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Abstract

The purpose of this paper is to establish limit laws for volume preserving almost
Anosov maps of T? flows on 3-three manifolds having a transversally neutral periodic
orbit of cubic saddle type. In the process, we derive estimates for the Dulac maps for
neutral saddles in planar vector fields.

Mathematics Subject Classification (2010): Primary: 37A25, Secondary 28D05
37A40 37A50

Keywords. Dulac map, almost Anosov flows, volume preserving flows, stable laws, limit
theorems

1 Introduction

A flow ¢ : M xR — M on a (in our setting 3-dimensional) compact differentiable
manifold M is called Anosov if its tangent bundle has a continuous flow-invariant mutually
transversal splitting into a neutral flow direction E€, a hyperbolically stable direction E*
and a hyperbolically unstable direction E*. The uniform hyperbolicity of such flows
enables one to show various ergodic and statistical properties, such as ergodicity (if the
flow is topologically mixing) and the Central Limit Theorem (CLT) for Holder continuous
observables.

We obtain an almost Anosov flow (see Definition 1.1 below) by inserting a neutral
orbit T' ~ {(0,0)} x S! near which the flow has the following form in local Euclidean

coordinates:
I x r(agr? + arwy + asy?)
vl =Xy | = —yboz? + brzy + bay?) | + O(4) (1)
z z 1+ w(z,y)

where the parameters satisfy
al,bl S R, ao,ag,bo,bg > 0 with A= a260 — aobg 75 0 and CL% < 4(10(12, b% < 4bob2. (2)

The last two conditions of (2) imply that the first component in (1) is non-negative and
the second non-positive for z,y > 0. The term O(4) indicates terms of order four and
higher, under the condition that they are of the form z2((2) near the yz-plane and of
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the form y?O(2) near the xz-plane, because otherwise these are not a small perturbation
compared to the leading terms of (1). These leading terms are cubic in the direction
transversal to I', but this is the only source of non-hyperbolicity. Finally, w is a linear
combination of homogeneous functions in = and y, vanishing at (0,0). Thus the period of
I" is its length.

The original motivation to study such systems was to find a class of natural examples
of non-uniformly hyperbolic invertible maps where operator renewal theory can be applied
to establish precise statistical laws. The map in this context can be the Poincaré map on
a section ¥ C R? x {0} or the time-1 map fhor = ¢}, for the horizontal flow where only
the z- and y-coordinates are taken into account:

(@) v (x) _ <ar(aoa:2 +ala:y+a2y2)> L0, @

Y Yy —y(boz? + bizy + bay?)

with the restrictions (2).

Initially, in [2] for the parameter range /3 := % < 1 where fjor preserves an infinite
Sinai-Bowen-Ruelle (SRB) measure, we gave mixing rates for C! observables. Later [3],
and more relevant to this paper, in the parameter range 3 > 1 where the flow ¢' preserves
a finite SRB-measure, we established limit laws (Stable Laws and the CLT with standard
or non-standard scaling, depending on whether 2 € (1,2), 5 =2 or 82 > 2).

All these results were obtained in the absence of mized terms, i.e., ag = by = 0 in
(1). This is of course not a natural assumption, and to our knowledge there is no change
of coordinates that allows one to remove the mixed terms. In fact, if a3 > 4agag or
b2 > 4bgby, then the dynamics near the saddle is not locally conjugate to the dynamics
under the current condition (2).

The purpose of this paper is to perform the analysis when mixed terms are present,
and also the treatment of the perturbation terms (see Section 3) is substantially different
and more straightforward than in [2, 3]. The crux of the analysis is the existence of a local
first integral (and its explicit form when O(4)-terms are absent in (9)), which allows us
to reduce the ODE to dimension one. We will show in Lemma 2.1 that the first integral

L can be found if
bil _ boag + as + 2bgbs . (4)
aq boag + as + 2apas
This is a co-dimension one condition in parameter space. However, if we also stipulate
that the flow ¢! is volume preserving, we must assume that div X = 0 in (1), which is

equivalent to divO(4) = 0 together with

3(10 = bo,a2 = 3b2,a1 = bl. (5)

Condition (4) follows automatically from (5), and therefore (1) describes a generic volume
preserving almost Anosov flow with a single neutral periodic orbit of cubic saddle type.
We present the results on limit laws in the volume preserving setting, see Theorem 1.2.

Central to the proof of the main theorem of this paper (as well as precise mixing rates)
is the analysis of the Dulac map near the neutral equilibrium of (3). This means that
we take an incoming and an outgoing transversal to the flow, in our case an unstable
leaf W"(0,7n), n € [no,m], and a stable leaf W#(({y,0), see Figure 1. The Dulac map
D : W¥(0,n) — W?((o,0) assigns to (£,n) the first intersection ¢l (£, n) of the integral
curve through (&, n) with the outgoing transversal W#((p,0). The corresponding flow-time
is denoted by T'. As main technical result of this paper we obtain precise estimates of the
Dulac map when (3) contains mixed terms, but using the assumption (4).
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Figure 1: The Dulac map D : ((no, T),n0) — (Co,w (10, T)) with Dulac time 7.

Dulac [5] introduced his map as an ingredient to prove that polynomial vector fields
in the plane have at most finitely many limit cycles, thus making a major contribution
to the solution of Hilbert’s 16th problem. Il’'yashenko [7] corrected some weak parts in
Dulac’s arguments, see also the summary in Roussarie’s book [12, Section 3.3]. Further
contributions are due to e.g. Dumortier and more recently Mardesi¢ and collaborators
[4, 8,9, 13, 10]. Specifically, polycycles (i.e., heteroclinic saddle connections) are not
accumulated upon by limit cycles. Whereas our estimates only concern a single neutral
saddle, it is to our knowledge the first estimation of the Dulac times (and hence the Dulac
map, see (6)), at cubic saddle of this generality.

