RETURN TIME STATISTICS VIA INDUCING

H. BRUIN, B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTI

ABSTRACT. We prove that return time statistics of a dynamical system
do not change if one passes to an induced (i.e. first return) map. We
apply this to show exponential return time statistics in i) smooth in-
terval maps with nowhere—dense critical orbits and ii) certain interval
maps with neutral fixed points. The method also applies to iii) certain
quadratic maps of the complex plane.

1. INTRODUCTION

In the last few years the study of return and hitting times has become an im-
portant ingredient for the statistical characterization of dynamical systems.
A historical account of this approach can be found in the review paper [10]
or in the introduction of [20], where an extended bibliography is provided.
To pose the problem in general terms, suppose that 7" is a measure preserv-
ing transformation of a measure space (X, ) and U, C X is a neighborhood
of a point z € X. The two questions which are the fundamental objects of
investigation are:

1. What is the probability distribution of the first hitting time of the set
U, as p(Uy) — 07

2. What is the probability distribution of the first return time for points
leaving from U, as u(U;) — 07

For large classes of dynamical systems showing some sort of hyperbolic be-
havior, the answers to those questions are surprisingly easy and universal.
The probability distribution function up to a suitable normalization, turns
out to be the exponential 1-law exp(—t): If 7y (z) is the smallest integer n
such that T"(x) € U (so 7 stands for first hitting and for first return time),
then both
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and
—nllz € Usmy(a) > —
u(U) 7

as u(U) — 0. After the works of Pitskel [36], Hirata [19] and Collet [11]
at the beginning of the nineties which focused essentially on uniformly hy-
perbolic dynamical systems, new developments have brought at least three
improvements:

e The possibility to treat larger classes of systems, notably certain non—
uniformly hyperbolic systems;

e The possibility to estimate the error to the asymptotic distribution
which is closely related to the hyperbolic character of the transforma-
tion and to the influence of sets with short recurrence;

e The application of the exponential statistics to the computation of the
fluctuations of repetition times in the Ornstein-Weiss formula for the
metric entropy.

These improvements were the result of four new approaches. The first ap-
proach was originated by Galves and Schmitt [15] and was formulated in a
probabilistic setting for systems satisfying a ¢-mixing condition. This ap-
proach was translated into the dynamical systems language by Haydn for
Julia sets [16], by Paccaut [34] for a large class of non-Markovian maps of
the interval and by Boubakri [4] for some Collet-Eckmann unimodal maps.
Recently Abadi [2] extended it for a-mixing stationary processes. The true
probabilistic flavor of this technique led to the discovery of a close connec-
tion with the Ornstein-Weiss [33] theorem on metric entropy and resulted
in a proof of the log-normal fluctuations of the repetition times for Gibbs
measures in [13] (see [22] for related results); see also [34] for further devel-
opments.

The second approach is due to Hirata, Saussol and Vaienti [20]. First for
measure-preserving dynamical systems it quantifies the error to the asymp-
totic exp(—t) distribution giving precise bounds in terms of the mixing prop-
erties of the systems and of a sharp control of short recurrences (this last
point is in itself an interesting subject suggesting the possibility to formu-
late a thermodynamics of return times [39, 40]). These bounds are then
computed for a large class on non-uniformly hyperbolic maps of the interval
in [20]. We used this method in the present paper to prove the exponen-
tial statistics for the class of Rychlik maps introduced in Section 3. A key
observation in [20] allows to link the statistics of hitting and return times
quoted above, namely the distribution of the first return time is close to the
exponential law if and only if it is close to the distribution of the first hitting
time.

The third approach goes back to a probabilistic paper of Sevast’yanov [41].
This approach was already used by Pitskel [36] in the context of Markov
chains and Axiom-A diffeomorphisms. The same scheme was applied by
Haydn in [16] and [17] for equilibrium states on Julia sets, in the presence
of a supremum gap in the Perron-Frobenius operator (namely, if f is an
Holder continuous function on the Julia set of a rational map of degree at
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least 2, then P(f) > sup f, where P(f) is the topological pressure of f). The
original technique of Sevast’yanov only allowed to prove the convergence to
the exponential 1-law. A recent work by Haydn and Vaienti [18] quantifies
this technique and thus provides bounds for the error estimate in the case
of rational maps and parabolic maps of the interval; such bounds improve
all other existing bounds for the class of maps considered.

The last approach has been introduced by Collet [12]; it is an application of
the Gumbel’s law for entrance times [14] to a large class of non—uniformly
hyperbolic dynamical systems with exponential decay of correlations for
which a tower satisfying Young’s conditions can be constructed [48, 49].
Collet has proven that the statistics of closest return to a given point is
almost surely asymptotically Poissonian and gave the fluctuations for the
nearest return to the starting point.

It is useful to remark at this point that the approaches we are describing
also permit to compute the probability distribution of successive visits to
the set U,: it gives, in all the cases where the exponential statistics holds,
the Poisson distribution %e‘t, where n is the number of visits of U,.

In this paper we propose a new scheme which allows us to compute the
asymptotic distributions for the first and successive return times when-
ever these distributions are known on a subset endowed with an induced
structure. Its interest lies in the fact that several non-uniformly hyperbolic
systems admit around almost every point (w.r.t. the invariant measure) a
neighborhood where the first return map acts as the induced transformation
and exhibits hyperbolic behavior. The first application of our approach is
for C? interval maps; we prove the exponential return time statistics under
the additional hypothesis that the map preserves a conformal measure (see
Section 4 for details) and that the closure of the orbit of the critical points
has zero measure. Our result complements those given Boubakri [4] and
by Collet [12], in the sense that, contrarily to them, the growth rate of the
derivatives along the critical orbit plays no role in our theorem. It applies
for example to the well known Fibonacci map [28].

As a second example, we improve the exponential statistics for the parabolic
map studied in [20]. In both cases, the first return map of the induced
systems belongs to a class of piecewise monotonic maps of the interval (with
countably many pieces), previously investigated by Rychlik; the induced
measure shows exponential decay of correlations with respect to the Rychlik
map and this is the kind of hyperbolic behavior which is sufficient to prove
the exponential statistics for such maps.

In most of the approaches quoted above, the set U, shrinking to {z} was
chosen in the class of cylinders generated by some partition of the space.
The exponential return time statistics around cylinders is what is needed to
compute the fluctuations in the Ornstein-Weiss theorem [39].

