, the set V\U is countably
infinite. Note that ay > 0, for otherwise it would follow from (6.2) and (6.3) that

AkOft] ---Qok—1 = QXLO1O2 ... Ok—1 < a7 ...0,—10,

which is impossible, because «; > 0. The following lemma ([KLS])_implies that the
number of expansions of 1 is countably infinite in case ¢ € V \ U. Moreover, all
expansions of the number 1 in base ¢ are determined explicitly.

Lemma 6.4. If ¢ € V \ U, then all expansions of 1 are given by (), and the
sequences

(011 . .Osz)NOq . .azk_la;rkooo y N = 0, 1, NN
and

(a1...a)Nay .. cop_1a 0, N=0,1,....

It follows from the above lemma that for each ¢ € V \ U, the greedy expansion
of 1 in base ¢ is given by (5;) = a1 .. .ozzk_loz;rk()oo and the smallest expansion of 1
in base ¢ is given by a1 ...ar_10; af°.

Now we are ready to prove Theorem 1.5 and Theorem 1.6. Throughout the
proof of Theorem 1.5, ¢ € V\U is fixed but arbitrary, and k > 1 is the first positive
integer for which equality holds in (6.2).

Proof of Theorem 1.5. (1) We show that the sets U, and V, are closed. In view of
Lemma 6.2, it remains to prove that V, is closed.

Fix x € J\ V, and let (a;(z)) = (a;) be the quasi-greedy expansion of x. Then,
there exists an integer n > 0, such that

an >0 and TpiiGniz---> aias. ...

Let m be such that

(6.4) Untl - Ontm > Q1 - - - Qs
and let
n+m
a;
Yy = —.
i=1 ¢

According to Lemma 6.3, the greedy expansion of y is given by aj . ..a,1m0%
Therefore, the quasi-greedy expansion of each number v € (y, z] starts with the
block a1 .. .ap4m. It follows from (6.4) that

(y,z]NVy = 2.
Consider now the sequence

(di) =a1...ap0003 -
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It follows from (2.4) and (6.2) that (d;) is the quasi-greedy expansion of
Z di/q" =z > x.
i>1
Note that the quasi-greedy expansion (v;) of an element v € [z, z) satisfies
Up =0an, >0 and vpy1Unp42...<ai0z- ...

Hence,
[z,2) NV, =@,
from which the claim follows.

(iia) We prove that |V, \ Uy| = Rg. The set V, \ U, is countable, because each
element = € V; \ U, has a finite greedy expansion (cf. Lemma 6.2). On the other
hand, for each n > 1, the sequence a}0° is the greedy expansion of an element
x € Vg \ Uy, from which the claim follows.

(iib) In order to show that V, \ U, is dense in V,, one can argue in the same way
as in the proof of Theorem 1.4 (ib). Instead of applying Theorem 1.2 one should
now apply the inequality (6.2).

(iic) Finally, we show that all elements of V, \ U, are isolated points of V,. Let
x € V4 \Ug and let b, be the last nonzero element of the greedy expansion (b;) of .
Choose m such that «,, < a1. Note that this is possible because g ¢ N. According
to Lemma 3.2, there exists a greedy sequence (¢;) > (b;), such that

Cl...0n+m=b1...bn0m.

If we set
o0

Ci
z = E,
i=1
then the quasi-greedy expansion (v;) of a number v € (z, 2| starts with b ...b,0
Hence, v, = b, > 0, and

m

Untl - Untm = Q1" > Q1 ... Q.
Therefore,
(z, 2] NV, = 2.
In order to show that there exists also a number y < z, such that
(y,z) NV, =2,
we introduce for m > 1 the sequences (b}"), given by
(b7") =b1...b, (a1 ...y o) "0

and we define the numbers z,, by

The sequences (b}") are all greedy by Lemma 6.3. Moreover, z,, T x as m goes to
infinity. Let v € (Zy, Zm1] for some m > 1, and let the quasi-greedy expansion of
v be given by (d;). Then,

dy...dpdpy1 .. dogmyn =b1...0, (a1 ...agag . ag)™
and
d2km4n+1 - - -d2k(m+1)+n < Qp...0p07 ... 0k.
Therefore,
Aok (m—1)4n+k =k > 0
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and

d2k(m—1)+n+k+1 .. -ko(m+1)+n > .. 000 .. OO . O
= Q1...03k.
Hence, v ¢ Vg, i.e.,
(x1,2)NVy = @.