1.1 Main results

The crucial estimates here are of the Dulac times, i.e., the times that orbits take to pass
from an “incoming” unstable transversal to an “outgoing” unstable transversal to the
flow, see Figure 1.

Theorem 1.1 Consider a C? vector field of local form (3) with parameters satisfying (2)
and (4). Define

ag + bo By = as + by

60 = 2&0 ’ T 2b2

Then there constants' £(n),wo(n) such that the following asymptotics hold:

£, T) = &)1+ 0(T2))

and
w(n, T) = wo() T~ (1 + O(T~7)).

as T — oo.

IThe precise values of &y(n) and wy(n) are given in in the proof Proposition 2.1.



In particular, the functions & and w are reqularly varying of order —82 and —fy in T,

respectively. That is: limp_, 55((777;‘%) = ¢ for every ¢ > 0 and analogous for w(n, T).

Moreover, the Dulac map D : W*(0,n) — W*((o,0) itself has the form (as £ — 0)

_Bo bBo 1
w = D(§) = wom)éo(n) 7 €7 (1+0(672)) . (6)
With assumptions (5) and c% < 4cpeg in place, we can use the change of coordinates

T = \Japx, § = /boy and ¥ = a1 /v/agbs € (—4,4) to transform (1) into the one-parameter
family

(7)
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for some transformed function w.

Because of this genericity and reduced number of technicalities that Lebesgue measure
gives as opposed to the SRB-measure, we state our statistical result for volume preserving
flows. Theorem 1.1 is used to estimate the measures of the strips {¢ = n}, see Figure 2,
which in turn, together with the spectral properties of an induced Poincaré map f , are
crucial ingredients for the analysis required to establish the following stochastic limit
properties of the flow ¢.

Theorem 1.2 Consider a volume preserving almost Anosov flow (7) on M with 7 €
(—4,4) and an observables v : M — R that is C' on M\T and has the form v = vg+o(p)
where fOT vo o ¢! dt is homogeneous of order p > —2 in local coordinates (x,y) near p and
o(p) stands for terms of order > p.

1. If p € (0,00), then v satisfies the Central Limit Theorem, i.e.,

fotvo&ds—tfv dVol
o/t

where the variance o > 0 unless fOTv o ¢t dt is a coboundary.

=ast N(0,1) ast — oo,

2. If p = 0, then v satisfies the Central Limit Theorem with non-standard scaling
Vitlogt, i.e.,
fotvoqbsds—tfv dVol
o+/tlogt
and the variance 0 > 0 unless fOTv o ¢t dt is a coboundary.

3. If p € (—2,0) then v satisfies a Stable Law of order ﬁ € (1,2).

=aist N(0,1)  ast — oo,

Theorem 1.1 also allows us to derive other limit theorems such as in the infinite measure
setting of [2], but with mixed terms. Since we restrict to flows preserving Lebesgue measure
(not just an SRB-measure), we don’t give any further details here.

1.2 Set-up

The set-up here is largely taken over from [3]. Our phase space will be the 3-dimensional
compact manifold M.



Definition 1.1 [6, Definition 1] A diffeomorphism f : T? — T? is called almost Anosov
iof there exists two continuous families of non-trivial cones x — C%,C such that except for
a finite set S,

i) Df.CYCCl

and D f,C5 DO C}sc

() (z)

ii) |Dfyv| > |v| for any 0 # v € C¥ and |D fyv| < |v| for any 0 # v € C3.
Forx €S, Df, is the identity.

A flow f* on 3-torus T2 is called almost Anosov flow if it has a finite set S of neutral

periodic orbits, but everywhere else observes the condition of an Anosov flow in that there
is a continuous splitting of the tangent bundle into a stable, an unstable and a meutral
(flow) direction. For x € S, the derivative at the return time 7 is D fI is the identity.

The time-1 map f of the flow ¢’ of (1) has the form of a skew-product

x (1 + apx?® + a1y + azy?)
fly] =1y —box? —bizy —by?) | + O(4), (8)
z z+ O(lw(z, y)l)

see [2, Section 2.1]. Restricted to the (z, y)-coordinates, this restriction fp,, of f to the first
two coordinates is a smooth almost Anosov map with a single neutral fixed point p = (0, 0).
Let {Pi}fzo be the Markov partition for fp,, (which we can assume to exist since fpo is
a local perturbation of a Anosov diffeomorphism on T?). We assume that p belongs to
the interior of Fy. Clearly, the z- and y-axis are the unstable and stable manifolds of p
respectively. We assume that the Markov partition element Py C U is a small rectangle
such that f; L (Py) UPyU frer(Po) C U. Due to the symmetries (z,y) — (£z,%y), it
suffices to do the analysis only in the first quadrant @ = [0, (o] x [0, 10] of Py, see Figure 2.
Without loss of generality (see [2, Lemma 2.1]) we can think of [0,(p] x {no} as a local
unstable leaf and {(p} x [0,70] as a local stable leaf of the global diffeomorphism.

Figure 2:
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The first quadrant @) of the rectangle F,, with stable and unstable foliations drawn

vertically and horizontally, respectively.



We consider an induced map Fpor = f;f oY =Y forY = T2 \ Py, where

p(z) = min{n > 1: f,(2) ¢ Po}

is the first return time to Y. Note that F},, is invertible because fpo- is. In the first
quadrant of U \ Py, the sets {¢p =n} = {2z € f7HQ)\ Q : p(2) = n}, n > 2, are vertical
strips (see Figure 2) adjacent to the local unstable leaf [0, (o] x {no}, and converging to
{0} x [n0,m] as n — oo. The images Fjo-({p = n}) are horizontal strips, adjacent to the
local stable leaf {(p} x [0, 0], and converging to [(p, (1] x {0} as n — oo.

In contrast to fp,, the induced map F},, is uniformly hyperbolic, but only piecewise
continuous. Indeed, continuity fails at the boundaries of the strips {¢ = n}, n > 2 (and
F' is undefined on W#(p)), but these boundaries are local stable and unstable leaves, and
it is possible to create a countable Markov partition refining {P;}*_, of Y for F, in which
all the strips {¢p = n} are partition elements.

