ASYMPTOTIC ARC-COMPONENTS OF UNIMODAL
INVERSE LIMIT SPACES

H. BRUIN

ABSTRACT. We consider the inverse limit space (I, f) of a unimodal
bonding map f as fixed bonding map. If f has a periodic turning point,
then (I, f) has a finite non-empty set of asymptotic arc-components.
We show how asymptotic arc-components can be determined from the
kneading sequence of f. This gives an alternative to the substitution
tiling space approach taken by Barge & Diamond [4].

1. INTRODUCTION

Inverse limit spaces of endomorphisms appear as the global attractors of
many dynamical systems [22]. For instance, the relevant example for this
paper is the global attractor of Hénon maps, cf. [6]. We will study inverse
limit spaces for which a unimodal map of the interval is the (fixed) bonding
map. Since two conjugate maps gives rise to homeomorphic inverse limit
spaces, it suffices to consider quadratic maps f(z) = 1 — az? with a € [0, 2].
Then f has a unique critical point ¢ = 0 and maps the interval I := [1—a, 1]
onto itself. Write X := (I, f) for the inverse limit space with f as single
bonding map. For values of a below the Feigenbaum parameter (a < apeig =
1.40115...), the structure of the inverse limit space X is relatively simple,
see [7]. For a > apeig, the known results are largely restricted to parameters
for which the critical orbit is finite. In this case, X consists of uncountably
many arc-components which (assuming f is non-renormalizable) lie dense
in X. If ¢ is periodic of period N, then X contains N endpoints, cf. [8], and
the arc-component of these endpoints are continuous images of the half-
line [0,00). All other arc-components are continuous images of R. If ¢ is
strictly preperiodic, no endpoints exists [9]; instead there are turnlink points
at which X is not homogeneous, [11]. Each point that is neither endpoint
nor turnlink point has a neighborhood homeomorphic to the product of a
Cantor set and an interval.

There are still more inhomogeneities. In [1], Barge & Diamond point out
the existence of asymptotic arc-components. Two arc-components C' and

2000 Mathematics Subject Classification. Primary: 37B45 - Secondary: 37C70,37E05,
54H20.
Key words and phrases. inverse limit space, unimodal maps, Hénon attractor.
1



2 H. BRUIN

C are asymptotic if there exists parametrizations ¢, : R — C,C’ such
that lim; o d(p(t), p(t)) = 0. Here d is a metric on X compatible with
the topology. In this paper we use symbolic dynamics to describe the as-
ymptotic arc-components. Depending on the kneading sequence, we can
algorithmically determine the pattern of asymptotic arc-components. They
appear in k-fans (i.e., k arc-components which are all asymptotic in one
direction), or k-cycles (i.e., k arc-components each of which is asymptotic
in either direction to a neighboring arc-component), or more complicated
combinations of these two, see Figure 1.

— PAN

5-fan 3-cycle two linked 2-fans

FIGURE 1. Some patterns of asymptotic arc-components.
Note that the arc-components accumulate on themselves,
which, for simplicity, is not shown in the picture,

The induced homeomorphism permutes the asymptotic arc-components and
from the structure of this permutation, the pattern of the asymptotic arc-
components can be further analyzed. The pattern gives some visualization of
why inverse limit spaces of non-conjugate “periodic” unimodal maps are non-
homeomorphic, contributing to the partial results on the classification in [4,
12, 20, 16]. For example, it seems that for any given period N > 6, the four
N-periodic kneading sequences appearing last in the parity-lexicographical
order, all lead to non-homeomorphic inverse limit spaces, cf. [20, Theorem
5.1]. However, our results provide no complete classification, and hence
cannot replace the claim of [17, 19] that all “periodic” inverse limit spaces
are non-homeomorphic.

The paper is organized as follows. The next section gives preliminaries on
inverse limit spaces of unimodal maps and how to track their arc-components
using kneading theory. In Section 3, we determine when two arc-components
are asymptotic. Section 4 presents the results for the unimodal maps with
periodic critical point up to period 8, and gives the theorems that led to
this classification. The proofs are given in the final section.

Acknowledgements: I would like to thank Beverly Diamond and Sonja
Stimac for pointing out errors in earlier versions. Also the comments and
careful reading of the referee are gratefully acknowledged.



ASYMPTOTIC ARC-COMPONENTS OF UNIMODAL INVERSE LIMIT SPACES 3

2. PRELIMINARIES

Let f(z) = 1 — az? be a quadratic map on the interval I := [1 — a,1]. The
critical point is ¢ = 0, and we write ¢; = f%(c) for the i-th image of c.
Therefore the interval [1 — a, 0] = [c2, ¢1] is the core of the map; throughout
this paper, we will always restrict unimodal maps to their cores. The inverse
limit space is

X:=U,f)={(..x_3,2_9,2_1);2; = f(x;—1) € I for all i < 0}.

Endow X with product topology and metric d(z,y) = >, 2|z — 4.
Let m;(z) = x; be the projection on the i-th coordinate for ¢ < 0 and
m(x) = f(x_1) for the projection on the 0-th coordinate. The induced
homeomorphism is

~

f(( < L3, T2, x*l)) = ( - X-3,-2,T—1, f($71))7
with the right-shift as inverse f -1

We use the standard symbolic dynamics known as kneading theory for f.
Given z € I, the itinerary of x is the sequence e(x) = epejes . .., with

1 if fi(z) > ¢
e; =< * if fi(z) =¢;
0 if fi(z) <ec.

The itinerary of the critical value ¢; is called the kneading sequence and will
be denoted as v = vi1ov3... Let ¥(e; ... e,) denote the number of ones in
€1...e,. We use the shorthand ¥d(n) = d(v1...v,). If ¢ is periodic, say of
period N, then let by convention

(1) vy € {0,1} be such that J(N) is even.