Instead of cylinders one can also use balls for the sets U,. The use of balls
has a twofold interest. Firstly, it enlarges the class of sets where to check the
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recurrence of rare events, such as entrance time (particularly from the per-
spective of numerical simulations in physical situations, see for example [9]
and [50]), Second, the behavior of return time in balls is strongly related to
other statistical indicators, like local dimension and Lyapunov exponents,
as shown in [40].

Balls instead of cylinders were used by Haydn [17] and Collet [12]. In this
article we prove exponential statistics for Rychlik maps around balls. This
improves the work of [34], who considered a particular class of Rychlik
maps (the covering weighted systems introduced in [25]), and only cylin-
ders around points.

The general scheme proposed in this paper could in principle be applied
to a wide class of dynamical systems for which the induced transformation
enjoys an exponential statistics; we think in particular to rational maps of
the Riemann sphere (an example is given in Chapter 5) and of billiards for
which the induced structures, although not yet studied, seem however more
accessible than the original systems.

As a final observation, we would like to point out the robustness of the
exponential statistics, which persists in the non-hyperbolic systems covered
in this paper. This confirms its central role in the characterization of re-
currence for ergodic systems and motivate further analysis for larger class
of transformations especially in dimension greater than one and exhibiting
singularities.

2. STATISTICS VIA INDUCING: AN ABSTRACT THEOREM

Suppose that (T, X, i) is an ergodic measure preserving transformation of a
smooth Riemannian manifold X. Let X C X be an open set. Furthermore
let 7 : X — X be the first return map. We denote the induced measure
by fi: the measure preserving transformation (T, X , f1) is therefore ergodic.’
For z € X we denote by U, (2) the ball of radius r centered at z and by 7y, ()
(resp. 7y, (z)) the first return time of U, (z) for T' (resp. T). For a p (resp. ji)
measurable set A we denote by 4 (resp. fi4) the induced measure on the
set A. We suppose that (7', X,4) has return time statistics f(¢): ie. for
fi-a.e. z € X, Je,(r) > 0 with e,(r) — 0 as r — 0 such that

N N t
sup ‘HUT(Z) (w € Ur(2) : Ty, (»)(x) > i

>0 m) - f(t)‘ <egg(r). (1)

Our main theorem of this section is that on X the map T' obeys the “same”
statistical law as T

Theorem 2.1. If f is continuous at 0, then there exists f : Rt — [0,1]
such that N & {z: f+# f} is countable and for p—a.e. z € X and t ¢ N,

'"We could weaken our assumptions by demanding that the map T is ergodic instead
of T'; the ergodicity of T is however recovered when X = Uy T~ "X
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there exists 0,4(r) > 0 with 6,4(r) — 0 uniformly in t as r — 0 such that

_t
(U (2))

In addition, sz is continuous then the convergence is uniform in t, which
means there exists 6,(r) — 0 as 7 — 0 such that for all t € Rt and r > 0,
0z0(r) < 05(r).

1,0 ( € Ur(2) 705,y () > )= 10| <8 @)

Remark: the function f (resp. f) is known to be decreasing and thus contin-
uous everywhere except for an at most countable set of exceptional points.
The set N is a subset of the points of discontinuity of f.

Proof. First of all, if 4 has an atom then yu is supported on a periodic orbit,
hence the result is trivial because in this case f(t) = f(t) = 1 for t < 1
and 0 otherwise. We may assume then that p has no atoms, consequently
p(Up(2)) = 0asr — 0 forall z € X.

At first we suppose that z € X and assume that r is small enough that
Ur(z) C X. Note that this implies fi,(,) = pu,(2)-

For z € X let n(z) & 74 (x) be the T-first return time of z to X. By Kac’s
Theorem and ergodicity of i we have

def ]-m def ~ 1
:EZ T'z) — ¢ = [ n(z)dp=— (3)

=0

for jirae. z € X. Let G ¥ {z € X : limys00 Am(2) = ¢}. Clearly ji(G) =
1. For all z € G and for all ¢ > 0 there exists m(z,£) < oo such that
|Am(z) — ¢| < € for all m > m(z,e). Let G, & {z € G : m(x, e) < m}
where we have suppressed the obvious € dependence on the set G,,. We

choose M & M () such that u(Gpr) > 1 —e.

By definition |} /" Yn(Tiz) — em| < em for all m > M and all z € Gyy.
Thus T™(z) = T""5(z) for some s = s(z) with |s| < em. It immedi-
ately follows that 7y, (,)(%) = ¢7y,(,)(z) + s with |s| < &7y, (,)(z) whenever
TUu(z)(x) > M and = € G-

Next we define
éMd:ef{zeGMiliUr(z)(GM)ml}' “

By the Lebesgue Density Theorem, /i(Gas) = i(Gar) and thus /i(Gar)
e. For each z € G there exists r(z M, €) > 0 such that py, () (Gar) >
forallr < r(z, M,¢). Thusif R > 0 is sufficiently small then ;I,(GM r)>1

where Garr Y2 €Cmir(z,M,e) >r}.

>1—
1-

Let S be the set of points z € X for which e,(r) — 0 as r — 0. By
assumption fi(S) = 1. Hence i(Gum,rNS) = 4(Gm,r) > 1 —¢.
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Denote
Fo,pt) = pu, )z € Un(2) : Ty, > t/u(Ur(2))}),
Fo,pt) = fuwy({z € Un(2) : 7,0 > t/i(Ur(2))}),

and set By, (,)(M) = {z € U;(2) : Ty, (»)(z) > M}.

Assume additionally that z € Gj,zr N S. The limiting distribution f(t) is
continuous at 0 and f(0) = 1, hence if r is sufficiently small

~

1, () (Bu, () (M)°) = Ly, () (Bu, () (M)°) < 1= f(MA(Ur(2))) + €.(r) <e.
Thus for all ¢ € [0, ),

Fu,in®) < pu,z) (Girr YU By, ) (M)°) +
t
+uu,(2) <GM,R N By, ) (M) N {33 L TU(z) (®) > m})
B, (2)(Giar,r) + Bu,(2) (Bu, (2) (M)°) +

N t/(c+¢€
—H‘Ur(z) (GM,R N BUr(z)(M) N {.’E LU (2) (w) > M})

1(Ur(2))
< 2% +7:"Ur(z) (%&:/c) .