(iii) We already know from Lemma 6.2 that each x € V, \ U, has a finite greedy
expansion. It remains to show that each element x € V, \ U, has Ry expansions.
Let x € Vy \ U, and let b, be the last nonzero element of its greedy expansion (b;).
If j <nand b; =a; > 0, then

Qj41...-Ap = bj+1 . b; S ap...0n_j,
because x € V,;. Therefore,
(65) bj+1...bn >ay...Qp—j.

Let (d;) be another expansion of x and let j be the smallest positive integer for
which d; # b;. Since (b;) is greedy, we have d; < b; and j € {1,...,n}. First we
show that j € {n — k,n}. Suppose by contradiction that j ¢ {n — k,n}.

First assume that n —k < j < n. Then, b; > 0 and by (6.5),

bj+1 b0 >ar Qp—jOp—j41 - - O[IZOOO

Since ay ... a; af° is the smallest expansion of 1 in base ¢, a; ...« 0°° is the greedy
expansion of a1 /(g — 1) — 1, and therefore,

Z% >a/(¢g—1)—1.
-1 4

But then,
I U
=1 q =1 q
> O[l/(q—l),

which is impossible.
Next assume that 1 < j < n — k. Rewriting (6.5), one gets

bj_H...bn <Qap...Qp—j.

If
Bl bin = ar...
then
m < Qfg41.-.Qp—j.
Hence,

bj+k+1bj+k+2 o> Q10K 42 ...

= X1y . ...

Since in this case bj 4 = @x < aq, the last inequality contradicts the fact that (b;)
is a greedy sequence. Hence, if j < n — k, then

bj+1...bj+k<oq...ozk.

Equivalently,
bj+1 - .bj+k Z Q1. .
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Since n > j + k and b, > 0, it follows that
bj+1bj+2 .0 .OZIZOOO,

which leads to the same contradiction as at the beginning of the proof. It remains
to investigate what happens if j € {n — k,n}.
If j = n — k, then it follows from (6.5) that

bn—k+1---bn 20[1...0[];.

Equivalently,
bn—k+1bn—k+2 cee = bn—k—i—l .o bn0°° Z a1 .. .a,:0°°,
and thus
> dn_ i > bn— 1
(6.6) 3 qf* >y qf* +1>a1/(g-1),
i=1 i=1

where both inequalities in (6.6) are equalities if and only if
dp_tr = b;—ka bn—k+1..-bp =y .. TN and dp—g11dn—fgy2... = a.

Hence, d,,— < by _ is only possible in case b, > 0and by, _py1...bp = a1...0y .
Finally, if j = n, then d,, =b,,, for otherwise

- dn+1‘ - (87 > a;
W I
i=1 i=1 i=1
because
ion ... < ap...op a8,
In this case (d,;) is one of the expansions listed in Lemma 6.4. O

Remark. Fix g € V\U. According to Lemma 6.4, the number 1 has a finite greedy
expansion in base q. Hence, each element ¢ € V \ U is algebraic. Because each
x € V4 \ Uy has a finite greedy expansion in base ¢, it follows that the set V, \ U,
consists entirely of algebraic numbers.

Lemma 6.5. Let («;) be the quasi-greedy expansion of 1 in some base ¢ > 1 and
assume there ezists a positive integer k such that

k11042 ... > Q109 . ..
Then there exists a positive integer m such that o, > 0 and
Om1+10m42 ... > Q1Qg . ...