We need the parity-lexicographical ordering =<: if e = ejeqe3... and € =
€1€9€3 ... are finite or infinite words of the symbols 0,x,1 and their first
difference is at entry k, then

- e < € and J(ej...ep_1) is even, or
e < eif - .
e > € and J(ey ...ep_1) is odd,

where 0 < x < 1. Assuming that e; = % implies that e;;1€j42--- =v11v9.. .,
this is a total ordering on the set of 0 x 1-words. A kneading sequence
v € {0,1}N with 11 = 1 is called admissible if there exists a unimodal map
with v as kneading sequence. Admissible sequences can be characterized by
the fact that they are shift-maximal with respect to the left-shift ¢ and the
parity-lexicographical ordering:

ov <c"v <v forall n > 0.

Equivalent admissibility conditions for kneading sequences are given in Sec-
tion 5. Given a kneading sequence v, we say that a Ox1-word A is admissible
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(cf. [13, Chapter 1.18)]), if
ov =< Bv < v for all subwords B of A.

Note that a finite subword B corresponds to an interval in I whose itinerary
starts with B. We extend the symbolic dynamics to the inverse limit space,

by giving x € X the backward itinerary e(x) = ...e_se_se_1, where
1 ifx; >c
e, =% * ifx;,=c¢
0 ifz;<ec

Lemma 1. (¢f. [13, Chapter 1.18]) The sequence e is the backward itinerary
of some point x € X if and only if

(1) Zf e_L =%, then € _kt1..--€6-1=V1...Vgp_1;
(2) ov < Bv <X v for all subwords B of ...e_se_se_1.

Lemma 2. Let f have a periodic critical point. Let p,p € X have backward
itineraries e, €. Then p and p belong to the same arc-component if and only
if e and € have the same tail, i.e. e_; = é_; for all i sufficiently large.

Proof. This is contained [9]. In fact, assuming that f is long-branched (or
equivalently, its kneading map if bounded, see Lemma 4 is sufficient for this
result. In general, the “if” direction is true: if backward itineraries e and é
agree from entry — N onwards, then the arc-component can be parametrized
by the —N-th coordinate. The “only if” direction fails, however. There can
be arcs whose endpoint(s) have backward itineraries with different tails than
the backward itineraries of the rest of the arc, cf. the endpoint characteri-
zations in [11]. O

To describe the folding pattern of an arc-component, we define

Tr(e) =sup{n > Lie_(_1)---e_1 =v1--vp1, ¥(n—1)is even}
and

Tr(e) =sup{n > Lie_(,_1y--re_1 =v1- - Vp1, Y(n— 1) is odd}.

It was shown in [11] (cf. [9]), that the set of points x € X with given
sequence e as itinerary is an arc A which projects to

(2) 7(A) = [¢r, (e)s Cra(e))-

(Here we assume that 77, and 7r both are finite; for examples otherwise,
see [11].) Moreover, if A and A are two such adjacent arcs in the same
arc-component of X, then for the corresponding backward itineraries e and
€, e; = €;, except for a single i < 0 which is either i = 77(e) = 71(€) or
i = Tr(e) = Tr(€). This gives an algorithm to compute the folding pattern
of an arc-component.
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111111 [es, e S
1110111 [eg, ]

... 1101011 [es, 1] [

1111011 [es, 1]

1110101 [eg, c1]

1111101 [eo, 4 )
1111010 [e, c1]

1111110 [es, 1] [ J

FIGURE 2. Embedding in the plane of the arc-component
through the fixed point p for ¥ = 101. The horizontal lines
denote adjacent arcs A with constant backward itinerary.
To the left, at the same horizontal line, these backward
itineraries are given, and the projection 7(A) according to
equation (2).

Define {ay fnez) (0}, @n = an(e) € Z as follows.
aq(e) = tr(e) and a_1(e) = 71(e).
The coordinate g remains undefined. Next define Re by

(Re)i = { ! if§ # 7(c), L. i # ane)

1—e¢; ifi=rg(e), ie. i =ai(e).
Similarly, R~!e is defined as
(Rle)-:{ei if i # 711.(e), i.e. i # a_1(e),

1—e¢ 1fz—TL(e) ie. i=a_i(e).

We continue to define az(e) = 71(Re), asz(e) = Tr(R2e), etc., and for neg-
ative subscripts a_s(e) = Tr(R7'e), a_3(e) = TL(R 2¢), etc.! In other
words, the numbers a1, s, . .. record at which entries the backward itineraries

change as we follow the arc-component through z to the right, while a_1,a_o, ...

record changes as we follow the arc-component through = to the left. Fig-
ure 2 gives a suggestive embedding into the plane of the arc-component
through the fixed point p (with backward itinerary ...111) of the induced
homeomorphism for v = 101.

INote that (R™)nez fails the usual group property of dynamical systems, since
R"™(e) # R™(R™(e)) if m is odd, see (3).
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If p # p € X lie on the same arc-component C' (and hence their backward
itineraries e and € have the same tail), then we say that p<p if p is reached
from p by following C' to the right. This means that

m(p) < 7(p) if e = ¢,
¢ = RFe for some k >0 ife#é.

By abuse of notation, we say that e < é in this case. Note that < is not a
transitive order relation: Since e and Re meet at their ‘right’ endpoints (and
hence both e < Re and Re <e are true), what is to the right of Re turns out
to be to the left of e. We use this repeatedly in the following form:

(3) Re< R™e implies e 4 R™e and hence m < 0.
Define the last discrepancy of e and é as

d=d(e, &) =sup{ie_; #é_;}.
Obviously, d < oo if e and é have different tails.

Lemma 3. Let e,é be two backward itineraries with the same tail. Then

e<é if and only if Ef:_ll e_; 1s even.

Proof. Assume that p,p € X have backward itineraries ¢ and €. Without
loss of generality, 7;(p), m;(p) # ¢ for all i. Let B be the arc connecting p
and p. It is easy to see that m;: B — [ is a homeomorphism, and that the
critical point lies between p_5 =7_5(p) and p_5 = 7_5(p).

Assume p_5 < ¢ < p_gz. Take ¢ in the interior of B such that ¢ and p have
the same itinerary. Then 7(p) < 7(g) if and only if f¢ preserves orientation
on (p_g,q_z) if and only if Z?;ll e_; is even. In this case we have indeed
p>p.