A similar computation with 1 — Fy y(t) = py, () (T0,(2) < t/1(Ur(2)))
yields

IN

A t . ¢
T, (2) (1 — g/c) =26 < Fu,(»)(t) < Fu,(2) (m) +2.  (5)

For r sufficiently small, €,(r) < €. Thus inequality (5) implies:

et f () < R0 <f (as) He O
Define
) = wax{|f0- 7 (= )| o - 7 (=) [} @

For each point t of continuity of f , the function d;(e) — 0 as ¢ — 0. Com-
bining (6) and (7) yields:

|Fu, () (&) — F(2)] < 3e + 84 (e). (8)

We just showed that for any € > 0, there exists a set G(¢) with i(G(e)) >
1 — € and a real number R(e) > 0 such that for all z € G(g), Inequality (8)
holds whenever r < R(e). The conclusion of the theorem for y-a.e. z € X
follows from the remark that p-almost every z € X is contained in the set

of full measure Np>0 Upmsn G(1/m).

Finally we want to prove the uniform convergence in t¢ in the case f is
continuous. Since f(t) — 0 as ¢ — oo, it is uniformly continuous; hence

4(8) = suPp<scresis [ (s) = F(O)] = 0 as 6 = 0.
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Moreover, f(t) is bounded by 1/¢ by Chebychev’s inequality. Hence Equa-

tion (7) gives
. te
0¢(e) < min (q (c — 6) ,1/t> + 3e.

If te/(c — €) < 4/ then 6:(z) < q(v/€) + 3¢, while if te/(c — €) > /e then
0e(2) <1/t < /e/(c—e) + 3e. O

Remark: Using the same method it is possible to show the counterpart of
Theorem 2.1 for the successive return times and the number of visits.

3. PIECEWISE MONOTONIC TRANSFORMATIONS

In this section we show that piecewise monotonic maps of Rychlik’s type
(even with countably many monotonic pieces) enjoy exponential statistics.
Let X C R be a compact set and m a Borel regular probability measure on
X. The variation of a function g : X — R is defined by

k—1

Var g < sup{) _ lg(z;11) — g(z;)I},

j=0
where the supremum is taken along all finite ordered sequences (z;);=1,... k
with z; € X. The norm ||g||py = sup |g| + Var g makes BV = {g: X — R:
llgllBv < oo} into a Banach space. We endow X with the induced topology
and denote by B(X) the Borel o-algebra of X. We say that I C X is an
X-interval if there exists some interval J C R such that I = X N J.

Definition 3.1 (R-map). Let T : Y — X be a continuous map, ¥ C X
open and dense, and m(Y) =1. Let S = X \Y. We call T an R-map if the
following is true:

1. There exists a countable family Z of closed X -intervals with disjoint
interiors (in the topology of X ) such that UzczZ DY and for any
Z € Z the set Z NS consists exactly of the endpoints of Z;

2. For any Z € Z, T|zny admits an extension to a homeomorphism from
Z to some X -interval;

3. There ezists a function g : X — [0,00), with Var g < +00, gls = 0
such that the operator P : L'(m) — L'(m) defined by

Pflz)= > g)fw)

yeT1(z)

preserves m. In other words, m(Pf) = m(f) for each f € L*(m), that
is m is g~ '-conformal;

4. T is expanding: sup g(z) < 1.
zeX

We first remark that if T is an R-map, then any iterate T™ is also an R-map
(see Lemma 2 in [38] and the discussion before for details). Given a weight
function ¢g such that supy g < 1 and Var g < oo, Liverani, Saussol and
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Vaienti have shown in [25] the existence of a conformal measure m which
fulfills the hypotheses, under the additional assumption that 1" is covering:

for any interval I C X, there exists an integer N > 0 such that
inf PNy;(z) > 0.
€Y XI( )

Proposition 3.1. Suppose that X = [0,1], m is Lebesgue measure and T
is a piecewise monotonic transformation on X. If

1. T|znx is C? for each Z € Z,
2. T is uniformly hyperbolic, i.e. for some M > 0, inf |[(T™)!| > 1, the
infimum being taken on the subset of X where (TM)' is defined,
3. T has bounded distortion, which means
"]

sup sup —— < 0o and Z sup
ZeZ Z |T| ZcZ

(9)

|T' >
then T is an R-map with weight function g = 1/|T'| on'Y and g =0 on S.

Proof. 1t is enough to check that the variation of g = 1/|T"| is finite. Since
g is C' on the interior of Z € Z, the variation is estimated by

Var g < Z/Lq |dt+223upg

ZeZ ZeZ
|TII 1
< / dt+2 sup —-—
2 | ettt L
< | "' 123 sup 2 <
< supsup-——— sup —- < oo.
zez z |T'? z |T'|

ZeZ
O

R-maps possess very strong statistical properties, which we collect below

Theorem 3.1 (Rychlik [38]). IfT is an R-map then there exists an invari-
ant measure i which is absolutely continuous with respect to the conformal
measure m with density h = g—fr‘l € BV. The measures m and pu have no
atoms. In addition, there exists a partition (mod m) of X into disjoint
open sets X; j, where i =1,... ,k and j = 1,... ,L; such that each system
(TFi|x, Xijsbx; ;) i mizing and has ezponential decay of correlations for

9,57
bounded variation observable, which means that for some C € (0,00) and

0 € (0,1)

‘/QDOT”Li¢d/«tXi,j - /QOdHXZ,] /Q/]dHXZ,]
for any ¢ € L*(m) and 4 € BV.

< Cllellprmy (19l Bv)0"  (10)

This theorem tells us in particular that X can be partitioned (mod m) into
compact sets X; ; where some iterate of 7" is again an R-map with a mixing
measure equivalent to m)| x;; and which has exponential decay of correlations
for bounded variation observable.



RETURN TIME STATISTICS VIA INDUCING 9

Theorem 3.2. Any R-map T with conformal measure m and invariant
mizing measure K m has exponential return time statistics around balls.