Proof. Let m = max {1 <14 <k : a,,, > 0}. Note that m is well defined, since a; >
0. Then, aup41 ... =0...0. Hence,

Am+10m42 ... > Q1A . ... O

Proof of Theorem 1.6. Fix g ¢ V. In view of Lemma 6.2, it remains to prove that
a number z € J\ {0} with a finite greedy expansion does not belong to V.

Let = € J\ {0} be an element with a finite greedy expansion. Since ¢ ¢ V, there
exists a positive integer k, such that

Op11Qky2... > Q10 . ...

According to Lemma 6.5, we may assume that oy > 0. Since the quasi-greedy
expansion of each element = € J\ {0} with a finite greedy expansion ends with
aias ..., we conclude that = ¢ V. O
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7. PROOF OF THEOREM 1.7—-THEOREM 1.10

In this section we will complete our study of the univoque set U, for numbers
q > 1. The results proved in the preceding sections were mainly concerned with
various properties of the sets ¢/, for numbers ¢ € V. Now we will use these properties
to describe the topological structure of U, for all numbers ¢ > 1.

Since the set V is closed, we may write (1,00)\ V as the union of countably many
disjoint open intervals (g1, ¢2): the connected components of (1,00)\ V. In order
to determine the endpoints of these components we recall from [KL3] that

e V is closed.

e V\ U is dense in V.

e all elements of V \ U are isolated in V.
In fact, for each element ¢ € U there exists a sequence (¢, )m>1 of numbers in V\U
such that g, T ¢, as can be seen from the proof of Theorem 2.6 in [KL3].

Proposition 7.1.

(i) The set R of right endpoints qo of the connected components (qi1,qz) is given
by R=V\U.

(ii) The set L of left endpoints q1 of the connected components (q1,q2) is given
by L=NUV\U).

Proof of Proposition 7.1 (i). Note that V\U C R because the set V\ U is discrete.
As we have already observed in the preceding paragraph, each element g € U can
be approximated from below by elements in V \ Y. Hence, R =V \ U. d

The proof of part (ii) of Proposition 7.1 requires more work. We will prove a
number of technical lemmas first. In the remainder of this section ¢ ~ («;) indicates
that the quasi-greedy expansion of 1 in base ¢ is given by (a;). For convenience we
also write 1 ~ 0°°, and we occasionally refer to 0% as the quasi-greedy expansion
of the number 1 in base 1.

Let g2 € V' \ U and suppose that

qa ~ (OQ) = (011 oL OpQ .. .Ozk)oo

where k is chosen to be minimal.

Remark. The minimality of & implies that the smallest period of («;) equals 2k.
Indeed, if j is the smallest period of (;), then o; = aor = @ < a1 because j
divides 2k. Hence, a; .. .oz;r()oo is an expansion of 1 in base ¢ which contradicts
Lemma 6.4 if j < 2k.

Lemma 7.2. For all 0 < i < k, we have
Qigq...0 < O1...0k .

Proof. For ¢ = 0, the inequality follows from the relation @y = 0 < «3. Hence,
assume that 1 <4 < k. Since g3 € V,

iyl ...0 S Q1 ...0k 4.
Suppose that for some 1 <1i < k,
Ojy1... 0 =01 ...0k—4.

If £ > 2i, then
a1 ...02; =01 ...0;07 ...04,

and it would follow from Lemma 4.2 that

(Oq) = (011 RN e 7T R 1N .Ozl')oo,
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contradicting the minimality of k. If 4 < k < 24, then

Qitl-- O = Qg1 - - OO ... Q2
=1 .. OO .. Ok
> Q1. Of— Oyl ... 04
=ay...q,
leading to the same contradiction. O
Let g1 be the largest element of V U {1} that is smaller than ¢;. This element

exists because the set VU {1} is closed and the elements of V\ U are isolated points
of VU {1}. The next lemma provides the quasi-greedy expansion of 1 in base ¢;.