The other case p_3 < ¢ < p_g is treated in the same way. O
Corollary 1. Suppose two backward itineraries e and R"e coincide on the

rightmost k entries: e_j...e_1 = (R"e)_p...(R"e)_1. Then there exists
m < n such that a,(e) > k.

3. ASYMPTOTIC ARC-COMPONENTS

Definition 1. Two arc-components C' and C of X are asymptotic if there
exists parametrizations ¢, of C,C such that lim;_,~ d(¢(t), §(t)) = 0.

Given two itineraries e and €, let
dy =d(e,€) := min{n;e_, # é_,}

be the first discrepancy. Similarly, d,, = d(R"(e), R"(€)).
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Proposition 1. Let C and C be two arc-components, containing points with
backward itineraries e and €. Then C' and C' are asymptotic if and only if
the following holds:

(1) There exists k,k € Z such that d,,(R*(e), R];(é)) — 00 as n — 00.
(2) Let o and & be the folding patterns of R*(e) and R¥(€) respectively.
Then |cq,, — ca, | — 0 as n — oo.

Proof. We carry out the proof for the case that ¢ is periodic of period V.
This means that Condition (2) is equivalent to ¢,, = ca, for all n sufficiently
large.

Let ¢ = ${|c; — ¢;[;0 < i < j < N}. If C and C are indeed asymptotic,
then they have parametrizations ¢ and ¢ such that d(¢(t), p(t)) — 0 as
t — oo. Take tg so large that d(p(t), o(t)) < 4|mop(t) —mop(t)| < € for all
t > to. Then the right folding patterns of ¢(tg) and @(ty) must be the same
modulo N. For any backward itinerary e one can find k € Z such that the
backward itinerary of o(tg) coincides with R¥(e). The analogous statement
holds for é. Condition (2) follow immediately. Suppose by contradiction

that dn(Rk(e),R%(é)) = K < oo infinitely often. For each such n, the

middle points on the arcs corresponding to R¥*"(e) and Rif*”(é) are some
definite distance away. This contradicts that d(¢(t), §(t)) — 0.

Conversely, if the folding patterns of R*(e) and R¥(€) are the same modulo
N, then there are parametrizations ¢ of C' and @ of C such that (0) has
backward itinerary e, ¢(0) has backward itinerary €, and mo ¢(t) = mo p(t)
for all t > 0. Condition (1) implies that also d(p(t),¢(t)) — 0.

The proof for when c is not periodic is similar. O

Example 1. Let v = 101. The arc-component C through the fized point
D off is shown Figure 2, whereas Figure 3 shows its folding pattern; more
precisely, points x with backward itinerary e = ...11111101 and T with
backward itinerary € = ...11111010 are compared. (If w(x) < ¢, then we
could even take T = f(a:), which lies in the same arc-component because
f(C) = C.) The table shows that the two components of C'\ {p} are asymp-
totic to each other. For this reason, we want to call the arc-component C
self-asymptotic. (This is stronger than C and C being asymptotic. In the
sense of Definition 1, every arc-component is trivially asyptotic to itself.)
To prove that C is self-asymptotic, observe that 9(cy,) — ¥(ay,) is always a
multiple of 3 and d,,(e, &) — oo. Note that R%e = ell and R%¢ = €11 (and
R’ = ellll, R% = €1111, and also Re = €1, Ré = el and R%e = é111,
RS¢ = el11). This similarity is used to prove the above statements, see Case
I in Section 5.

Corollary 2. If f has a strictly preperiodic critical point, then X has no
asymptotic pair of arc-components.
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n o a, Y ap) R le Ay Y an) R l¢

1 4 2 ...11111101 1 0 ... 11111010
2 2 1 ...11110101 ) 3 ...11111011
3 1 0 ...11110111 1 0 ...11101011
4 6 3 ...11110110 3 1 ... 11101010
5 1 0 ...11010110 1 0 ...11101110
6 2 1 ...11010111 2 1 ...11101111
7T 4 2 ...11010101 7 4 ...11101101
8 2 1 ..11011101 2 1 ..10101101
9 1 0 1 0

..11011111 ..10101111

FiGure 3. Folding pattern of the asymptotic arc-
components for v = 101. Note that 3 divides «, — &, for
all n > 0.

Proof. Let f have period N and preperiod M. Suppose that C' # C are
asymptotic. Choose corresponding itineraries e and é such that for the
folding patterns |c,, — ca,] — 0 as n — oo. Hence for some ng > 0,
N divides a,, — &, for all n > ng. At the same time, the discrepancies
d,, — oo. Fix some ny > ng such that d,, > N + M. Let ny > n; be the
smallest integer such that a,, = d,,, < &n,. (The case &y, = d,,, < an, can
be treated by the same argument.) Note that such ny must exists, because
otherwise the discrepancy d,,, is never resolved, contradicting that d,, — oo.

Now we have @, —a,, = iN for somei > 1. Let n = R™(e) and 1) = R"2(€).
Then
n_an2 e "7_1 — ﬁ_an2 e ﬁ—l =Vvy--- Z/O(n2—1'

On the other hand,
Ny = =1 = V1 Vau,—1 = V1. . ViNV1 " Vag,—1-

This contradicts that v is preperiodic. O

A similar proof shows that X has no asymptotic arc-components when f
has a non-recurrent critical point.

4. PERIODIC KNEADING SEQUENCES

Let from now on ¢ be periodic with period N. Recall that by convention we
write v = 77 ... vy, where vy € {0, 1} is such that ¥(IV) is even. In Figure 4,
we list the admissible periodic kneading sequences up to period 8, the tails
of their asymptotic arc-components and the pattern these arc-components
make. The kneading sequences for a < ape;y are left out, because their
inverse limit spaces possess no asymptotic arc-components, see [7].