Proof. In the proof we use the estimate given by Lemma 2.4 in [20] to apply
Theorem 2.1 in [20]. We recall the quantities considered there (N is any
integer).

an(U) = pu({z:1w(e) <N},

by(U) & sup {lpr(TNV) — u(V)|: V is measurable},

co(U) = sup luo ({z : 7u(2) > k}) = p({z : 7o(z) > K}

We denote by h the density of the measure y with respect to m. Let U C X

be an interval in X and set 7(U) = inf{ry(z) : z € U}. We now compute

an upper bound for ay and by.

Obviously an(U) = ZT]:]:T(U) pu({z : 7v(z) = n}), and for each n > 7(U)

wolle s mole) =n) <~ [ FroTudy
1 mn
= [ ) o (I — w0+ V)
< Oy~ uO)lpy "+ ).

We used for the last inequality the estimate on decay of correlations (10)
given by Theorem 3.1, with ¢ = Iy/p(U) and v = Iy — p(U). Since
U is an interval we have ||Ty — pu(U)||py < 3, hence the summation on
n=r71(U),...,N gives

3C m(U)
U) < 22070 4 Nu(U). 11
We consider now by (U). The decay of correlations given by (10) yields (with
o= 1Ty and ¢ = Iy /u(U))
9N
bv(U) < sup ClIvpimlTvllpve™ /uU) <3C——.  (12)
VeB(X) w(U)

Lemma 2.4 in [20] together with (11) and (12) yield (with N = %)
m(U)

p(U)
for some constants cq,cs and c3 independent of the interval U.

c(U) <

o 0" + cou(U) + esu(U)| log u(U)|, (13)

Since p has no atoms the countable union W = UJO-‘;OT_jS has zero measure.

Hence for p-a.e. point z € X, the iterates 7%z are well defined and Tz ¢ S.
One easily sees then that 7(U,(z)) — 400 as r — 0 provided z is not
periodic. Consider the set

. . of 7w m(Ur(2))
G ={z€ X\ W : zis not periodic and D(z d:fllmm(7T<—i—oo.
{zex\ b (2) % Ty A < o)



10 H. BRUIN, B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTI

The Lebesgue Density Theorem tells us that D(z) is y-almost everywhere
finite because the density h = g—r’:b > 0, p-a.e. Since pu is aperiodic (it is
ergodic with no atoms), we conclude that u(G) = 1.

Moreover, for all z € G, using (13) we get ¢(Ury(2)) — 0 as r — 0. We
conclude then by Theorem 2.1 in [20] that for y-almost all z € X,

t —t
2 TTZ>7 —e
“UT”(U“ u(Ur<z)>>Ho

uniformly in ¢ € [0, 00). O

4. STATISTIC OF RETURN TIMES FOR NON-HYPERBOLIC INTERVAL MAPS

Here we prove that a large class of interval maps enjoy exponential statistics
for the return time. The strategy is to prove that around almost every point,
an interval can be found whose first return map is an R-map.

4.1. Smooth maps with critical points. Let T : [0,1] — [0,1] be a C?
interval map. Denote the critical set by Crit = {z € [0,1] : T(z) = 0}.
For this class of systems, the existence of invariant probability measures
and their statistical properties have been frequently studied by means of in-
duced maps (jump transformations rather than first return maps) and tower
constructions. The situation is best understood for unimodal map with ex-
ponential growth of the derivatives along the orbit of the critical value. This
is known as the Collet-Eckmann condition, but a slightly stronger form (in-
volving a slow recurrence condition of the critical point) has been applied
by Benedicks & Carleson [3], in which also the prevalence of such behavior
in the quadratic family is proven.

Every Collet-Eckmann unimodal map has an absolutely continuous invariant
probability measure p, p has exponential decay of correlations (w.r.t. to
some iterate of the map), satisfies the Central Limit Theorem, and the
Perron-Frobenius operator with suitable weights has a spectral gap [47, 21].
An important quantity is the tail behavior of the inducing scheme, i.e. the
asymptotic behavior of m({z; R(z) > n}), where m is the reference measure
(Lebesgue) and R the inducing time (playing the role of the first return
time in our paper). Collet-Eckmann maps have exponential tail behavior:
m({z; R(z) > n}) < Ce " for some o,C > 0. In [7] the tail behavior
of induced maps over multimodal maps with arbitrary growth rates on the
critical orbits is computed. The correlation decays were computed using
Young’s framework [48].

The multiple return time statistic for Collet-Eckmann maps has been studied
(in the Benedicks-Carleson setting) by Boubakri [4]; he finds that they have
a Poissonian distribution, and proves additional fluctuation results. A more
general approach is taken by Collet [12], but also his result relies essentially
on exponential tail behavior of the inducing structure.

The below theorem covers certain maps that are not Collet-Eckmann, and
therefore (cf. [32]) have strictly subexponential decay of correlations. One



RETURN TIME STATISTICS VIA INDUCING 11

should think of (unimodal) maps with a so-called persistently recurrent crit-
ical point, the Fibonacci map being the best known example, see [28]. Such
maps frequently admit absolutely continuous invariant probabilities [28, 5],
but are never Collet-Eckmann, see [6, Theorem 2]. In this sense, Theo-
rem 4.1 complements Boubakri’s and Collet’s results. The main importance
of the theorem is that it shows that, as long as the measure is mixing, ex-
ponential, and in fact, any rate of mixing is not needed to have exponential
return time statistics.

We will assume that the orbit of the critical set is nowhere dense. This
enables us to use a first return map as induced transformation. The only
information on the tail behavior we need is that ), m({z;7(z) = n}) <
oo. This is equivalent to the existence of an invariant probability measure
u < m. Furthermore, we state the result for multimodal maps and for
|T’|*-conformal measures m.

Theorem 4.1. Let T : [0,1] — [0, 1] be as above. Assume that

1. there exists a non-atomic |T'|'-conformal probability measure my for
some t >0,
2. T preserves an ergodic probability measure p <K my, and

3. my(orb(Crit)) = 0.

Then (supp(u), T, 1) has exponential return time statistics.

Remark: A special case is t = 1, i.e. m = my is Lebesgue measure. A
point ¢ € Crit is called non-flat if there exists an £, 1 < £ < o0, such
that |f(z) — f(c)| = O(|z — c[%). If each critical point is non-flat, then the

condition m(orb(Crit)) = 0 follows from

nowhere dense  if #Crit =1,

orb(Crit) is { a minimal set if 2 < #Crit < 0.

