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Abstract

The purpose of this paper is to establish mixing rates for infinite measure preserv-
ing almost Anosov diffeomorphisms on the two-dimensional torus. The main task is to
establish regular variation of the tails of the first return time to the complement of a
neighbourhood of the neutral fixed point.
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1 Introduction

Almost Anosov diffeomorphisms on the two-dimensional torus were introduced in [HY95,
HOO] where it was shown that, depending on the local dynamics near the (for simplicity
single) neutral fixed point, there is a finite or infinite SRB measure. The recent paper
[HZ16] provides polynomial mixing rates, in the finite measure setting and with bounds
on the exponent rather than a precise exponent, within a certain parameter range, see
Remark 2.4. In [HZ16], the existence of a Markov partition, a first return inducing
scheme, quotient dynamics (i.e., they factor out the stable direction), and the by now
well-established renewal theory [S02, G04] are used.

In this paper we prove mixing results for almost Anosov diffeomorphisms on the torus,
with an infinite SRB measure. The class of maps is somewhat wider (see (2) below), but
more importantly, using an entirely different method from [H00, HZ16|, we are able to
establish much more precise tail estimates for the inducing scheme: there is Cy > 0 such
that

(e >n) = Con (1 +0(1)) (1)

with the more precise form the o(1) given in Theorems 1.1 and 1.2. We say that the
sequence (¢ > n) is regularly varying with index £ with involved slowly varying function
£(n) = Cy. These estimates hold for the entire parameter range {ag, az, by, b2 > 0, agby —
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asby # 0}, see formula (2), so both for the finite measure (5 > 1) and the infinite measure
case (f < 1). In the finite measure setting we limit ourselves to a few remarks, because
the exact equality in (1) is not needed to obtain mixing rates. In this paper, we focus our
attention on the infinite measure setting where regular variation of the tail of ¢ is crucial
to obtain mixing results as presented in Theorems 1.3, 1.4 and 1.5.

A way of obtaining mixing rates for finite measure preserving invertible Markov sys-
tems is to collapse stable leaves, work on the quotient space and transfer the results back
to the original system. In the infinite measure setting this strategy gives mixing, but
doesn’t seem to work for mixing rates (that is, higher order of the correlation function,
[MT12], see also Theorem 1.4 below for an illustration of this notion): see [M15].

For this reason we use, as in [LT16], anisotropic Banach spaces of distributions where
the transfer operator of the induced map acts, and we establish the required spectral
properties directly. More precisely, we show that a slightly modified version of the Banach
space considered in [LT16] (a simplification of [DLO08]) can be used to obtain optimal rates
of mixing for almost Anosov diffeomorphisms preserving an infinite SRB measure studied
in [HOO].
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1.1 Set-up

Definition 1.1 [H00, Definition 1] Let T? be the two-dimensional torus. A diffeomor-
phism f : T2 — T2 is called almost Anosov if there exists two continuous families of
non-trivial cones x — C¥,C3 such that except for a finite set S,

i) Df.Cy C C}L(m) and D f,C3 2 C]sc(r);'

it) |Dfyv| > |v| for any 0 # v € C¥ and |D fyv| < |v| for any 0 # v € C5.
Forx €S, Df, =1 is the identity.

Remark 1.1 In our setting the families of cones will be transversal, i.e., C* NCS = {0}

at every x € T2, unlike the systems studied in [LMO05] where Df, = <(1) i) at the neutral

fized point p and the corresponding stable and unstable manifolds are in fact tangent.