ASYMPTOTIC ARC-COMPONENTS OF UNIMODAL INVERSE LIMIT SPACES 9

v type periodic tail(s) &k Case
1 101 1-cycle 1 2 1
2 1001 3-fan 101 3 1
3 10001 4-fan 1001 4 T
4 10010 3-cycle 101 3 II
5 10111 three 2-fans 101110 3 III
6 100001 5-fan 10001 5 1
7 100010 4-cycle 1001 4 II
8 100111 four 2-fans 10010011 4 II1
9 101110  two linked 3-fans® 10, 1 4 ILIV
10 1000001  6-fan 100001 6 I
11 1000010  5-cycle 10001 5 II
12 1000111  five 2-fans 1000100011 5 III
13 1000100  four 2-fans (li.p.) 10, 1001 4 11
14 1001101 four 2-fans 10011010 4 JIIT
15 1001110 five 2-fans 10010, 10111 5 II
16 1001011 five 2-fans 1001011011 5 III
17 1011010  5-cycle 10111 5 II
18 1011111 five 2-fans 1011111110 5 III
19 10000001 7-fan 1000001 7 I
20 10000010 6-cycle 100001 6 II
21 10000111 six 2-fans 100001110000 6 III
22 10000100 five 2-fans 10001, 10010 5 II
23 10001101 five 2-fans 1000110100 5 III
24 10001110 six 2-fans 100010, 100111 6 II
25 10001011 six 2-fans 100010110011 6 III
26 10011010 six 2-fans (l.i.p.) 101, 100111 6 II
27 10011111 six 2-fans 100111110110 6 III
28 10011100 five 2-fans 10010, 10111 5 II
29 10010101 five 2-fans 1001010111 5 III
30 10010110 six 2-fans (l.i.p.) 100, 101110 6 II
31 10110111 three 3-cycles 101101110 3 111
32 10111110 two linked 4-fans 101110, 1 5 II,IV

FIGURE 4. Periodic kneading sequences and corresponding
asymptotic arc-components. (l.i.p. = linked in pairs.)

Suspensions of substitution shifts (also called substitution tilings spaces)
have frequently been studied in the 20th century, see e.g. monographs of
Hedlund & Gottschalk [14], and Queffelec [18]. It is in this context that as-
ymptotic arc-components (their existence and finiteness) were noticed first,

2The strands of each fan that is not asymptotic to the other fan belong to one arc-
component, and hence are self-asymptotic.



10 H. BRUIN

cf. [18, Theorem V.21]. Since such spaces appear as orientable 2-to-1 cover-
ings of unimodal inverse limit spaces, one can conclude that the collection
A of asymptotic arc-components is non-empty and finite. In [5, Proposition
4], it is shown (after subtracting the N arc-components with endpoints),
that the cardinality #A4 < 2(N —2). As f permutes the asymptotic arc-
components, they can be viewed as the unstable manifolds of periodic points
of f , and their backward itineraries have periodic tails. The maximal (in
parity-lexicographical order) shifts of these tails are shown in the fourth
column. Let us write s ~ t if the tails s and ¢ are tails of asymptotic arc-
components. If only one tail ¢ is given, it means that ¢t ~ ¢t for some n > 1:
the tail is asymptotic to a shift of itself. For instance, in line 2, all three
shifts of t = 101 are simultaneously asymptotic, see Case I of Theorem 1.
This leads to a 3-fan of asymptotic arc-components (cf. Figure 1).

In line 4, the shift of the same tail t+ = 101 are only pairwise asymptotic:
t ~ ot, ot ~ o?t and ot ~ t. The resulting arrangement of asymptotic
arc-components is called a 3-cycle, see Figure 1).

In line 12, the tail ¢ = 1000100011 is asymptotic to its fifth shift: ¢ ~ ¢,
and similarly ot ~ 0%, 0%t ~ ¢7t, 03t ~ o8t and o*t ~ 69t. Hence we see
five 2-fans, and f permutes all of the 10 strands in one cycle. In line 15, we
see two tails ¢ = 10010 and s = 10111. Here t ~ s, ot ~ os, etc., so again
we see five 2-fans, but this time f permutes them in two separate cycles.
We do not know if all homeomorphisms of X into itself are homotopic to
iterates of f , but if this is true, it would follow that the inverse limit spaces of
line 12 and line 15 are non-homeomorphic®. In any case, a homeomorphism
between these spaces cannot commute with the induced homeomorphisms.

In line 13, we find two different tails ¢ = 10 and s = 1001. Since t ~ s,
ot ~ os and also t = 0t ~ o2s, ot = 03t ~ o>s, we find that the four
resulting 2-fans must actually be linked in pairs. The pattern consists of
two copies of a linked pair, see Figure 1).

In line 31, we have ¢t = 101101110 which is asymptotic to o3t. Moreover,
it turns out that o2 ~ ¢% and 65t ~ t. The same happens for ot ~ ot,
ot ~ o"t, 0't ~ ot and o?t ~ o°t, 0%t ~ o8, 0Bt ~ o*t. This gives three
copies of 3-cycles.

The following theorem predicts the asymptotic arc-components and their
tails. We write p: N — N|

p(n) = min{k > n; vy # vk_n}.

and we use the notation o’ :== 1 —a for a € {0,1}.

3Swanson & Volkmer [20] showed that these inverse limit spaces are indeed non-
homeomorphic, but for a different reason.
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Theorem 1. Given a periodic kneading sequence v =1y ... UxN which is not
of *-product structure (i.e., f is not renormalizable, see below),

e Case I: v = 10¥—21. Then

e = 10N-3110V-21
¢ = 10N-3110M210" for 1=1,...,N -2

are asymptotic to the right.

Assume that k < N is such that p(k) > N.
e Case II: 9(k) is odd. Then

{

are asymptotic to the right (if admissible).

= Vl...UpV1...UN

™ ®

/ / /
Vi . VN _ g UN—k+1---VEV1 ... VN_pUN—k+1---Vy

e Case III: ¥(k) is even and N = ak +r for 0 <r < N. Then

/
{6 = Vpg1...VV1...UN
= / /
€ = UVpyl... kal - UNVUN—k+4+1---Vn

are asymptotic to the right (if admissible).