2 Regular variation of y(y > n) with mixed terms

In this section, we allow quadratic mixed terms in (3), but for the moment leave out the
O(4)-terms. That is, we consider

{:)’: = x(agz? + a1zy + azy?), (©)

y = —y(boz? + brzy + bay?),

with the restrictions (2) and (4). The condition ¢? < 4cocy avoids the formation of
invariant lines y = pz, but in the below proofs it is used to guarantee that expressions as
co + c1M + coM? for M = y/z are positive. Our exposition closely follows [2], but since
the mixed terms require adjustments throughout the proof, we will give it in full.

Set ¢; :=a; +b;, i =0,1,2. The conditions a% < 4agpao, b% < 4bgby imply that a%b% —
16a0a2b0b2 S 0 S 4(&0[)0 — azbg)Q, and thus a%b% S 4(&0[)2 —|—a2b0)2. Since agp, bo, ag, bg Z 0,
we also have aib; < 2(apbs + asbg), which implies that ¢? < 4cpez. Let u,v € R be the
solutions of the linear equations

__ 2baco

2 = b U = 9
(u+2)ao = vho that is: A (10)

(v 4+ 2)by = uag 1;22‘?%‘32,

. S b 1
Note that u,v and A (recall A # 0) all have the same sign and (4) implies that ;- = 327
Compute that

apg+by u+v+2 5 agt+by utv+2 B

fo = 20 20 2T T, T 2w

b
_ v R (11)
B2 v apce

and note that Sy, B2 > % (or = % if we allow bg = 0 or ag = 0 respectively). Under the
extra assumption (5) we obtain Sy = o =2 and u =v = 1.
The first estimates is about the Dulac map of (3).

Proposition 2.1 Consider a vector field on the 2-torus with local form (3) for ag, ag, by, by >
0 and A # 0. There are functions &o(n),wo(n),&1(n),wi1(n) > 0 independent of T (with
exact expressions given in the proof) such that

£ T) = &(mT ™ (1- 6T +0(T~2,T-2%))

and
w(1, T) = wo(n) T~ (1 —wi (T +0(T72, T*%)) .
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Lemma 2.1 The function

Tyl (% g2 4 v“Tllxy + b2 y?) if A >0,
Ty (% 22+ v‘%xyb—? v~ ifA <O,

is a first integral of (9).

Proof of Lemma 2.1. First assume A > 0, so u,v > 0 as well. By (10), we can write
L(z,y) as

bo al ba agp b1 a2
L — Uy U 2 202y _ u, v 20 2 2 )
(wy) =a"y" (g 2"+ gyt v) =2y (et + ey o )
Using these two equivalent expressions we compute the Lie derivative directly
L = (VL,X)
b b
= Uy <u _E 5 (u+2)z? + UC_L: %Y + ;ux“_lgf) z(apr? + ar1zy + asy?)

—m“y”_l <(Zox2v + UC_L: 1acy + v(f2 (v+ 2)y2) y(boaz2 + by + b2y2)

= 0.

Any function of a first integral is a first integral; in particular this holds for 1/L. Therefore
the conclusion is immediate for A < 0 too. O

Corollary 2.1 Every (z(y),y) on the integral curve from (§,1n) to (0,0) satisfies

a2 a2

2(y) = Uy)s o2 2,

for
2
aiucy 1 aijucy T r- . _1
U =(cg+ ——+cy)ulCo+ —F————F+Ccop—5) u. 13
(y) := (c2 (ot 1) o) (c2 o t1)y oy2) (13)
In terms M = y/z, we have
2
2u 2v o 2v 0052 -+ C1§77 + 02772 utv+2
M 2 — u+v+2 u+'u+2M ut+v+2
x( ) g n <CO+01M‘|‘02M2
_ gén%Mfﬁflo co” + c1€n + can o (14)
co 4+ c1M + co M?

ai

Proof. We carry out the proof for A > 0, so L(z,y) = 2"y’ (% 22 + STy + % y?) as in
Lemma 2.1. The case A < 0 goes likewise.
We solve for = from L(z,y) = L(4,6) = §uTvH2(% 4 gt %2):

v

aiu x Co mz 1

alu uag T T
bi(v+1)y  cay?

bl(’U + 1) + vby

utv4+2 v42
u u

1+ yu(1+

r=x(y) = 0 « y

1+32 —32

= Uly)d "y ',

giving the required expression with U(y) as in (13). Note that lim, ,s U(y) =1 (i.e., the
limit as (z,y) approaches the diagonal), and U(y) is differentiable.
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For the other expression, we use that L(z,y) = L(§,n) = £"“n"(%2&* + arén + b2 n?),
and solve for z2:

g (222 4
v

1 by o w00 o a1 b2 o
pent ) = atyi et ey oy

$u+v+2Mv(@ +
v v+1 U

Here we used

CLQA 2 alA bQA

U,V @ 2 bj 2 _ UV 2
5"7(@ un) - f77(2610025+2a002—i—A£ ch )
o A 2 2&10062 2
 2¢p0 (C 2agco + Afn +ean
A
= (co€® + c1én + con?) (15)

26062

(where the last step follows from (4)) and a similar computation for the term with z,y.
Use (10) and (11) to obtain

{a0+UL$1M+b2M2 A (CQ+61M+CQM2)
ag? | Sén + bon® 2@002 (co&? + c1€n + con?).