Lemma 7.3. g1 ~ (a1...q; ).

Proof. Let q1 ~ (v;). If k = 1, then g2 ~ (210)* and (v;) = (a7 ) because g2
is the smallest element of ¥V N (a1, 1 + 1). Hence, we may assume that k > 2.
Observe that

v1...0 < Q... O.
Ifvi...vp =ay...ak, then
Vgg1-.-V2p S Q7 ... QF,
i.e.,
Vg1 -.-02k = O ...Q,
=V1...0

(here we need that k > 2, for otherwise the conjugate bars on both sides have a
different meaning) and it would follow from Lemma 4.2 that ¢; = go. Hence,

V..U S Qp ..y

It follows from Proposition 2.3 that (w;) = (a1 ..., )* is the largest quasi-greedy
expansion of 1 in some base ¢ > 1 that starts with «ay...a; . Therefore, it suffices
to show that the sequence (w;) satisfies inequality (6.2) for all ¥ > 1. Since the
sequence (w;) is periodic with period k, it suffices to verify that

(71) Wip1Wi42 ... <wiws... for all 0 < ] < k.

If 5 = 0, then (7.1) is true because w7 = 0 < wi; hence assume that 1 < j < k.
Then, according to the preceding lemma,

jq1...0 < O1...0K—j,

and
ap...05 < Og—j41 ... k.
Hence,
Wi41 - - Wik = Q541 - - .O[]:O[l e
S ap...0g_j01...04
< op...0,
so that

Wji41 .. Witk §w1...wk.

Since the sequence (wj4i) = wjy1Wjye ... is also periodic with period k, the in-
equality (7.1) follows. O
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Lemma 7.4. Fiz q > 1 and denote by (5;) the greedy expansion of the number 1
in base q. For any positive integer n, we have

Brnt1Bnt2... < B1fa. ...
Proof. Tt follows from (6.1) that

Bnt1Bny2. .. <aiaz...< Bifa. ..,

whenever there exists a positive integer j < n satisfying 3; < $1 = ay. If such an
integer j does not exist, then either (8;) = af° or there exists an integer j > n
for which 8; < ;. In both these cases the desired inequality readily follows as
well. O

Now we consider a number ¢; € V \ U. Recall from Lemma 5.2 and Lemma 6.4
that the greedy expansion ((3;) of 1 in base ¢; is finite. Denote its last nonzero
element by (,,.

Lemma 7.5.

(i) The smallest element qa of V that is larger than q1 exists. Moreover,
G2~ (B BmbBr- - Bm)™
(ii) The greedy expansion of 1 in base qo is given by (v;) = [1 . Bmﬁl B 0°°.
Proof. (i) First of all, note that
g~ (o) = (Br- - 8,)
Moreover,

By B)>

is the largest quasi-greedy expansion of 1 in some base ¢ > 1 that starts with
b1 ...05,,. Hence, in view of Lemma 4.2, it suffices to show that the sequence

(wi) = Br ... BB Pm)>®

satisfies the inequalities

(72) W1 WE+42 - - - S wiwsy . ..
and
(73) Wr+1WE+42 - - - S wiwsy . ..

for all k£ > 0. Observe that (7.2) for k 4+ m is equivalent to (7.3) for k and (7.3) for
k + m is equivalent to (7.2) for k. Since both relations are obvious for k = 0, we
only need to verify (7.2) and (7.3) for 1 <k <m. Fix 1 <k <m.