The resulting basic pattern of asymptotic arc-components is a k — 1-fan in
Case I, k 2-fans in Cases II and III, provided a = 1. However, if the backward
itineraries e and € have some additional symmetry, a more complicated
pattern may arise.

Theorem 1 does not predict, for Cases II and III, whether the backward
itineraries e and € are admissible. Corollary 3 shows that in each case,
only one value of k is possible. For most lines in Figure 4, the choice k =
min{i < N;p(i) > N} works, and other choices of k give non-admissible
backward itineraries. An exception is line 17. Here k = 5 is taken, whereas
the minimal value k = 3 leads to a non-admissible backward itinerary.

Cases I-III are mutually exclusive, see Proposition 2 in Section 5. Note
that, if an N-periodic kneading sequence v satisfies Case I, then it also
satisfies Case II, which leads to one more asymptotic arc-component with
tail ...0000. However, this tail is only admissible if we enlarge the interval I
on which f is defined to [g, 1], where ¢ = 3-(—1—+/4a + 1) is the orientation
preserving fixed point of f. The arc-component with tail ... 000 is the arc-
component of (...,q,q,q), which coils into (I, f) in such a way that it is
asymptotic to the N — 1-fan.

A unimodal map is renormalizable if there exists a closed neighborhood
J > c and an integer m > 1 such that J, f(J),... f™1(J) have pairwise
disjoint interiors, while f"(J) C J. Let u = Ty .- iy, be the itinerary of
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f(J), where u,, € {0,1}, using the same convention as (1). Also let /i be
the kneading sequence of f™|J. The kneading sequence of v can be written
as *-product v = u * fi, defined as

Wi mod m  if @ mod m # 0,
Vi =X fm if i mod m =0, and ¥(pq ... m—1) is even,
/

T if i mod m =0, and ¥(p1 ... fm—1) is odd.
The following theorem takes care of these renormalizable examples.

Theorem 2. Let v be a periodic kneading sequence.

e Case IV: v = p* i has *-product structure, where p has period
m. Then X has m subcontinua, each of them homeomorphic to the
inverse limit space of the unimodal map with kneading sequence [i,
having corresponding asymptotic arc-components.

Proof. This is standard. Since f is renormalizable, the set
{z;2_jmsj € f2(J) foralli >1and j =0,1,...,m — 1}

forms a subcontinuum H homeomorphic to (J, f™|J). The subcontinua
H,f (H),... fmfl(H ) are pairwise disjoint, and connected to each other by
additional arc-components, see [2]. Each H has the same asymptotic arc-
components as (J, f™|J). O

As an example, in line 32 from Figure 4, v = 11 « 1001. The corresponding
inverse limit space has two copies of the inverse limit space of line 2 as sub-
continua, and hence two 3-fans. In addition, there is the arc-component with
tail ...1111, which turns out to entwine in the these subcontinua asymp-
totically to the two 3-fans, rendering them two linked 4-fans. The same
mechanism in line 9 gives two linked 3-fans where the non-linking strands
of each 3-fan are in fact asymptotic to themselves.

We think that Theorems 1 and 2 give the complete picture of asymptotic
arc-components. They lead to at most 2(N — 2) asymptotic arc-components
(obtained in Cases II and III, when k¥ = N — 2 and no additional symme-
tries in the asymptotic backward itineraries are present), which confirms the
bound from [5].

Conjecture 1. Given a periodic kneading sequence, let A be the collection
of asymptotic arc-components of the corresponding inverse limit space. If
C,C € A, then C is asymptotic to, or coincides with, f"C for somen € Z.

5. PROOFS

In this section we give the proof of Theorem 1. Case I expresses the scheme
of the proof in its simplest form. For the other cases, several more technical
arguments are necessary to verify the basic steps. This involves a discussion
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of admissible words for a given kneading sequence, and of the structure of
cutting and co-cutting times.

Proof. Case I: We have

e = 10N¥-3110M-21,
¢ = 10N-3110V—210',

so aj(e) = N +1 and ag(é) = 1. Consequently,

Re = 10VN-3110V—210V21,
Rée = 10N-3110N—21011,

and d(Re, Ré) = 1 +1. Let n > 2 be minimal such that R"e ends with 10",
We claim that

am(e),am(é) <1+1for m < n.

Indeed, if oy, (e) > 1 + 1 for the first time, then o, = N + 1 and R™e =
...10¥ 721 ends in the same way as Re. By Corollary 1 this cannot happen.
If, on the other hand, v, (€) > I+1, then o, () = N41+1 and R™é = 1071,
But then also R™e = ...10'"! and ay,(e) = [ 4+ 1. This proves the claim,
and we find a,(e) =1+ 1 and a,,(é) = N + [ + 1. Therefore

Re = 10N-3110V 2110V 172101 = e0NTIT21100 1,
RrHe = 10N-3110M7210M 2110 = eoN 21100t

which are left-shifted copies of the original backward itineraries. Since e
and R"t!e differ by an even number of entries, n + 1 is even. Therefore, we
can repeat the argument and find that d,, (e, €) — oo while ay,(€) — a,(€) is
always a multiple of N. This proves Case I. (]

Define the cutting times (Si)r>0 and co-cutting times (1});>0 of a kneading
sequence v as:

So=1, Sk =p(Sk-1)
and
To =min{i > L;v; =1}, T; = p(T1-1).
We list some facts of (co-)cutting times and admissibility from [10, 15, 21].

Lemma 4. The following statements are equivalent:

A kneading sequence v is admissible.

ov Xo"v v for alln > 0.

p(n) —n is a cutting time for each n > 1.

p(n) —n is a cutting time for each cutting or co-cutting time n, and
(Sk)k>0 and (1})i>0 are disjoint sequences.
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® Sk — Sk—1 = Sqk) for some Q : N — NU {0} (this map Q is called
the kneading map of v) and

(4) {Q(k +5)}j>1 Ziew Q(Q*(K) + j}j>1
for all k (>e is lexicographical order).