This was shown by Martens [29] (see also [30, Theorem V.1.3’]) if #Crit =1
and by Vargas [45] if 2 < #Crit < oo.

The case t < 1 comes into view when 7' has a periodic attractor and the
measure m; is supported on a repelling Cantor set.

Proof. Let X = supp(u) \ orb(Crit). Obviously u(X) = 1. Let = be any
recurrent point in X; by the Poincaré Recurrence Theorem, this concerns
p-ae. r € X.

Let Y be the component of [0, 1]\ orb(Crit) containing = and n be any integer
such that T"(z) € Y. As orb(Crit) N'Y = 0, there exists a neighborhood U
of z such that 7™ maps U monotonically onto Y. Let T be the first return
map to U. By taking n sufficiently large, we can ensure that U is compactly
contained in Y and that 7%(0U) NU = § for all i > 0.

Let W C U be any maximal interval on which 7|y is monotone. Since
orb(aU) NU = 0, it follows that T : W — U is onto, and therefore contains
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a fixed point, say py. The derivative |7"(pw )| is uniformly bounded away
from 1, see [30, page 268].

Write X = X NU and Z = X NW. Let Z be the partition of X into the
sets Z. We will show that 7' : UzezZ — X is an R- map.

Given intervals I C J, J is said to contain a d-scaled neighborhood of I if both
components of J \ I have length > 4|I|. Let 9 > 0 be the distance between

dY and 8X. For each branch Ty = T*|y (where k < 7(W) is the return
time), there is an interval W’ D W such that 7% maps W' monotonically

onto Y. Tt follows that T* (W’) contains a ‘6U°| -scaled neighborhood of T*(W).

More precisely, if z,y € W, then T*(W') contains a & & Mfoﬂ(y)‘
neighborhood of (T*(x), T*(y)). This allows us to use the Koebe Principle:

-scaled

Proposition 4.1 (Koebe Principle). Let W D W be intervals and assume
that T™ : W' — T(W') is a C? diffeomorphism. If T"(W) contains a 6-
scaled neighborhood of T™(W), then there exists K such that the distortion

I(S
sup
ste(@y)cw T'(t)

| M

~—

< K. (14)

Remark 1: Historically, the Koebe Principle was proven under the assump-
tion that 7" has negative Schwarzian derivative, see [30, Chapter III.6]).
Recent work of Kozlovski [23], extended to the multimodal case by Van
Strien & Vargas [42] shows that the C? assumption suffices. The magnitude
of K = K(§) = Ko(l%ﬁ)?, where K\ depends only on the map.

Remark 2: By taking U small, we can choose K as close to 1 as we want. It
follows that infz¢z infy |T'(:1:)\ > % infzez |T'(pw)| > 1, i.e. T is expand-
ing.

~1_conformal,

ma(X) = /Z 17'(a) 'dms < sup [T () 'mr(2).

Since my is g

By (14),
1 1 7
supg = sup —— < K inf —— < Kt Z).
Z A |T’|t z |Tl‘t mt(X)

This shows that ), sup, g < K{ < oo.

Let I D J be intervals such that T'|I is monotone, and let L and R be the

components of I\ J. If I is sufficiently small, T' expands the cross ratio if
TOTWI S ] JI]
[T(I)IIT(R)] ~ |L] R

(15)

This is a consequence of the Koebe Principle. It follows that |T" |*% is convex
on each branch and therefore %@' \*% = —%T" T |7% is nondecreasing.

. def . .
Hence, each branch domain (aw,bw) = W contains at most one point 7y
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at which 7" changes sign. We get
Varzg < Varyg

~

™w " bw T//
Y T U
aw [T'(s)|'+ rw |T(s)[MY

1 T T'(b
< sup— logA(TW)JFI A(W)
w ‘T'|t T'(aw) T'(Tw)
< 2K3 log Ky supg.
Z
Therefore
Vargg < Z Varzg + 2 Z supg
ZezZ zez *
< Z 2 (Ké log Ko + 1) supg < 2K} (Ké log Ko + 1) < 00.
Z
ZEeZ

Thus 7' is a R-map and it satisfies the assumptions of Proposition 3.1. By
Theorems 3.2 and 2.1, the conclusion follows because the set of X satisfying
the above assumptions have full measure. O

In the proof of this theorem we even get that Z is a Markov partition for
the induced map 7' (in fact, each monotone branch is onto). Note that this
is much better than what is necessary, since R-maps need not to satisfy
this extremely strong topological property. This supports our belief that
this method could be in principle applied to much more general systems,
especially those with singularities.

4.2. Maps with neutral fixed points. Let a € (0,1) and consider the
map T, defined on X = [0,1] by

_f z(1+2%2%) ifze€l0,1/2),
To(z) = { 2z — 1 otherwise.

Let po denote the invariant measure absolutely continuous with respect
to Lebesgue (see e.g. [26] for the existence and properties). The system
(X, Ty, po) has exponential return time statistics around cylinders of some
naturally associated partition [20]; Here we prove that this is also true if the
neighborhoods are balls.

Theorem 4.2. For any « € (0,1) the system ([0,1], Ty, o) has exponential
return time statistic.

Proof. Let Xo & (3,1] and for n > 1

def

X 1 1
X, :{:EEX:T"(:B)>§andfork:O,1,...,n—1, TF(z) < 5}.

Fix n > 0 and let X = X,,. Let 7 : X — X be the first return map to
X. We then define a partition of X by 2 ={Z, :p =1,2,...}, where
Z, = {z € X : 74(z) = p}. One easily check that Z is a partition into
intervals, and each branch of 7' : Z — X is monotone and onto. Let m be
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the normalized Lebesgue measure restricted to X and let g(z) = 1/|1"(z)|
when z € int(Z) for some Z € Z and g(z) = 0 otherwise. In the proof of
Proposition 3.3 in [26] it is proved that for some constant K

T/
sup — (2) <K
z,YyeZ T,(y)

for all Z € Z. A straightforward computation shows that

] y N
log K > |log Ijl(x) > / jj,(t) dt
T'(y) = T'(t)

forall z,y € Z and Z € Z. Since T'is increasing and convex on each Z € Z,
we get

17" (t)]
z |T'(t)]?
Taking into account that TZ = X for any Z € Z, we get

m(Z)
Slépg < KW < Km(Z).