The starting point is an almost Anosov Markov diffeomorphism f : T? — T2, with
a single neutral fixed point p and f is C*T2-smooth (with even x € N fixed), except
possibly at the local stable and unstable manifolds W®/#(p) where only C' smoothness®
is assumed. Let {P;}¥_, be the Markov partition for f (which we can assume to exist
since f is a local perturbation from a Anosov diffeomorphism on T?). We assume that p
belongs to the interior of Py and use a system of coordinates in which p is the origin, and
the diffeomorphism f(z,y) has the local form

(2(1+ aoz™ + azy” + O(|(z, ) |"™)), y(1 = boz" — boy" + O(|(z, »)[**1))),  (2)

but on either side of W*/* we can extend f to W*/* in a C**t2 manner



on a neighbourhood U D Fy. Here ag,as, by, b are positive real constants with A :=
asby — agba # 0. (This notation is taken from [HO0]; the absence of mixed terms and
coefficients aq,b; is explained further in Remark 2.2.) Then the horizontal and vertical
axes are the unstable and stable manifolds of p respectively. We assume that the Markov
partition element Py C U is a small rectangle such that f~1(Py) U Py U f(Py) C U. Due to
the symmetries (z,y) — (£z, +y), it suffices to do the analysis only in the first quadrant
Q = [0,¢o] x [0,m0] of Py, see Figure 1. Without loss of generality (see Lemma 2.1) we
can think of [0, (o] x {no} as a local unstable leaf and {(o} x [0,70] as a local stable leaf
of the global diffeomorphism.
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Figure 1: The first quadrant ) of the rectangle F,, with stable and unstable foliations drawn
vertically and horizontally, respectively.

We consider an induced map F = f?:Y — Y for Y := T?\ P, where

o) = min{n > 1: f7(2) ¢ Po}

is the first return time to Y. Note that F is invertible because f is. In the first quadrant
of U\ Py, {p =n}:={2¢€ f7HQ)\ Q : p(z) = n}, n > 2, are vertical strips adjacent
to the local unstable leaf [0, (o] x {no}, and converging to {0} x [ng,m] as n — oo. The
images F'({¢ = n}) are horizontal strips, adjacent to the local stable leaf {(y} x [0, no],
and converging to [(p, (1] x {0} as n — oo, see Figure 1.

In contrast to f, the induced map F is uniformly hyperbolic, but only piecewise
continuous. Indeed, continuity fails at the boundaries of the strips {¢ = n}, n > 2,
but these boundaries are local stable and unstable leaves, and it is possible to create a
countable Markov partition refining {P;}%_; of Y for F, in which all the strips {¢ = n}
are partition elements.

The map F' preserves an SRB measure p and for every maximal unstable leaf W*
inside F'(F;) for some i, the conditional measure pyp« is absolutely continuous w.r.t. the
conditional Lebesgue measure myyu, see [HY95, Lemma 5.2]. In fact, the density hyu :=
dpw g bounded, bounded away from zero and (using a straightforward adaptation of

dmwu

[HY95, Proposition 3.1]) C**! smooth.




Our goal is to estimate the tails

ple >n) = p({z € f1(Q)\Q:p(z) > n}).

The f-invariant pullback measure p¢(A) = > <ou(f~"(A) N {e > n}) is finite if and
only if " u(ep > n) < co. When later on we speak of the (in)finite measure case, this
refers to py being (in)finite, since p itself is always finite, and scaled to be a probability
measure.

To estimate u(p > n), we first estimate m(¢ > n) (in Proposition 2.1) assuming that
locally, f is the time-1 map of the flow of the differential equation

{a': = z(aoz" + agy” + O(|(z, y)[**1)),

§ = —y(boa™ + bay® + O(1( 5) ")), ®)

where ag, a2, by, by > 0 with A = asby — agby # 0. are as before. This approach of re-
placing a map by the time-1 map of a flow, in the context of billiards, was followed in
[K79, M83, PSZ16] and [BCD11, Section 6] but only insofar that the time-1 map of the
flow approximates the map. In general, it is unlikely that on the whole manifold a diffeo-
morphism exactly coincides with the time-1 map of a vector field, see e.g. [P74]. However,
due to [DRR81, Theorem B and consequence 1(ii) on page 36)], inside the neighbourhood
U this holds for C'*° diffeomorphisms. Proposition 2.2 yields the regular variation of the
tails w.r.t. Lebesgue measure in this O setting. For C**? diffeomorphisms f, there
seems to be no general result that f is the time-1 map of a C**! vector field ([DR83]
gives results depending on the smoothness of the vector field). Therefore, we first perturb
f to a C* diffeomorphism, next use the asymptotics obtained from the vector field, and
finally interpret the results for f using an extra approximation argument, see Lemma 2.3.
The fact that the conditional densities Ay« are smooth finally allows us to transfer the
Lebesgue estimates to estimates in terms of .