The (co-)cutting times serve as natural dividers of the kneading sequence,
and they determine which subwords of v are admissible. We list some of
these properties more precisely, writing S(n) = min{Sy; Sy, > n} and T'(n) =
min{7};T; > n}.

Lemma 5. a: ¥(Sk) is odd for all k and 9(T}) is even for all l.
b: If p(n) > S(n), then 9 (vpyi1 - - Vg(ny) 18 odd. If p(n) > T(n), then
V(Vnt1 - Vi) is odd.
c: The word vy ...vn_1v,, is admissible if and only if n is a cutting
time.
d: If v is N-periodic (with convention (1)), then N is a co-cutting time
and no cutting time is a multiple of N.

Proof. a: This follows by induction and the fact that p(n) — n is a cutting
time.
b: We prove the following statement by induction

p(k) > S(k) } mplics { 9(k) is even.

o(k) = S(k) I(k) s odd.
(5)

p(k) > T (k) o Y(k) is odd.

(k) = T(k) } implies { (k) is even,

This is obviously true for £ < min{i > 1;; = 1}. Suppose (5) is true for
all integers less than k. Assume p(k) > S(k) and S(k) = S;, 50 S;_1 <k <
S(k) < p(k). Then k > S;_1 because otherwise p(k) = S;. It follows that
p(k—S;_1) = S;—S;_1 is a cutting time, and by induction, ¥(k—S;_1) is odd.
Therefore J(k) = ¥(S;—1) + ¥(k — S;—1) is even, as asserted. The remaining
three statements of (5) are proven in the same way. Now statement b follows
immediately from statement a.

c: The points in I with itinerary starting with v1...1,, or vy ...v], form a
one-sided neighborhood U, of c¢p; this is the largest neighborhood in I on
which f*~! is monotone. Both vy ...v, and v; ... v}, are admissible if and
only if f*~1(U,) > c if and only if n is a cutting time.

d: If f is a quadratic map with an N-periodic critical point, then varying the
parameter a shows that both vy ...vy_10 and v ...vy_11 can be realized
as kneading sequences. The sequences of cutting and co-cutting times are
disjoint (see Lemma 4); therefore using convention (1), we conclude that N
is a co-cutting time. Since ¥(v...v;n) is even for all i > 1, iN is never a
cutting time. O
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Corollary 3. The only possible admissible choices of k are in Case II:
k =min{i < N;p(i) > N}, and in Case III: k = min{i < N;p(i) = N}.

Proof. In Case II, the minimal k such that p(k) > N is the last cutting time
before N. If k' > k is taken such that p(k’) > N, then ¥(k’) is odd, so k'
is neither cutting nor co-cutting time. Then, for the backward itinerary e
based on k', the subword v ... v}, is not admissible.

In Case III, if &’ > k is such that p(k’) = N and hence ¥(k’) is even, then
also V(g1 ... vy ) is even. If the backward itinerary e were based on K/,
then it contains vi1;...v;, as a subword, but vy ... v, = vi... v, =
V1...Vp_f, SO it is not admissible with respect to v.

Now we continue the proof of Theorem 1.

Proof. Case II: Since ¥(k) is odd, Lemma 5b implies that k£ > S;, the last
cutting before N. If k¥ > S;, then by Lemma 5c, the word vy ...1}, is not
admissible, so k = .5;. It follows that

vi...vg1 ... UN— = UV1...UN.
and N — k is a cutting time too. In addition, & > N/2 because other-

wise either S;11 — S; is not a cutting time, or v is k-periodic, contradicting
Lemma 5d. We have the backward itineraries

{e = Vl...UpV1... VN,
> / ! /
V... Z/N_kVN,kJrl s VEVL o VN UN—Kk41 - - V-

Since N is the minimal period of v, we find a;(e) = N + 1. Now for é, let
a:= aj(é) = Tr(€), so J(«) is even. If 1 < a < k, then

/
V...UN—aVN—aq+1..-- VN =V1...UN—gV1...Vq,

and by Lemma 5b, J(N —a) is even. Therefore 9(v; ... v)y) = 9(a)+9(N—a)
is both even and odd, a contradiction. If K < a < N, then

/ /
vn...VN—-aVN—a+1:+--VN_KVN—k+1--- VN =V1...UN—aV1...Vq-

Since N —k is a cutting time, and p(N —a) = N —k, we have by Lemma 5b
that Y(N — «) is odd. Therefore ¥(vy ... Un_qV1...Vq) is odd. But at
the same time (v ... VN_jUN—k41-.-Vy) = O(v1...vN) is even, again a
contradiction. Obviously a # N + 1, and if o = iN + § for some ¢ > 0,
1 < p < N +1, then € ends with v;...v3 and ¥(8) is even, which was
excluded by the above arguments.
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This shows that «;(€) = 1, and hence

Re = vi...yv1...00 ... vN
= Vl...UpV1...UNUN—k41---UN,
VLo VN UN—ktl - VkVL - VN UN—k41 - - - UN
V9o Uy gVUN—k41 - Vk
V9o UN_pVN—k+tl - UNUN—kt1---UN-

ke

As aresult, d;(e,€) = k+1. Let n > 1 be minimal such that R"é ends with
Vi...V. We claim:

There is no 1 < m < n such that a,,(e) > k+1 or ay,(€) > k + 1.

Let us start with é. Take 1 < m < n minimal such that a := a,,(€) >
k+1. If £ < a < 2k, then by Lemma 5b applied to co-cutting time N,
V(UN+k—a+1 - - - V) isodd. Because N—Fk is a cutting time, 9(vy_j41 ... VN)
is odd. Hence Y(VN4k—a+1---UNVN—k+1---VN) is even. Comparing Ré and
R™t1¢ using Lemma 3 gives that Ré < R™T'é, but by (3), we find that
€ A R™1é, a contradiction. If 2k < o < N + k, then Lemma 5b applied
to cutting time N — k shows that (Vnir—at1.--Vj_p) is odd. Therefore
V(UNth—atl - - VN_gVN—k41--- UNVUN—k+1 ---VN) is even. The above argu-
ment shows that é 4 R™11¢, so again we get a contradiction.