The relation (7.3) follows from our assumption that ¢; € V:

WhrT - Wm = Brest- - PBm < Ohgl - Om < Q1o Qg = W1+ Wy k-
Since 1 < m — k < m, we also have
W b L W < W1 - . . W
Using Lemma 7.4, we obtain
W41 -+ - Whtm = Wk41 ... WpW1 . .. Wk
SWy .. Wy W1 . .. Wk
< WL .o Wn—kWm—k+1 - - - Wi,

from which (7.2) follows.
(ii) We must show that

(7.4) Vi+t1Vk+2 - - - < Wiwse ... whenever Ay < wi.
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If 1 <k < m, then (7.4) follows from

V4l - - Vedtm = W41 - - - Wkatm < W1 ... Wy

If k = m, then (7.4) follows from 7,11 = f; = 0 < wy.
If m < k < 2m, then

V41 - - -Yom = Bk—m+1---Om S Wy ... Wom—k-
Hence,
Ve4+1Vk+2 -+ -« = Vk41 - - .72m0°° <wiwy...,
because (w;) is infinite. Finally, if & > 2m, then yx+1 = 0 < ws. O

Proof of Proposition 7.1 (ii). Tt follows from Lemma 7.5 that V\U C L. If g2 ~
(n0)*° for some n € N, then (n, ¢2) is a connected component of (1,00) \ V. Hence,
N C L. It remains to show that (L\N) N = @.

If (g1, g2) is a connected component of (1,00)\ V with g2 ~ («;) and ¢1 € L\ N,
then by Lemma 7.3, g1 ~ (aq ... )*™ for some k > 2. Since o . ..a;0% is a larger
expansion of 1 in base ¢1, we have ¢; ¢ U. O

Recall from Section 1 that for ¢ > 1, U, and V, denote the sets of quasi-greedy
expansions of numbers x € U, and x € V, respectively.

Lemma 7.6. Let (q1,q2) be a connected component of (1,00)\V and suppose that
g1 € V\U. Then,

U, =V, .
Proof. Let us write again

g2~ (a1...qp07 - ag)™

where k is chosen to be minimal. Suppose that a sequence (¢;) € {0,..., a1} is
univoque in base g2, i.e.,

(7.5) Cnt1Cny2 - < (Q1...qra1- . ag)™ whenever ¢, < ag

and

(7.6) CntiCntz - < (a1...axa7 . -ag)>* whenever ¢, > 0.

If ¢,, < ay, then by (7.5),

Cn+l---Cntk J Q... Q.
If we had
Cn+4l:-:-Cnyk =01 ...0L,
then
—_— o0
Cn4k+1Cnak42 .- < (Oq L OO . .Ozk) ,
and by (7.6) (note that in this case ¢, = ag > 0),

Crn4-k+1Cn+k+2 - - > (moq .. .Ozk)oo,
a contradiction. Hence,
Cnal . Cntk S Q1...0 .
Note that ¢4+ < a1 in case of equality. It follows by induction that

Cn+1Cn+2 - . - S (Oq N a;)oo
Since a sequence (¢;) satisfying (7.5) and (7.6) is infinite unless (¢;) = 0%, we
may conclude from Proposition 2.4 and Lemma 7.3, that (¢;) is the quasi-greedy
expansion of some x in base q;. Repeating the above argument for the sequence
C1C2 - - -, which is also univoque in base g2, we conclude that (¢;) € Vé,l. The converse
inclusion follows from the fact that the map ¢ — (o) is strictly increasing. O
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Lemma 7.7. Let (q1,q2) be a connected component of (1,00)\ V and suppose that
g € V\U. If q € (q1, q2], then

(1) Uy =V,

(ii) Uy contains isolated points if and only if g1 € V\U. Moreover, if g, € V\U,
then each sequence (a;) € Vg, \U,, is the expansion in base q of an isolated
point of U, and each sequence (c;) € Uy, is the expansion in base q of an

accumulation point of Uy.
Proof. (i) Note that
(7.7) U, CU, and V, CU, ifq<rand [q]=][r].

It follows from Lemma 7.6 that U, =V, for all ¢ € (q1, g2].

(i1) We need the following observation which is a consequence of Lemma 3.1 and
Lemma 3.2:

If z € J has an infinite greedy expansion in base ¢, then a sequence (x;) with
elements in J converges to x if and only if the greedy expansion of x; converges
(coordinate-wise) to the greedy expansion of x as i — co. Moreover, x; | 0 if and
only if the greedy expansion of z; converges (coordinate-wise) to the sequence 0°°
as ¢ — 00.