This gives

2
v 2 2\ utvr2
;L-Q - §u+v+2 nu+v+2 M~ u+2v+2 Cof + 01577 + €21

co +c1 M + ca M2

1
— PR M P €+ cifn+ e\ 0
- " co+ M + coM? ’

where we recall that By = “t2*2 and By = “E22 from (11), which also gives — +Z = =
1—

1 1
% ~ 2 O

Proof of Proposition 2.1. We carry out the proof for A > 0, so L(xz,y) = z"y" (% 2+

Ty + %2 2} as in Lemma 2.1. The case A < 0 goes likewise. Fix 1 such that
(&(n,T), ) € ¢1(Q)\ Q. We use the variable M = y/z, so y = Mz and differenti-
ating gives § = Mx + M. Recalling that ¢; = a; + b; and inserting the values for 4 and
y from (9), we get

M = —M(co+ 1M + coM?)a?. (16)
Combined with (14), this gives
1 Lo, 1
~G(EmM R0 (co+ 1M + ey M?) 70 7 (17)
with 1 1 1 1
1 1 1—-L 1
G(&,n) = EP2nP0 (cof® + c1én + con?) 2P0 22 (18)

For the exit time T" > 0, recall that £(n,T) and w(n,T) are such that the solution of
(3) satisfies (x(0),y(0)) = (&(n,T),n) and (z(T),y(T)) = (¢o,w(n,T)). This implies
M(0) = n/&(n,T) and M(T) = w(n,T)/Co. Inserting this in (17), separating variables,
and integrating we get

n/&€m,T) M%f
/ = GEMm,T),nT. (19)
w1/ (co + cy M + coM?2) 250 " 252
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In the rest of the proof, we will frequently suppress the dependence on n and T in &(n, T)
and w(n,T). We know that L(¢(n,T),n) = &'n* (L& + b2 n?) = (uw' (2 + %oﬂ) =
L(n,w(n,T)), which gives

§n" (co€? + c1én + can®) = (i (coCh + cr6ow + cow?). (20)
From their definition, {(n, T") and w(n, T) are clearly decreasing in 7', so their T-derivatives
&(n,T),w'(n,T) < 0. Since cy,ca > 0 (otherwise A = 0), the integrand of (19) is

Fas 1
O(M %o 1) as M — 0 and O(M 72 1) as M — oo. Hence the integral is increasing
and bounded in 7. But this means that G(&(n,T),n)T is increasing in T' and bounded as
well. Let g(n,T) = &(n, T)T?2. Since

1 1

1 1 1 1
G(En, T),n)T = g(n, T2 (cog(n, T)*T~2% + c19(n, T)T =% + con?)' 70 2,

and 1 — ﬁ — ﬁ > 0, we find that g(n, T) converges?:

19 B2
, 1 ey o0 M#Btam
§o(n) = lim g(n,T) = cy *n * (/ 1+1> , (2D
el 0 (co+ 1M+ coM2)?50 " 25

where we have used —f32(1 — ﬁ — ﬁ) - *uifiz
2 + B2 _ v4+2 _

Tt R == 72 for the exponent of 7.
We continue the proof to get higher asymptotics. Differentiating (19) w.r.t. T' gives

= —% for the exponent of ¢y, and

1

11 19
Bo £ B2 / B2 yBo ! 0G (€,
(6052 4+ c1én + 62772) 280 ' 282 (COC(% + c1low + 02w2) 260 " 283 £
(22)
where (by differentiating (18))
8G(f,?7) . bo a9 1 47 L -1 1

= (200€? + c1( + = )&n + ban?)E% T 070 (co€? + c1€n + can?) " T .
43 o C2

Combined with (18), (20) and (22), this gives
+ —1
C ) QﬂQ wﬁo /
— W
é‘u v f@i
2 bo = a2 I B ol 2 2 2
= (2bo&” + Cl(a + g)én +ban*) TP &’ +nfog(col” + c1én +can).  (23)

e — (

Because ﬁ + ﬁ —-1= using (11) and dividing by 7750 we can simplify (23) to

u+v+2 ’

L Qo
vé‘u

Taking the derivative of (20) w.r.t. 7" and multiplying with A/(coc2) gives

= (20p€* + 61([;2 + %)577 +bon?)TE + &(cof® + c1én + can?).  (24)

bo

b
(20067 + c1(— + @)ﬁn + b ) o€ L = (2a0C3 + e (— + fag)Cow + 20507 ) (fw' T W
Co Cc2 [&0] C2

2For the symmetric statement on w(n,T), define §(n,T) = w(n,T)T?. Then limr_ o §(n,T) =
HmTaoo9(777T)ﬁo/ﬂ2n1+2/vcab0/a0(%)I/U-



Hence, we can rewrite (24) as

(1 20067 + c1(2 + 22)n + 2697 ) ,
2a0¢3 + 01(%8 + 22)Cow + 2azw?
b a
= (200&” + Cl(i + ;2)577 + by )TE + &(co€” + c16n + can’).

We insert & = ¢/(T)T~% — Bog(T)T~(4F2) and multiply with 772, which leads to

(1 2b0¢2 + 1 (& + 92)¢n + 2bar?
2a0C§ + Cl(%g + %)Cow + 2a9w?

)én + 2bon?)g' (T) T —

)(g/(T) = Bo9(T)T)

A
b , @ 2 (TP T2,

= (2b0€> + 1 (
bo

C C9

Since ¢ = O(T~7) and w = O(T~™), we can write this differential equation as

aoC3+ban®+0(T~2P2) A 9rn—32
g 1 p 20C§+O(T*250) — 5,9(T)*T 2

g T22 b2 +O(T-28:) 4 O(TY)

Keeping the leading terms only (where we use that 282,25y > 1), we get the differential
equation

/

4, _a2 1 B 1 !
% = (&1(n) + O(max{T~1, T %2 }))ﬁ for & (n) := ?2 <aoC§ - 172772> '

Using the limit boundary value §y = §() = lim7_, g(n,T'), we find the solution
_ 22
g(n, T) = goe EHOmaxdT™LI BT — g1 — 6T~ + O(max{T~2,T~2%}))

as required. The analogous asymptotics for w and the constants wy and w; can be derived
by changing the time direction and the roles (ag,a2) <> (b2, bo), and also by the relation
€2y ~ (i wh ey from (20):