Therefore, since g is C! in the interior of Z and glsz = 0,

Var g < Z/\g'(t)|dt+2ZsupggK(Z—l-logK) < 0.
zez’? zez ?

dt < supglog K.
Z

Finally, it is obvious that supg < 1, hence (X' T, m) is an R-map. By
Theorems 3.2 and 2.1 py-almost all points inside X have exponential return
time statistics, and the conclusion follows since Un>0Xn has full Lebesgue
measure. N ]

5. COMPLEX QUADRATIC MAPS

In this section we apply the main framework to certain polynomials on the
Riemann sphere C. Every rational map T has a |T”|'-conformal measure
my for some ¢t € (0,2], see Sullivan [43]. If T is hyperbolic on the Julia
set J, then we can take t equal to the Hausdorff dimension of J, and m; is
equivalent to t-dimensional Hausdorff measure. In general however, m; can
be supported on a proper subset of J; it can even be atomic. This can be
an issue if e.g. T has neutral periodic points.

For our results we assume that the orbit of the critical point does not densely
fill the Julia set, but we do not require a supremum gap as in e.g. [16].

We start with a complex version of R-map and show (analogous to Theo-
rem 3.2) that under some additional conditions they have exponential return
time statistics.

Definition 5.1 (complex Markov maps). Let T : Y — X be a continuous
map, Y C X open subsets of C, and my(Y) = 1 where my is a probability
measure and 0 <t < 2. Let S =X \Y. We call T a complex Markov map
if the following is true:
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1. There exists a countable family Z of pairwise disjoint open discs such
that UZezz = Y;

2. Forany Z € Z, T : Z — X is a conformal diffeomorphism (with
T(Z) = X ), and with bounded distortion:

TII
sup sup 7] < 00} (16)

zez z |T')?

@

The measure my is |T'|'-conformal;

4. The map T is expanding: in)f/ T (y)] > 1.
ye

5. Let Z, = ZVT1ZV---vT- %D Z s the k-th join of the partition
Z. The domains Z € Zy, are uniformly convex-like, by which we mean

sup sup sup pz(@:y) < oo (17)

k ZeZyatyeZ |T — Y| ’

where pz(z,y) denotes infimum of the lengths of the path in Z con-
necting x and y.

Analogous to Theorem 3.1 one can show that complex Markov maps have
an invariant measure with exponential decay of correlations.

Theorem 5.1. Let T be a complex Markov map as above. There exists an
invariant ergodic probability measure p equivalent to my. Moreover (X, T, )
is mizing with exponential decay of correlations : There exists C > 0 and
p € (0,1) such that for any f Lipschitz and g € Llll

‘/f-goT"du—/fdu/gdu

where || f||Lips = sup | f| + sup,4, %

< Cllfllzipsllgllzy p™ (18)

Proof. First let us make the following remark. As T is expanding, a straight-
forward calculation shows that (16) implies that

T?’l n
K := sup sup sup ()] < 00

neN zez, wez |(T™)' |2

and Y,z supz|(T")'|7" < oo uniformly in n. Let P; be the Perron-
Frobenius operator

) — f)
(P:f)(2) T(Ey)::z T
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Let us write || f||s for the seminorm sup,_,/ % If || fll nips < 00, we

have

IPPAl, < sup — P — B

2,2'€Y |Z -z
If(y) — f)]
{Z (R

IA

sup —— 7
2,2/ €Y |# — %

, 1
2 e e

Here we summed over the pairs y, 4 in the same atom Z,, € Z,, with T"(y) =
zand T"(y') = 2'. AsT : Z — X is onto for every Z € Z, these pairs are
well-defined. The first term in the above expression is bounded by

fly) — 1
wfez | (?@—y'ﬁy)' ey < 1 IslFE Lo sup
Z, VY EIn

Next we use the Mean Value Theorem and (17) to estimate

1 1 = 1 , !
v - T S K~'<|<T")'<w>|t> vyl
Kldly —y| ()" w)

(1) (w) [T (w) >

for some w. The constant K is an upper bound in (17). This gives for the
second term

o
v (T )1

1 1
Zezzpez”; T Wl (Tl

1 1
Wl D o =T o T - e

K[t |(T™)"(w)|
< ||f||00 ;wsélgn Tn)l(,w)‘t ‘(Tn)l(w)|2

<R fllo | PP
Let 6 = sup|T'| ™! € (0,1). Then

fl)

sup sup

15" fls ~
<o 2KK .

Obviously || P} f|leo < ||f||oo||P"I||oo Therefore also

WETbine < g i+ KR 4 1)) e
1P I
By construction ||P]'f|lo = ) ,czsupy YT ) 7 < 00 uniformly in n. This

allows us to use the Tulcea-Ionescu & Marinescu theorem, which shows that
P, is a quasicompact operator. Since each branch is onto, 1 is a simple
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eigenvalue with Lipschitz eigenvector h > 0, and is the unique eigenvalue on
the unit circle. Consequently, for any Lipschitz function f we have

|PP(FR) — /fdMHLips < CollFhllLips™

for some Cy > 0 and p € (0,1). It follows that the correlations between
Lipschitz functions f and LL functions decays exponentially fast: if g € L}L
we find

‘/f-goT"du—/fdu/gdu‘ = ‘/(Pt"(fh) —h/fdu) - gdmy

\PR(FR) — B /fdulloo / lgldm;

Cllfllzipsllgllzy 0™,

for C = Col[l|pips11/Allc. H
b

IN

VAN

Theorem 5.2. Any complex Markov map T as defined above with |T"
conformal measure my for some t > 1 admits an invariant mizing measure
u equivalent to my with exponential return time statistics around balls.

The proof of Theorem 5.2 is similar to that of Theorem 3.2. The additional
difficulty is that the decay of correlation is given for Lipschitz function and
not characteristic function of balls. The usual way to overcome this problem
is to approximate balls by an union of small cylinders. This is the object
of the next lemmas. Note that if we restrict ourselves to cylinder sets, then
the theorem is valid for all ¢ > 0.

As before, let 2, = ZV T 'ZVv ... v T %12 denote the k-dynamical
partition and By, the o-algebra generated by Zj.