First assume that ¢; € V\U. Let © € V,, \ Uy, and denote the quasi-greedy
expansion of x in base ¢1 by (a;). Since each element in V,, \ U, is an isolated
point of V,, (cf. Theorem 1.5 (ii)), there exists a positive integer n such that
the quasi-greedy expansion in base g1 of an element in V,, \ {z} does not start
with ay...an. Since (a;) € V,, = Uy, it follows from the above observation that
the sequence (a;) is the unique expansion in base g of an isolated point of U,. If
x € Uy, , then there exists a sequence of numbers (z;) with z; € V,, \ U, such that
the quasi-greedy expansions of the numbers z; converge to the unique expansion
of z, as can be seen from the proof of Theorem 1.5 (iib) (which in turn relies on
the proof of Theorem 1.4 (ib)). Hence, the unique expansion of = in base ¢; is the
unique expansion in base g of an accumulation point of Uj.

Next assume that ¢1 € U \ U. According to Theorem 1.4 (i), the set U, has
no isolated points. Hence, for each = € U,,, there exists a sequence of numbers
(x;) with x; € Uy, \ {x} such that z; — z. In view of the above observation,
the unique expansions of the numbers x; converge to the unique expansion of x.
Therefore, the unique expansion of x in base g; is the unique expansion in base ¢
of an accumulation point of U,. If z € V,, \ Uy, = Uy, \ Uy,, then there exists a
sequence (z;) of numbers in Uy, such that the unique expansions of the numbers
x; converge to the quasi-greedy expansion (a;) of z, as follows from the proof of
Lemma 4.3 and Lemma 4.4. Hence, also in this case, (a;) is the unique expansion in
base g of an accumulation point of U,. Since U, =V , this completes the proof. [

Lemma 7.8. Let (q1,q2) be a connected component of (1,00)\V and suppose that
q1 €N. If q € (q1, qo], then U, = Uy, and U, contains isolated points if and only if

q1 € {1, 2}.

Proof. Note that if g1 = n € N, then g2 ~ (n0)*°. Suppose that ¢ € (n,gz]. The
verification of the following statements is an easy exercise which we leave to the
reader.

A sequence (a;) € {0,...,n}” is in U, if and only if

a; <N = aj+1 <N,

and
a; > 0= a;j;1 >0.
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In particular we see that
Ay
Uy, =Uy,.

If n =1, then U, = {0°°,1°°}. If n = 2, then

Uy ={0=,2=}ru (J {0"1,2"1>}.
n=0
Hence, if n = 2, then U, is countable and all elements of ¢/, are isolated, except for
its endpoints. If n > 3, then U, has no isolated points. ([

Lemma 7.9. Let g > 1 be a real number.
(i) If ¢ €U, then q is neither stable from below nor stable from above.

(ii) If g € V\ U, then q is stable from below, but not stable from above.
(iii) If ¢ € V, then q is stable from below and stable from above.

Proof. (i) As mentioned at the beginning of this section, if ¢ € U, then there exists
a sequence (¢m)m>1 with numbers ¢,, € V \ U, such that g,, T ¢. Since

/ / /
Uy,, & Vy,, C Uy
q is not stable from below. If ¢ € U \ N, then q is not stable from above because
U, CV, C U
for any s € (g, [q]]. If ¢ € {2,3,...}, then ¢ is not stable from above because the
sequence ¢> € U \ Uy for any s > q.

(ii) and (iii) If ¢ ¢ U, then q € (q1, g2], where (g1, g2) is a connected component
of (1,00) \ V. From Lemma 7.7 and Lemma 7.8 we conclude that g is stable from
below. Note that ¢ = ¢» if and only if ¢ € V \U. Hence, if ¢ ¢ V, then ¢ is also
stable from above. If ¢ € V \ U, then ¢ is not stable from above because

U, CV, C U
for any s € (q, [¢]]- O

Proof of Theorem 1.7. Thanks to Proposition 7.1, we only need to prove parts (ii),
(iii) and (iv).