1

1 Bo
_1 b fopeo M?B " dM Bo( 1 1
WO(U):COUCO O(/ 1+1> ) Wl(n):2<b<2+2>-
0 (coM?2 + 1 M + ¢3) 2% " 252 26y aon

This concludes the proof. O

3 Proof of Theorem 1.1

To prove that the regular variation established in Proposition 2.1 is robust under pertur-
bations of the vector field, we put the O(4) terms back into (3), but since we consider it
as a perturbation of (9), we write X instead:

5 X r(agx® + arzy + azy?)
X=(|=~"|= 04 25

(X2> <—y(50$2 +bizy + bay?) +0M), (25)
so that | X — X| = O(4). The quantities &(n, T'), w(n, T) will be written as £, T),o(n,T)
etc., and the goal is to show that £(n,T') is still regularly varying.
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As before, let &€ = £(n, T) be such that for the unperturbed flow, ¢* (¢,1) = (¢o,w(n, T)).
Proposition 2.1 gives the asymptotics of £(n,T") as T — oo. At the same time, under the
perturbed flow associated to (25), ¢7 (£,7n) = (o, @(n), T)) for some T. Therefore we can
write £(n, T) = £(n, T), and once we estimated T as function of T', we can express &(n,T)
explicitly as function of T. We follow the argument of the proof of Proposition 2.1, keep-
ing track of the effect of the higher order terms.

The perturbed first integral: To start, we construct a first integral LonQ =
[0, Co] x [0,m0] by defining

o 5u+v+2 (@_ﬁ_ a1 _|_b2) ifA>0
¢ . o v v+1 ’
L(¢ (67 5)) - L(57 6) - {5—(u+v+2) ( + +1 + b2) if A < 0,

for 0 < 0 < min{(p,no} and t € R. (We continue the argument for the case A > 0; the
other case goes analogously.)

By construction, L is constant on integral curves of 2 = X (z). Because X is C3, the
integral curves are C® curves, and form a C? foliation of Py, see e.g. [14, Theorem 2.10].
Note that the coordinate axes consist of the stationary point (0,0) and its stable and
unstable manifold; we put L(z,0) = L(0,y) = 0. Then L is continuous on @ and C® on
the interior of Q.

Now we compare L with L on a small neighbourhood U of ng}:Olr(Q) UQU¢}, (Q). Take
yo = no and xg = xo(J) such that the integral curve of 2 = X (z) through zg := (0, y0)
intersects the diagonal at (,d). Then the integral curve of 2 = X (z) through z, intersects
the diagonal at (,4) for some & = §(4), see Figure 3.

For some z; on this integral curve between zy and (5 , 5), the integral curve through z;
of the unperturbed system intersects the diagonal in some point (¢, §’) between (4, ) and
(8,0). Therefore

S u+v+2 5 u+v+2
L(z1) = L(5,0) = L(5,0) = L(¢,4) (5,> = L(z) ((y) (26)

20 20

21 <1

SO
+—+
S
+—t

5 #(6) x #(5)0" z

Figure 3: Solutions of (27) and (28), starting from the same point zq = (o, yo)-
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Estimating |6 — 8|: Parametrise the integral curve of X through z as (z(y),y) for
min{6,6} <y < yp. (So z < y; the case y < x can be dealt with by switching the roles of
x and y.) Then by (9):

_ZL‘((I().I‘2 + a1zy + agy?)
y(box? + byzy + bay?)

2'(y) = Fla,y) = (27)

For the perturbed vector field (25) we parametrise the integral curve through zp as (Z(y), y)
and we have the analogue of (27):

y . T(agZ? + a1@y + agy® + 2?21 a; @l y37)
Z (y) = F(:an) = ~9 - 2 3 PR (28)
Y(boZ? + b1Zy + boy? + 35 bj@Ty37)

where a;, lA)j are bounded functions in & and y. The absence of the terms agy® and 30y3 is
because of the assumption that O(4) = 220(2) near the yz-plane. For the region ¥ > y
we need to leave out the terms as3® and 133953 instead.

Combining (27) and (28) we have

T(apZ? + a17y + asy?)

~/ _
v (y) N y(bo.i'2 + blzi‘y + 62y2)

(1 +Zqo(z,y)) (29)

for the bounded function go : [0, max{d,4d}] x [4,y0] — R, given by

5N Ggi—130 F53 hgi—ly8i\
T i1 A5 T i T
<1+ Z_]—l J Y ) <1+ Zj_l j Y ) 1

ap®? + a1Zy + agy? bo@? + biZy + bayy?

QO(xay) =

K| =

From Gronwall’s Lemma, we can bound the speed at which Z(y) and z(y) diverge from
each other, see [14, Theorem 2.8]:

. 1% .
u(y) = |#(y) = 2(y)] < [#(y0) — w(yo) @ P + = (eloILP 1) (30)
1p
for y € [0, yo], where Lip is the Lipschitz constant of F'(x,y) in  maximized over y € [d, yo|
and
V = sup sup  |F(z,y)|qo(z, y)z.
y€[6,90] z€[0,max{4,5}]
The Lipschitz constant of F' is sup,, a%F (z,y), which is of order 1/§. Therefore (30)
gives a very poor estimate if we apply it at once to the whole interval [4, yo], but we can
improve it by partitioning [d, yo] into smaller intervals.