1.2 Main results

Theorem 1.1 Let f be a C**2 diffeomorphism (with even x € N) on the torus of the
form (2) near (0,0). Then the tails (e > n) have regular variation:

(e >n) = Con ?(1 4+ O(max{n ", n"tlogn})),

where 8 := %, By = %min{l, ‘g—;, z—g} < min{B,1/k} and Cy > 0 is a constant given

at the end of the proof. In particular, py is infinite if and only iof 3 < 1.

Remark 1.2 The C**2 assumption is used for metric estimates in Proposition 2.2. As
Kk > 2, this implies that f is C*, and this is used to guarantee the existence of the SRB-
measure jig (which relies on C* smoothness of the stable and unstable leaves, see [HOO,
Theorem B]).

In a special case (namely, when f is the time-1 map of a vector field without higher
order terms), our estimates are much sharper:

Theorem 1.2 Suppose that the C* almost Anosov diffeomorphism f on the torus is near

(0,0) the time-1 map of the flow of

{J'U = z(apz" + agy”), ()

¥ = —y(boz"™ + bay"),
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where ag, a2, by, ba are positive real constants with A := a2bg — agba # 0. Then there are
real constants® Hj; and Hj such that

M(gp > n) = Z Hjn_JB _ Z ﬁ]n_(JB"Fl) + O(max{n_(“+1)f3, n_(2+5)})
j=1 j=1

for alln > 2. As before, B = %2302

Kba

Theorems 1.1 and 1.2 (proved at the end of Sections 2.5 and 2.3 respectively) strengthen
the estimates in [HZ16] considerably, see Remark 2.4.

Remark 1.3 If (k + 1)ag = by and as = (k + 1)ba, then the divergence of the vector
field in (4) is zero, and the flow preserves Lebesque measure (cf. [K79]). In this case
8= "‘T‘*'Q > 1. Provided the global dynamics preserves Lebesgue as well, Lebesgue measure
is the SRB measure both in forward and backward time.
Remark 1.4 The exponents seen in Theorems 1.1 and 1.2 depend on the quotients b /asg
and bg/ag rather than on ag,as,bo,ba separately. To explain this, note that the linear
change of coordinates 1T = x, sy =y (on the quadrant @), so we can drop the absolute
value signs) transforms (4) into

T = T(agr®z" + ass®y"),

y = —y(bor"T" + bys"y").
Apart from changing the size of the rectangle Q, this has no effect on the asymptotic
behavior of the system (such as those described in Proposition 2.1), and therefore the

important parameters (i.e., exponents) in the asymptotics should be independent of r,s.
This is indeed true when they depend only on the quotients ba/as and by/ag.

Theorem 1.3 Consider the setting of Theorem 1.1 and assume that 8 € (%, 1). Then for
all observables v,w € C' supported on'Y we have

lim nl_ﬂ/ U-wofndﬂf:do/ Ud,uf/ wdpy, (5)
T2 T2 T2

n—oo

where dy = (CoT(B)T(1 — B))~* with Co > 0 as in Theorem 1.1.

Remark 1.5 Theorem 1.3 (including the case f =1 and liminf results for f < %) is an
immediate consequence of Theorem 1.1 above and [M15, Theorem 1.1]; the approach of
[M15] uses quotienting along the stable direction together with arguments from [MT12].
The proofs below follow the structure of the arguments in [LT16], and as in there, the
case B =1 will be omitted throughout. More importantly, the present method allows us to
obtain the stronger result Theorem 1.4 for the range 3 > %

Remark 1.6 It is not clear to us how to get good estimates for the small tails u(p = n).
Theorem 1.3 could have been improved to all 5 € (0,1) provided the small tails satisfy
(e = n) = O(n~*P): this would then have been an immediate consequence of [G11]
and [M15]. However, in the setting of Theorem 1.1, we have no better estimate than
(e = n) = O(max{n~F+5) n=+0logn}) and B, < B. This is caused by the estimates
for T we use in the last step of the proof of Proposition 2.2.