(ii) If ¢ € {2,3, ...}, then U, C U, = [0, 1]. Hence, neither U, nor U, is a Cantor
set.

(iii) and (iv) If ¢ ¢ N, then U, is nowhere dense, according to a remark following
the statement of Theorem 1.6 in Section 1. Hence, if ¢ ¢ N, then U, is a Cantor
set if and only if U, is closed and does not contain isolated points.

If ¢ € U\ N, then by Theorem 1.4 (i), the set U, is not closed and U, does not
contain isolated points from which part (iii) follows.

Finally, let ¢ € (¢1,g2], where (g1, ¢2) is a connected component of (1,00) \ V.
Since ¢ ¢ U, the set Uq is closed. It follows from Lemma 7.7 and Lemma 7.8 that
U, is a Cantor set if and only if ¢1 € {3,4,...} U U\ U). O

Proof of Theorem 1.8. The statements of Theorem 1.8 readily follow from Propo-
sition 7.1 and the Lemmas 7.7, 7.8, and 7.9. ([

Proof of Theorem 1.9. First assume that ¢ € (1,00) \ «. Then, q € (q1, g2], where
(¢1,42) is a connected component of (1,00) \ V. Let us write

qa ~ (OQ) = (011 L OpQ .. .Ozk)oo,

where k is minimal. Define F C {0, .. .,oq}kJrl by

F={jar...ar : j<a1 and aj...ax >ai...ap}.
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It follows from Lemma 7.7 (i) and the proof of Lemma 7.6 and Lemma 7.8 that
a sequence (¢;) € {0,.. .,a1} belongs to U, if and only if ¢;...cjpx ¢ F and
Cj---Cjtk ¢ F for all j > 1. Therefore, U; is a subshift of finite type.

Next assume that ¢ € . It follows from the proof of Lemma 4.3 and Lemma 4.4
that for each = € U, \ U,, there exists a sequence (z;) of numbers in U, such that
the unique expansions of the numbers x; converge to the quasi-greedy expansion of
. Hence, the set L{; is not a subshift of finite type because it is not closed (in the
topology of coordinate-wise convergence). O

Proof of Theorem 1.10. (i) Note that the quasi-greedy expansion of 1 in base go =
(1++/5)/2 is given by (o) = (10)°. Tt follows from the proof of Lemma 7.8 that
U, = {0%,1°} for all ¢ € (1, g2).

(ii) Due to the properties of the set V' \ U that we mentioned at the beginning
of this section we may write

VNn(,d)={q,:neN} and VN(2,¢")={r,:neN},

where the ¢,,’s and the r,,’s are written in increasing order. Note that ¢; ~ (10)*°
and r1 ~ (20)*°. Moreover, ¢, T ¢’ and r,, 1 ¢”. Thanks to (7.7) we only need to
verify that U, and U, are countable for all n € N. This will be carried out by
induction.
It follows from the proof of Lemma 7.8 that U,, and U,, are countable. Suppose
now that U, is countable for some n > 1. By Lemma 7.6,
Uy ., =V, =U, UV, \U, ).

dn+1
According to Theorem 1.5 (ii), the set V; \ U is countable, whence U, , is
countable as well. It follows by induction that U, is countable for each n € N.
Similarly, U,,, is countable for each n € N.
(iii) It follows from Theorem 1.4 (i) that |Uy| = 2% and [U,s| = 2%°. The
relation (7.7) yields that || = 2% for all ¢ € [¢/,2] U [¢",3]. If ¢ > 3, then U}
contains all sequences consisting of merely ones and twos. Hence, [U,| =2%. O