Proposition 3.1 Assume the equation ¥'(y) = F(Z,y)(1 + qoZ) for some bounded func-
tion qo = qo(Z,y) and initial value T(yg) = x(yo) = xo. Then there is a constant K for
all y € [8,yo] we have |Z(y) — z(y)| < K&

Proof. We divide the interval [4,yo] into N interval [y;41 — y;] of the same length,
soy; = 0+ yOTfa(N — j) and set x; = x(y;). The Lipschitz constant [y;i1,y;] is

a2

SUPyely, 4 1,y,) SWPze[0,67] a%F(:L', y) < %(’y +¢) for v = §2. Therefore

. =) + +
Lip(y;)(y; — yj+1) < % _Z 2 : = T
N §4+85(N-j-1) KN—=(G+1)+0N/(yo—9)

12



Recall from (13) that z(y) = U(y)(SH%y_%. Let
aol‘z +a1zy + a2y2

2
box? + bizy + bay? V)"

C=2 sup sup  qo(z,y)
Y€ +1,y5] 2€[0,22(y)]

Take K = %yo_ 7 and assume by induction that u(y;) < K6% <1 (so we assume that 4
is sufficiently small). Clearly this induction hypothesis holds for j = 0 because u(yy) = 0.
Then

V(yj) =  sup sup qo(z,y) = F(z,y)
YE[Y;j+1,9;5] z€[0,2(y) (1+K62)]

apr? 4 a1y + asy? z(y)*(1 + K6°)?

< sup qo(,y) sup

z,y bO-fIj2 + by + b2y2 YEYi+1,Y5] Y

2 2
apx” + a1y + asy —

< sup boz2 - b bo2 @o(z,y) 2U(y)*  sup 02y~ (142

z,y 00Z° + 012Y + b2y YE[Yj+1,Y5]

— (142

_ 052(1+7)yj+(1 7).

The estimate (30) applied to [y;+1,y;] gives the recursive formula

(ye) L2

u(yjt1) < u(yj)e 4 Ny (). (31)
Therefore, for 1 < M < N,
- —(1+27) (ve) SRl =tk
u(yar) < €521 Zyj yjr —yj)e” o (32)

j=1
Then (32) gives for N = [67!] and M < N,

M (v+¢) SIL, 1/(N—F)

2(147), —27 A72
u(ym) < Oy, ijz; (N — j)+2
&l 1
< 08y < 824727,
Therefore |Z(yar) — 2(yar)| = u(yn) < K6% as claimed. O

By (29) for y = § = #(5) + O(6?), the derivative /(5) = % + O(6). Since ¢ lies

between § and Z(0) (see Figure 3), we have by a Taylor approximation

ap + ai + as

#(6) — 8] = |2(6) b +15 6| = <1+ "

+ 0(5)) |6 — 4

CQ+C1+CQ+O(5) ~
= o —9dl. 33
bo + b1 + b2 | | (33)

and therefore |0 — 6| = O(|z(0) —d]) = O(0?). Now that we have this relation between &
and ¢, we can estimate T in terms of T', and effectively finish of Theorem 1.1.

Proof of Theorem 1.1. Let 29 = (wo,y0) = ({(n,T),n) = (§(n,T),n) as in Figure 3 be
the point such that ot (20) = (Co,w(n, T)) under the unperturbed flow and oF (20) =
(Co,w(n,T)) under the perturbed flow. We estimate 7" in terms of 7.

13



Combining the estimate for £(n,T") from Proposition 2.1 with L(d,9) = L({(n,T),n),
we can find the relation between § and 7"

5= 5T (1 - %QT +O(T2, T2, (34)

for )
2 utvt2
ﬁ 1—_1 Co%+61%+02
o =&

co+c1+co

To estimate T, we divide the trajectory ¢'(z) = (&(t),§(t)) of zo for the region # < §
into two parts delimited by points in time:

Ty =min{t > 0:22(t) = §(t)}, Te=min{t>0:2(Ty +t) =Ty +1)},  (35)

and symmetric quantities for the region y < z. Let T3, 75 be the analogous quantities for
the unperturbed trajectory. For y; := y(T}) and 1 := y(71}), we have |1 — y1| = O(6?).
Assume that 1 > y1 (the case 71 < y; goes likewise). We compute

Yo Yo )
ne LAl
n Y n Y n Y

_ /yo dy +/z?1 @
g —y(oz(y)? +bix(y)y +b2y?) Sy, Y

The first term is O(672) as § — 0 and the second is O(1) (and therefore small compared
to the first term) because |§1 — y1| = O(6?). Hence Ty = O(§~2). Similarly,

- Yo ¢ Yo 91 g Yo 1
Tl—le/ Ny—/ y_/ y:/ *_7dy+0() (36>
Y n Y n Y n Yy Y

Using that #(y) — 2(y) < 6 and abbreviating ¥ = 22:1 l;jzijg_j = O(y?) for < 7, we
compute the last integral of (36) as

Yo 1 1
_ - — d
/gl —y(boi(y)? + bii()y + by + %) —ylbow(y)® + biz(y)y + bay?) 0

:/yO (& — o) (bo(F + ) + biy) + 3 ]
5 Y(00T (W) + i (y)y + boy® + ) (bor(y)? + bra(y)y + bay?)

Yo Yo
< 52[ 3bo + 251 dy + O(y™) dy=0(71).
Yy

. max; b; y? i
Together with (34) and the fact that fyl ?y = O(1), this gives
T1 = Ti(1+ 0(5)) = T1(1 + O(T™2)). (37)

For M = y/i, computations analogous to (16) show that M = ~M(co + 1M +
caM? +50)3? for ¢j = aj +b; and ¥ := ZJZ o é3—iM7. For every (i,y) = (&,2M) on the

p-trajectory of zg (which is a level set of L), we have

5223 ~utv+2 3o 40 VRS
UTUTE MY (— M M
5+ )5’ v (v+v+1 + )

(e +
(Y
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with ¢’ as in (26). This gives the analogue of [2, formula (32)]:

1 1

- ~1—L ~ ~ - ﬁ—&-ﬁ 5 1=555 25,
M =—-G(&n)M" % (co+c1M—|—02M2+§;\I'(:E,M)) 0 7 . (38)

where G(£,7) is as in (18). Because &' lies between ¢ and 4, the conclusion |6 — 6| = O(62)
of (33) gives

| o

|6 — 9
,§1+ 5 §1+T_

=3

therefore
co+ 1M + coM? + 52U (5, M) = co(1+0()) +erM(1+ O(y)) + caM?
= (co+ 1M + caM?)(1+ O0(5)).
This combined with (38) we find

1 1

X ~ 1 ~ ~ 5=+ 55—
Af:_agmmf*%(%+cﬂ4+wmﬂy% 2 (1 4 0(6)).