Since k is the last cutting time before N, p(k) > N, and vg41...vn =
vi...UN—k. Hence vy_p =vy and d(v1 .. .Uy UN—kt1---Vy) = OH(N)£2.
Since Y (Viq1 ... vn1i) = Y(N) for all i > 0, also « > N + k is not possible.
This proves the first half of the claim.

We use similar arguments for e: Suppose that m > 0 is minimal such
that a = ap(e) > k+ 1. If k < a < N + k, then by Lemma 5b,
Y VUNsk—at1---vN) is odd. We already know that d(vy_gi1...vnN) is odd,
s0 Y((VN+k—at1---UNVUN—k+1---VN) IS even. By Lemma 3, we find Re <
R™*le 50 again by (3), e 4 R™*le. The case a = N + k+ 1 is possible, but
then R™e ends with vy ...v, som = n. Finally, « > N+k+1 is impossible,
since N is the smallest period of v and v ... V,’C # UN_k+1 - - - VN (they have
different parity). This proves the claim, and hence oy, (e) = ay,(€) for all
1 <m < n. We find

R'e = vi...vpv .. .UpV .. UN_RV1 ...V
— /
= Vl---kal---VNl/l---Vka

5 . / /
R'¢ = vi...Uny_jUN—kg1-- -VRVL.. . Un_pV1... Vg

By assumption, ¥(k) is odd, while 9(vn_g41 ... V) is even as we saw before.
Therefore € and R"é differ at an odd number of entries, and hence n is odd.
Using the same arguments as for a; above, we find a,(e) = 7 (R") =
N+ k+1 and oy (€) = 71, (R"€) = k + 1, giving a difference of N. Taking
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one more iterate, we obtain
R"tle = V. VUL .. VRV ... UNV] ...V}
_ /
= Vl"'l/kyl"'Z/NZ/ka+1"'l/NV1“‘Vk
= €VN_—k+41..-VUNVL... VL.

and

1~
R"e = V9w U GUN—k4l - VRVL .. . UN_RVL ... Vg

/
= UVl UN_pUN—kfl-- VkVL - UN_RUN—k41---UNVL ... U

= Vl...UN_pUN—k+1---Vk

/ /
m...vN_gVN—k+1---VeV1 ... VN_pVN—k+1---UNV1 ... Vg

/
= V... VN—kVN—k"i'l e VR
/ /
v...VvN_gVN—k+1---YVNVN—k41---VUNV1 ... Vg
= e VUN—k+1---VUNV1...Vg.

Hence R"*'e and R""'¢ are left-shifted copies of e and é. Since n+1 is even,
we can repeat the argument and find that d,, (e, €) — oo while ay,(€) — o, (€)
is always a multiple of N. This proves Case II.

Case ITI: We will use the same arguments as for Case II. Since r = p(ak) —
ak, r is a cutting time and hence 9J(r) is odd. We started with

{ e = Upp1...VpV1... VN,

€ = Vpgyl...VpV1... UNUN—jtl---Vy-

Since N is the smallest period of v, aj(e) = iN + 1 for some i > 1. If
7 > 1, then Vl...VNZ/r+1...V]/€V1...VN = "...Vg_oV1...UNV1...VUN, SO
p(k—r) > N. Note that ¢(k—r) = ¥(k)—9(r) is odd. Obviously, k—r < N/2
and there is always a cutting time S between N/2 and N. By Lemma 5b,
p(k —r) < S, giving a contradiction. Therefore a;(e) = N + 1.

Now for €, let o := a1(€) = 7r(€), so ¥(a — 1) is even. We have

YN _gs1---Vy) = O(v...vy) —9(N —k)
= Y(N)£1-(a—1)9(k)—9(r) iseven.
If o = k+1, then vn_g41... vy = vy ... v, Therefore p(N —k) = N whence
p(N —k)— (N — k) = k is a cutting time by Lemma 4. But ¥(k) = d(a—1)
cannot be both odd and even. If 1 < o < k, then since vn_q41...Vy =
Vi ...Vs and 9(a) is even, (N — «) is also even. But then ¢(N) = J(N —
a) + Y(VN—q+1--.Vy) is odd, contradicting our convention (1).

Ifk+1 < a < k+ N, then by Lemma 5 applied to co-cutting time
N, 79(VN+k—a+1 . VN) is odd. Hence 79(VN+k—a+1 . UNUN—f41--- V;V) =
Y(UNtk—at1---UN)+I(WN_k+1 ... V) is odd, and a # TR(€). f & > k+ N,
then we repeat the above arguments on § = o — ¢N such that k +1 < 3 <
k+ N.
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The remaining possibility is a(é) = 1, so

/
Re = vpy1.. 001 . UNVpp1. . VgVL...UN

_ / /
= V’l"+1"'kal"'VNV’I"+1"'VNVN—]C+1"'VN7
~ /
Re = vey1...v01.. . UNUN_g41---UN.

Take n minimal such that R"e ends with v;...vi. We claim:
There is no 1 < m < n such that a,,(e) > k+1 or ay,(€) > k + 1.

First take m is minimal such that o := a,,(e) > k. If a = k41, then m =n
by definition of n. If k +1 < a < N + k — r, then by Lemma 5b applied
to co-cutting time N, 9 (Vn4k—at1 ---V)y) is odd. From this it follows that
I(UN+k—atl-- - VNUN—kt1---VN) is even, and by Lemma 3, Re < R™e.
Therefore (3) shows that e £ R™*le, a contradiction.