We conclude this paper with an example and some remarks.
Ezample. For k € N, define the numbers ¢*(k) and ¢(k) by setting
q"(k) ~ (157100 and  q(k) ~ (10%).
It follows from Lemma 7.5 and Theorem 1.8 that the sets (¢*(k), ¢(k)] are maximal
stability intervals. Moreover, it follows from the proof of Theorem 1.9 that a se-
quence (¢;) € {0, 1} belongs to U, for q € (¢*(k), q(k)] if and only if a zero is never
followed by k consecutive ones and a one is never followed by k consecutive zeros.
This result was first established by Dardczy and Kétai in [DK1], using a different

approach.
Note that the smallest element of V larger than ¢(k) is given by r(k), where

r(k) ~ (1" 0" 110%15 1),
as follows from Lemma 7.5. Therefore, the sets (q(k), (k)] are also maximal sta-
bility intervals. If ¢ € (g(k),r(k)], then the set U, is not a Cantor set because
q(k) e V\U.
Remarks.
e Let us now consider the set of left endpoints Ii and the set of right endpoints
R’ of the connected components of (1,00) \ U. We will show that

L' =NU@U\U) and R CU.
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Fix a number ¢ € (1,00) \ U. Let q; be the smallest element of V larger
or equal than ¢. Since ¢; € V' \ U, the number ¢ is a left endpoint and a
right endpoint of a connected component of (1,00)\ V. Hence, there exists
a sequence ¢ < ga < --- of numbers in V \ U, such that

(¢i»qiy1) NV =@ foralli> 1.

Let B, be the last nonzero element of the greedy expansion (3;) of the
number 1 in base ¢;. We define a sequence (¢;) by induction as follows.
First, set

Cl---cmzﬁl---ﬁm-

Then, if ¢; . ..con,, is already defined for some nonnegative integer N, set
CoNpt1 -+ -CoN+1yp 1 = C1 - . .CoNppy 1 and coNt1,, = CaN,, + 1.

Note that this construction generalizes that of the truncated Thue-Morse
sequence. It follows from Lemma 7.5 that the greedy expansion of 1 in base
Gn is given by ¢1 . ..con-1,,0°. Hence, (¢;) is an expansion of 1 in base ¢*,
where

q" = lim g,.

n—oo

Moreover, ¢* € U, as can be seen from the proof of Lemma 4.2 in [KL3]. It
follows that R’ C U.

Now let r; be the largest element of V U {1} that is smaller than g¢;.
Let us also write 1 ~ (a;) and g1 ~ (1;). It follows from Lemma 7.3 and
the remark preceding Lemma 7.2 that («;) has a smaller period than (n;).
Hence, there exists a finite set of numbers 7, < .-+ < ry in YV U {1}, such
that for 1 <i < k,

(7’1'4_1,7’1') ny =g,

and such that 7 is a left endpoint of a connected component of (1,00)\ V,
but not a right endpoint. This means that

rr e NUU\U) and (1, q)NU = @.

Hence, r,, € U U {1} and therefore 7, € L'. We may thus conclude that
L' C NU(U\U). On the other hand, LNU C L' because U C V. It follows
that L' = NU U\ U).

e The analysis of the preceding remark enables us also to determine for each
n € N the smallest element ¢(™) of the set U N (n,n + 1):

Fix n € N, and let ¢ be the smallest element of V N (n,n + 1). Then,
g ~ (n0)* and the greedy expansion (5;) of 1 in base ¢ is given by n10°°.
The sequence (¢;) constructed in the preceding remark with m = 2 and
c1¢o = nl is the unique expansion of the number 1 in base ¢(™).

o In [KL2] it was shown that for each n € N, there exists a smallest number
7™ > 1 such that the number 1 has only one expansion in base (") with
coefficients in {0,1,...,n}. Although this might appear as an equivalent
definition of the numbers ¢(™), there is a subtle difference. For instance,
it can be seen from the results in [KL2] that ¢ = (™ if and only if
n e {1,2}.
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