Lemma 5.1. Let T be a complex Markov map. There exists some constants
I" and v > 0 such that for any set A € By and Borel set B we have

[(ANT " FB) - p(A)u(B)| < Tu(A)u(B)exp(—yn).  (19)

Proof. We can rewrite (19) as

[ 17 PHOL) - gm0 T = ()

where h = (f—nﬁ‘t is Lipschitz and bounded away from below (see [46]), and

P, is the Perron-Frobenius operator as defined in the previous proof. Recall
def kyr . .
also that K = supycysupzez, supy W < oco. Since TF : A — X is

< Tu(A)u(B) exp(—yn).

one-to-one and onto when A € Zj, the above facts imply that
|h= " PF(h T A)||Lips

sup sup
keN A€z, 1(A)

The lemma follows now from (18) in Theorem 5.1 by taking f = PF(T4)/u(A)

and g = p(A) 1 4. O

Given S C C we denote by Bi(S) the smallest element of the o-algebra By,
containing SN J.
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Lemma 5.2. There exists a > 0 such that for any z €Y, r >0 and k >0
we have

p (B (Ur (2)) N By (Ur (2)°)) < exp(—ak), (20)

where U,(z) denotes the ball of radius r about the point z.

Proof. Let us assume for simplicity that diam(Y) < 1. We denote by int;S
the interior of a subset S C J in the induced topology. Since T' is expanding,
there exists a € (0,1) such that diam(Z) < a* for any Z € Z}, and integer
k. By the Markov property, the bounded distortion and the conformality of
the map T we can find some constant ¢ > 0 such that the following property
holds: For any integer k and cylinder Z € Zj there exists pz € int;Z and
rz > c-diam(Z) such that U,,(pz) Ninty;Z' = @ for any Z # Z' € Z;
different from Z. Given Z # Z' € Z;, we have d(pz,pz/) > max(rz,rz); in
particular, U, , 2(pz) N Uy, j5(pzr) = 0.

Let z € Y, r > 0 and consider the following partition
P={Ze€Z:ZC Bp(Uy(2))}

Let P, = {Z € P:a" < diam(Z) < a™ '}. Any Z € P, is a subset of the

annulus S, (2,7) £ Upgqn(2) \Up—an (2). Thus there exists card(P,) disjoint
balls or radius at least a™/2 inside S,(z,7). Since the area of S,(z,r) is
equal to 47ra™ when a" < r we get

4rra™ 8w T
card(P) < —5—+ = —ra "< —a "
(Pn) < Za?njh 2 =2
Obviously when a™ > r we also have card(P,,) < i—g < i—ga_”

Since the measure m; is |T"|*-conformal and the map itself is conformal and
Markov we have for some constant ¢, m;(Z) < ¢;diam(Z)? for any Z € Zj
for some k. The previous inequalities imply (observe that P, = 0 if n < k

and recall that ¢t > 1)

w( Z)=Zu( U Z)

zZeP n>k Z€Pn

< E max{u(Z) : Z € P,} - card(P,)
n>k 8

< —t tn_ﬂ' -n

< E cla”e"5a
n>k

_ B ek
(a —at)c? '

Taking a € (0, (1 — ¢) log a) sufficiently small gives the result. O

Proof of Theorem 5.2. The proof closely follows the one of Theorem 3.2, we
use the same notation ay and by. Let U = U,(z) and k, N € N to be chosen
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later on. By Lemma 5.1 and Lemma 5.2

N

1
an(U) < —= (Bu(U) NT™"U)
! n:g(U) 'U/(U)
N

<A+T) ) w(BL(U))

n=7(U)

1+T
= T exp(—a) [Nu(U) + exp(—at(U))].

Il

Similarly, we get by Lemmas 5.1 and (twice) Lemma 5.2

by (U) < Tu(By(U)) exp[—y(N — k)] + ﬁuwk(v) N By (7))

< Texpl—(N = B+ = (Texpl-ak —y(V = b)] + exp{-ak]).

for all k < N. Taking k = —2logu(U) and N = 2k gives

by (U) < Tu(U) e + Tu(U) s + p().

For all non periodic points z ¢ Ukgen0Z; we have 7(Ur(2)) — oo, which
implies ¢(U,(z)) — 0 as r — 0. Since this concerns p-almost all points in J,
the theorem is proved. ]

We will apply these results to quadratic maps on C. Induced systems have
been used before for rational maps, notably by Aaronson et al. [1]. They
consider parabolic rational maps (i.e. rational maps whose Julia sets contain
no critical point but rationally indifferent periodic points), and establish the
existence of an invariant measure y < m;, where my is a t-conformal measure

with ¢ = HD(J). Moreover, p is finite if and only if ¢- min,, a(ap();)'l > 2. Here

the minimum is taken over all parabolic points p and a(p) is such that
T9(z) = z 4+ oz — p)®P) 4 ... for the appropriate iterate ¢. It follows that
u is finite only if £ > 1, which is the hypothesis in Theorem 5.2. It is to
be expected therefore that parabolic rational maps with a finite invariant
measure p < m; have exponential return time statistics on balls.

Theorem 5.3. Let T(z) = 22 + ¢ be a quadratic map on C such that T
is not infinitely renormalizable (see discussion below) and its Julia set J
contains no Cremer points. Suppose that also for some t > 1

[t-conformal measure my,

e J supports a non-atomic |T'
e my(orb(Crit)) = 0, and

o T preserves a probability measure u equivalent to my.

Then (supp(p),T, 1) has exponential return time statistics on disks.

The Hausdorff dimension of the Julia set HD(J) > 1 for each parameter ¢
in the Mandelbrot set M (see Zdunik, [51]); the two exceptions ¢ = 2 and
¢ = 0 are easy real one-dimensional cases. So assuming that these parameter
values allow a t-conformal measure with ¢ = HD(J), the condition ¢ > 1 is
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no restriction. By continuity, there are many parameters close to M that
give t > 1 as well.

Note that we allow T' to have parabolic points or Siegel disks. The map T'
is called renormalizable if there exist open disks Wy and W1, 0 € Wy C Wy,
such that 7" : Wy — W is a two-fold covering map for some n > 2 and
T(0) € Wy for all i > 1. If there are infinitely many integers n such
that this is possible, T' is infinitely renormalizable. We assume that T is
not infinitely renormalizable and has no Cremer point to be able to use
Yoccoz’ puzzle construction. In particular the result that for each z € J,
the puzzle pieces P, (z) containing z shrink to z as n — oo is important. For
an exposition of Yoccoz’ puzzles and the proof of these statements we refer
to [31].