I N+k—r < a < 2N+k—r, then by Lemma 5b applied to co-cutting time N
we get V(VaN+k—r—a+1 - - - V) is odd. Since ¥(r) is odd, also H(vp41 ... V) =
Y(N)+1—9(r) is even and as shown before, ¥ (vy_g4t1 ... vN) is odd. There-
fore O(VoNtk—r—a+1-- - UNVrgl .. .UNUN—k+1---VN) IS even, and we apply
Lemma 3 to conclude that Re < R™*le and hence e A4 R™"le. Finally, if
a>2N+k—r, then a =iN + k —r + 1 for some i > 2. However, since r
is a cutting time, say r = S; < N/2, and since there is a next cutting time
Sjy1 < N, we obtain that v, y1...vs,,, =v1... VZ?HrSj F VL. VS-S
This shows that a £ iN +k —r+ 1, so a > 2N + k — r is also impossible.

Now for é, assume that m is minimal such that a := a;,,(6) > k. If @ = k+1,
then R™é and R™e both end with vq ..., som=n. f k+1 <a<k+ N,
then the above argument shows that Y(vNik—a41---UNUN_k+1---VN) IS
odd, and so m < 0. If finally, « > N + k, then a = ¢N + k + 1 for some
i > 1. But then R™eé should end with vy ...vg, so m = n. This proves the
claim.

Therefore a,,(e) = amy(€) for 1 <m <n and

J— /
R'e = vpy1...0pV1 . UNVpgl. . VRVL ... UN_kVL .. Vg,
R'¢ = vpy1...vv1...UNVI... V.

Recall that Y(vN_g+1...vN) is odd, and ¥(k) is even. Therefore Ré and
R"é differ at an odd number of entries, so n is even. Since R"e ends with
Vgt - - UnVi .. v and O(Vggq ... vy ... 1) is odd, ap(e) < N. If ag (€) >
k+1, then by Lemma 5b, 9(vy_q+1 ... Vy) isodd, so O(vN_q41 ... VnNVi ... Vk)
is also odd. This would imply that a,(e) # Tr(R"e). Therefore ay,(e) =
Tr(R"e) = k + 1. The check that a,(é) = Tr(R"€) = N 4+ k + 1 relies on
the same arguments showing hat «;(e) = N + 1. This gives

n+1 7 /
R"Me = Vpgl e VU1« s UNVpgl o VRVL . UN V1. Vg

/
VT+1...Vkl/1...VNVT+1...VNV1...Vk

= €UVpy1...UNV].. . Vg



ASYMPTOTIC ARC-COMPONENTS OF UNIMODAL INVERSE LIMIT SPACES 19

and

15 /
R*tle = Vpgl. - ViVl .. . UNVpgl ... VgVL. .. UNVL ... Vg

— /
= VrJrl---Vle---VNVTJrl---Vkl/l---VrVrJrl---VNV1---V1€

/ /
Vr41 ...kal . UNVpy1...UnVpy1...UNVL ... VL

= €Vpyl...UNVI...VL.

Hence R™tle and R™1é are left-shifted copies of e and é. Since n+ 1 is odd
and $(Vpy1 ... UNVL ... V) is odd, we can repeat the argument and find that
d,(e,€) — oo while ay,(e) — a,(€) is always a multiple of N. This proves
Case III. O

Proposition 2. Case II and Case I1I of Theorem 1 are mutually exclusive.

Proof. The idea of the proof is to find subwords of é for Case II and e for Case
III that cannot be simultaneously majorized, in the parity-lexicographical
order, by v. Hence at most one of Case II and Case III is admissible.

Let k£ be as in Case 11, i.e., K = S} is the last cutting time before N and
N — k =: S; is again a cutting time. Let [ serve the role of k in Case III.
Then r = N — al is also a cutting time, say r =: S;. We distinguish two
cases.

1. First assume that k < [, so j < 4. If in Case 11,

/ /
V9w UN_ R UN—kfl - VkVL - UN _pUN—kt1 - - UN
is admissible, then

/ /
UN—k—r+1-+- - YN_EVN—k4+1---VEV1.. . UnN_| =
/
(6) Vi . VplUS;41--. VSVl ... Vg, = L.

k3

If in case Case III, If vy ... Vl’l/l ...vn is admissible, then

(7) UN—ktl---UNVpgl.. .V =V]...VUS;Vpy] ...V S 1.

Recall the kneading map @ : N — NU {0} from Lemma 4. By construction
Q(k) < k for each k. Condition (4) is in fact a way to express the parity-
lexicographic order. If v and 7 are two 0l-words (or kneading sequences)
starting with 1, then for both cutting times and kneading maps () respec-
tively Q can be defined. By induction, it is not hard to show that v < &
if and only if {Q(t)}i>1 >iea {Q(#)}>1. Applying this to (6) and (7), we
obtain

8) QY —i1 Ztex {Q}EIT) and {Q(O}j11 1 {RM} I

Therefore Q(i +t) = Q(j +1¢) for t =1,...,b—14, which is still possible, but
it implies that Q(t) < i for t <b. A closer look at (6) shows that to fulfill
the second condition of (8), we also need N — S, = S; = Sq(p4j—s), but this
is impossible.
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2. Assume that [ < k. Recall that N = al +r and r = S;. Let SB be the

last

cutting time before [. Thus S;, S; < S; <1 <k = Sp. If, in Case 11

/ /
V9o VN fUN—kgl - VkVL - UN_pUN—kt1 - - UN

is admissible, then since vjii...vpv1 ... Vy_ ) = Vg1 ... Vglkyt ... Vyy and

Val+

(9)

1...Vy =vp...v we find the subword

/
Val+1 - - VNUN—k+1---Vk =V1...VS;VS;41...V5, 1.

If in Case IIL: v, 41 ...V ... vy, is admissible, then

(10)

/ /
UN—f+1---UNVp4l ...V =V1...VUSVS;41... V] J V.

Combining (9) and (10) gives

(11)
The

second part of (11), we get that Sopry > 1—5=58

QO oisr Z1er {QIHTL and {QU)Y 1y Z1ee {QU)IH .

refore Q(i +t) = Q(j +1t) fort =1,...,b— j. Combining (10) with the

part of (11), however, yields Q(i +b—j +1) > Q(b+1). This contradiction
completes the proof. O

(1]
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