The choice of T and T ensures that M(T}) = M(T}) = 2 and similarly M (T} + T») =
M(Ty 4+ T5) = 1. Therefore

~ T1+T2 M(T1) . B

T, = /‘ dﬁ—/‘ M~taMm

T

M(T1+T2)
~ 1

P Mwlar o) ;
- il

L G(&n)(co+ 1M + coM?) 250 25
-/ o M7 1+ 0(6) !

M(Ti+T2) G(&,m)(co + a1 M + 02M2)ﬁ+%

= Ty(1+0(8) " =Ty(1+O(T"2))
Combining this with (37) gives T = T'(1 + O(Tfé)). The estimate of Proposition 2.1 now
gives £(n, T) = &(n)TP2(1 + O(Tfé)) as claimed.
Reversing the roles (ag,a2) <> (be,bg) as in the end of the proof of Proposition 2.1

gives &(n, T) = wo(m)T % (1 + O(T2)). O

dM

The formula (6) for the Dulac maps follows directly from Theorem 1.1 by inverting
T — &(n,T) and inserting this in the formula for w(n, T'). In the special case that Sy = fa,
formula (6) reduces to

o= = (2) B (;70)%_15 (1+0(7)).

Reducing further by assuming (5) (i.e., in the volume preserving setting), we get

w=D() = 2 (”)35(1+0<fi)).

ag \ Co

3
This coefficient Z—i (C%) = % agrees with the fact that for w = D(), the flow-

boxes Uge(o,e]Phor ([0, €] X {n}) and Uyepo -1 Ohor({Co} X [0,w]) must have the same volume.
If the neutral saddle p is part of a heteroclinic cycle, then it is accumulated by periodic
solutions, but these are not limit cycles of course.
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4 Time-1 map versus Poincaré map
First we give an estimate of observables integrated over the flow-lines of Xp,, of (9).

Proposition 4.1 Let r = /22 +y%, p > 0 and W(T) be the integral curve for (9)
connecting (£(no,T"),m0)) to (Co,w(no,T")), see Figure 1. Then there is a constant C =
C(p) > 0 such that

CT 5(1+0(1) ifp<2,
0= O) = / r(t)?dt = 4 Clog(T)(1 4+ o(1))  if p= 2, (39)
W) C(1 + o(1)) ifp>2.

Proof. We build on the proof of Proposition 2.1 (or in fact Theorem 1.1), and in the
integral © we change coordinates M = y/x. That is, 7 = (22 4 3?)?/2 = zP(1 + M?)P/2,
Use (14) to get

T = G(T)%M_ﬁ(co + e M+ 62M2)ﬁv1+2,
with G(T') :== G(&(no,T)),no) as in (18). Abbreviate £(no,T) = &(T) and w(no, T') = w(T).
Inserting the above in the integral of (19), we obtain

O = G(T)g—l /W/E(T) M_ﬁ(a) +61M+62M2)ﬁ1£|—2(1 +M2)§

w(T) /o M~ bo (CO +e M+ CQMQ) 28y " 2B,

For M — 0, the leading term in the integrand is

—14+(1-2)4+ 1 1+(1-%)

v _
¢ Bo Mﬁ*1*Pu+v+2 = ¢y 1

9

Ao g -9
i.e., the exponent is > —1 for p < 2. For M — oo, the leading term in the integrand is

1a(1_2) L v (1—P) L

¢ =280 3= 1plarime e D) _ c -5 OM*U*%)%”’
i.e., the exponent is < —1 for p < 2. This means that the integral in (40) converges
to some constant Cop = Co(p) as T — oo, and © ~ CoG(T)2 ' ~ CT'"% for C =

P
1 1 1 q_ 1-5

1 1
Co ( ¢y o 20 55 “1o P2 . This finishes the proof for p < 2.
If p > 2, then the value of © based on the leading terms of the integrand only, is

—1+(1—§)% —(1-2)L (1-5)5
_ope-1G o\ TR W<T>> 270
O e T (ﬁQ () w (% )

Insert the values of £(T") and w(7T") from Proposition 2.1 as well as the leading term of
G(T):

P 71+(1f§)%

_ 1 _ 1 1 q_1\1-5 b
e = (C; 2B) 2B §0130 77(1) Bg) 2 Tlfgcopil (52770(5—1)512 B 50<(()2 1)[30) T%*l‘
£—

The powers of T cancel in this expression, proving the case p > 2. Finally, if p = 2, then
the factor G(T)%~" in (40) disappears and the leading terms in the integrand (both as
M — 0 and M — o0), are co_lM_l. This gives, due to Proposition 2.1,

n W(T)> _ B2+ o
£0T) log o @ logT.
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0

The 3-dimensional time-1 map ¢! preserves no 2-dimensional submanifold of M. Yet
in order to model ¢! as a suspension flow over a 2-dimensional map, we need a genuine
Poincaré map. For this we choose a section ¥ transversal to I' and containing a neigh-
bourhood U of p. As an example, ¥ could be T? x {0}, and the Poincaré map to T? x {0}
could be (a local perturbation of) Arnol’d’s cat map; in this case (and most cases) M is
not homeomorphic to T2 because the homology is more complicated, see [1, 11].

Let h : ¥ — Rt h(q) = min{t > 0 : ¢’(¢) € £} be the first return time. Assuming
that supy, |w(z,y)| < 1, the first return time h is bounded and bounded away from zero,
say 0 < infy h < supy h.