Yoccoz’ results have been extended to certain infinitely renormalizable poly-
nomials by Lyubich and Levin & van Strien, [27, 24]. For reasons of sim-
plicity, we have not tried to extend Theorem 5.3 to these cases; we prefer to
work with a single set of initial puzzle pieces Py. Prado [37] has shown that
in all of the above cases, the conformal measure m; is ergodic.

Proof. Let z € supp(u) \ orb(Crit) be arbitrary, and let U D V 5 z be open
disks such that U Norb(Crit) = @ and V is compactly contained in U. Let
logd = mod(U \ V) > 0 be the modulus of U \ V. Assume also that V is
convez-like in the sense that sup,_,cv pv (7, v)/|z —y| < oo, where py is as
in (17).

The strategy is to find a subset X of V such that T"(8X) N X = ¢ for all
n > 0, and then we can invoke Theorem 5.2.

If J is a Cantor set, we can assume that JV is contained in the Fatou set F,
which is the basin of oo in this case. Moreover, there are no neutral or stable
periodic orbits. Thus each point in F, in particular V', converges to oco. It
follows that 7™(9V) intersects V for at most finitely many n > 0. Let X be
the component of V' \ Up>0T™(dV) containing z. Then T™(dX)N X =  for
all n > 0 as required. Since X consists of the intersection and difference of
at most finitely many, convex-like disks, we find sup,, Lyex Px (z,y)/|z—y| <

C(X) < .

Assume now that J is connected and by Yoccoz’ results also locally con-
nected. Let Fj, i > 0, be the periodic components of the Fatou set, with
Fy the basin of oco. Since T is a polynomial (with exceptional point o),
J = 0Fy. There are only finitely many such components, and by Sullivan’s
Theorem (see e.g. [44]), every z' € F is eventually mapped into U;F;. We
construct a special forward invariant subset G of U; F;.

1. Consider the renormalization T™ : Wy — W of the highest possible
period n. (If T is not renormalizable, then we just take T': C — C.)
It is known that W; contains an n-periodic point p with at least two
external rays, say Ao and Afj. The existence of such external rays



RETURN TIME STATISTICS VIA INDUCING 21

(and the arcs A; defined later on) is guaranteed by results initiated by
Douady, see [35] and references therein.) Let Gy = {z € C;|z| > 10}.

2. If F;, © > 1, contains a stable periodic point, let G; be a disk compactly
contained in F; such that TP"(9)(G;) C G; and orb(Crit N F;) C
G;. There is at least one per(F;)-periodic point p; in the boundary of
F;. Let A; be a smooth compact arc connecting p; and G; such that
Tper(F, i)(Ai) C A;UG;. Since p; € 0Fp, there is also an external ray A]
landing at p;.

3. If F; contains a parabolic point p; in its boundary such that each z € F;
converges to p;, let G; C F; be a disk such that T””(Fi)(Gi) C G,
orb(Crit) N F; C G;, and 0G;NOF; = {p;}. Let A, C Fj; be an external
ray landing at p;.

Let

G =|JGiu{p}u AL A).
i>0

Then G is connected, and for some N € N, Ué-vlej G is forward invariant.
We start a Yoccoz puzzle construction by putting, for n > 0,

P, = {components of C\ T "G}

For each n > 1, T maps any element of of P, into an element of P,_;.
Using the arguments in [31], one can show that the diameters of the elements
Y € P; tend to 0 as ¢ — 0o, unless Y eventually intersects a Siegel disk.

We can assume that the point z ¢ U,T~"(G). Moreover, since orb(Crit)
densely fills the boundary of any Siegel disk, and m;(orb(Crit)) = 0, we can
assume that z does not lie on the boundary of a Siegel disk. Find n so large
that the element Y of P, containing z is contained in V. Let X=vnY.
Then T"(0X) N X = () for all n > 0. Note also that 7"(Y) is bounded by
finitely many smooth curves of 9G;, A; and A]. At worst these curves end in
a logarithmic spiral, namely as they approach the hyperbolic periodic points
pi- Therefore also T”(X' ) is convex-like, and obviously simply connected. It
follows that sup, ¢ px(z,y)/|z —y| < C(X) < .

The rest of the argument works for both J locally connected and J a Cantor
set. Let 7': X — X be the first return map to X. Then 7" is defined on a
countable collection Z of disks Z. The modulus mod(U \ X) > logd, and
for each branch 7' = T7 : Z — X there exists a disk Z’ D Z such that 77
maps Z' univalently onto U. It follows from the Koebe i-Theorem (e-g. [8,

Theorem 1.4]) that the distortion of 7’| is uniformly bounded:

More precisely, take z € Z and let [z,y] C Z be a straight arc containing z
such that 7" /T" varies little on A. Then

[ ), [ 2 1)
. T(w)

[T(@)] 2
T ly—z 7 |T(x)]

[T"(z)] ~ |y — =




22 H. BRUIN, B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTI

To estimate this, let B be the maximal round disk centered at = contained
in Z'. Let &y be the radius of B; we have dy|1"(z)| = O(d). Define f(w) =

m;ﬁ‘%—w. Then f is a univalent map on the unit disk with f/(0) = 1.

By Theorem 1.6. of [8], we obtain

Ty 1 17(!
F@E @ 70

log(1 + |y5_$|) _ 310g(1 — =21,
0

y(;(,$|)‘
0

7" ()| do
5y — |
do|T" ()|
provided y is close to . Therefore Ng;gfl < 60|%?($)|, proving that
T”
sup sup 12| (22)

zez 7z |T')?
The distortion bound K (§) applies by the same argument also to iterates

T of the induced map. Therefore each domain Z € Z,, is not much less
convex than X:

sup sup sup M <C
k ZeZyatyez [T — Y|

for some C = C(6,X) < oo.

We can also assume that V and hence X is so small that inf,z [T"(z)| > 1.
Thus 7T is hyperbolic. Recall that m; is the |T'|'-conformal measure of 7.

As T is a first return map, it is straightforward to show that 7h; = mr’&)
t

is a |T"[*-conformal map for 7. In fact, ri; can also be constructed using

Sullivan’s techniques [43]. Now we can invoke Theorem 5.2 with the invariant

measure [i = —L—/. U

n(X)
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