The Poincaré map f := ¢" : ¥ — 3 has a neutral saddle point p at the origin. Its
local stable/unstable manifolds are W}? (p) = {0} x (—¢,¢) and W _(p) = (—¢,¢) x {0}.
Because the flow ¢! is a perturbation of an Anosov flow, and f is a Poincaré map, it has
a finite Markov partition {P;};>o and we can assume that p is in the interior of Py. In the
sequel, let U be a neighbourhood of p that is small enough that (1) is valid on U x [0, 1]
but also that f(U) D> Py U P,

In order to regain the hyperbolicity lacking in f, let

r(¢) :=min{n >1: f"(q) € Y} (41)

be the first return time to Y := ¥\ Fy. Then the Poincaré map F' = f" = ¢7 of ¢! to
Y x {0} is hyperbolic, where

r—1
7(q) = min{t > 0: ¢'((¢,0)) € Y x {0}} = ho f/

j=0
is the corresponding first return time.
Consequently, the flow ¢! : M x R — M can be modeled as a suspension flow on
YT = (quy{q} X [O,T(q))) /(q,7(q)) ~ (F(q),0). Since the flow and section Y x {0} are

C* smooth, 7 is C! on each piece {r = k}.

Lemma 4.1 Let 7(¢) = min{t > 0: ¢} _.((¢,1)) € W*((,0)} be the time the horizontal
flow needs to reach 0Q. Then 7(q) = 7(q) + O(1) and r = 7(q) + ©(7(q)) + O(1), where
© is as in Proposition 4.1
Proof. By the definition of # we have ¢} (q) € W*. Therefore it takes a bounded
amount of time (positive or negative) for ¢7(g,0) to hit Y x {0}, so |7(¢q) — 7(q)| = O(1).
The function w in the vertical component of the local vector field X of (1) is a linear
combination of homogeneous functions C; - (22 + y?)?/2. It suffices to take the leading
term, i.e., the one with the smallest p; =: p. Using this term in (39), we obtain that
7(q) + ©(7(q)) indicates the vertical displacement by the flow ¢!. In particular, it gives

the number of times the flow-line intersects X, and hence r = 7(q) + O(7(¢)) + O(1). O

Assume that ¢! and f preserve Lebesgue measure.
Proposition 4.2 Recall that 5o = % € (%, 00). There ezists C* > 0 such that
Leb({T > t}) = C*t772(1 + 0(1)) (42)

for the F-invariant SRB-measure fi5.
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Y2 W)
{r=rk}
1 T
Py
WS
| F(W*)
—] F({r =k})

I T

Figure 4: The first quadrant of the rectangle Py, with stable and unstable foliations of Poincaré
map f = ¢" drawn vertically and horizontally, respectively. Also one of the integral curves is
drawn.

Proof. The function 7 is defined on X\ Py and 7 > hy = h+hof on Yy,59, := f~H(FPo)\ Po.
The set Y(,>9) is a rectangle with boundaries consisting of two stable and two unstable
leaves of the Poincaré map f. Let W*(y) denote the unstable leaf of f inside Y,>9y with
(0,y) as (left) boundary point. Let y; < y2 be such that W¥(y;) and W¥(yy) are the
unstable boundary leaves of Y,>9).

The unstable foliation of f = gb}ll o does not entirely coincide with the unstable foliation
of f. Let W*(y) denote the unstable leaf of f with (0,%) as (left) boundary point. Both
W(y) and W*(y) are C! curves emanating from (0,%); let ~(y) denote the angle between
them. Then the lengths

Leb(W"(y) N {1 >t}) = |cosy(y)| Leb(W"(y) N {7 >t})(1+o(1))
= Jcosv(y)| oly) t (1 +o(1))

as t — oo, where the last equality and the notation &y(y) and B3 = (ag + ba)/(2by) come
from Theorem 1.1
We decompose Lebesgue on Yy,>9y as

Y2
vdpg :/ / v i dv*(y).
/Y{rgz} ¢ 1 ( W (y) W)

The conditional measures pyu,) on W*(y) equals 1-dimensional Lebesgue myyu(,) on

(v
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W(y) Therefore, as t — oo,

Y2
/~L¢_>(T >t) = / Mwu(y)(W“(y) N{r > t})dv*(y)
Y1

= [ mwu) (V" () N {7 > 1}) dv"(y)

~

= /y2 | cos YY) Mgy (W (y) N {7 > 11)(1 + 0(1)) dv*(y)

Y1

Y2
- / | cos ()] €o(y) 2 (1 + o(1)) dir*(y) = C2(1 + o(1)),
Y1

for C* = fyyf |cosv(y)| &o(y) dv*(y). This proves the result. O

5 The proof of Theorem 1.2

Proof. The proof of Theorem 1.2 is a direct application of Theorem 2.7 in [3], where
v = fOT vo ¢t dt takes the role of 1 in [3, Theorem 2.7], but the condition that = C —1y
for some positive g is only important for the results on the shape of the pressure function
in [3]. For us, only the tail of ¥ matters and since v is C' on M\ T, ¥ is C* on each
partition element {¢ = n} of the Markov map F. Since Proposition 4.1 applies to v we
get v(z,y) ~ CpTl_g if the Dulac time of (z,y) is T. Since our invariant measure is
Lebesgue, and 5 = 2, Theorem 1.1 can be immediately used to estimate

_ " eo(m)dn [t \ 7
Leb(v > t) ~ m (Cp) ) (43)

where ¥ is the Poincaré section and Vol (X\ F) is the normalizing constant for Lebesgue
restricted to the domain ¥ \ Py of F. If p > 2, this asymptotic formula should be
interpreted as Leb(v > t) = 0 for ¢ large, that is: © is bounded.

The exponent of the tail (43) is —2 if and only if p = 0, and in this case [3, Theorem
2.7(a)(ii)] gives the non-Gaussian CLT.

If =2 < p <0, [3, Theorem 2.7(a)(i)] gives a Stable Law of order 4/(2 — p) € (1,2).

Finally, if 0 < p < 2 (or p > 2 when v is bounded), then we obtain the CLT provided
the variance o2 > 0, and this follows from @ not being a coboundary. In other words,
U # h— hoF for any h € B, the Banach space used in the proofs of [3], and this we
assumed explicitly. O
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