2These constants are typically nonzero; the precise values are given in the proof of Theorem 1.2.



Mixing rates are obtained as well.

Theorem 1.4 Assume the setting of Theorem 1.3 with® 3 € (3,1) and B, € (3, 8). Take
q:=max{j € N: (j+1)8 > j}. Then there are (genem’cally nonzero) real constants
dy,...,dg such that

/ v-wo fYduy = (donﬂ_l + din?PY . -+dg plat1)(B / vduf/ wdpy —|—En,
T2 T2

where B, = O(n~(B«=1/3) p=(B+6-—1)/3),
In the stronger setting of Theorem 1.2, the rates can be improved.

Theorem 1.5 Assume the setting of Theorem 1.4 for the time-1 map of the vector field
(4) and B € (0,1). Then (6) holds with E, = O(n"'(logn)") forr =1 if B# L andr =2
5=}

1.3 Summary of the abstract framework and hypotheses
in [LT16]

In this section we recall the abstract framework and hypotheses in [LT16] as relevant for
the class of maps previously described. We check these hypotheses for our almost Anosov
diffeomorphisms in Section 3.

Let R: L'(m) — L'(m) be the transfer operator for the first return map F : Y — Y
w.r.t. Lebesgue measure m. We recall that R is defined by duality on L!(m) via the
formula [,, Rvwdm = [,, vw o F dm for all bounded and measurable w (see Section 3.4
for a more explicit description).

In this work we verify that in the case of the map described in Section 1.1, there exist
two Banach spaces of distributions B, B,, supported on Y such that

(H1) (i) C* c B C By, C (CYY, where (C') is the dual of C! = C(Y,C).*
(ii) There exists C' > 0 such that for all h € B, ¢ € C', we have h¢ € B and
1holls < Cllhllsl¢llcr-

(iii) The transfer operator R associated with F' maps continuously from C! to B,
and R admits a continuous extension to an operator from B to 3, which we still
call R.

(iv) The operator R : B — B has a simple eigenvalue at 1 and the rest of the
spectrum is contained in a disc of radius less than 1.

A few comments on (H1) are in order and here we just recall the ones in [LT16]. We
note that (H1)(i) should be understood in terms of the usual convention (see, for instance,
[GL06, DLO08]) which we follow here: there exists continuous injective linear maps m; such
that 71 (C1) C B, ma(B) C By, and 73(B,,) C (C1)". We will often leave such maps implicit,
unless this might create confusion. In particular, we assume that m = 73 o m o 71 is the
usual embedding, i.e., for all h,¢ € C!

(ﬂ(h),¢>:/yh¢dm.

3There is an open region in parameter space (e.g. ng < ag < by, by > ao for k = 2), where B, € (

and § + 8. € (§,3).
4We will use systematically a “prime” to denote the topological dual.



Via the above identification, the Lebesgue measure m can be identified with the constant
function 1 both in (C') and in B (i.e., 7(1) = m). Also, by (H1)(i), B’ C (C')’, hence
the dual space can be naturally viewed as a space of distributions. Next, note that
B o> (CYHY" > C!' 3 1, thus we have m € B’ as well. Moreover, since m € B and
(1,¢) = (¢,1) = [ ¢dm, m can be viewed as the element 1 of both spaces B and (C')’.

By (H1), the spectral projection P associated with the eigenvalue 1 is defined by
P = lim,_ R"™. Note that for each ¢ € C,

(P6,1) = m(Pg) = lim m(1-R"9) = m(9) = (,1).

By (H1)(iv), there exists a unique g € B such that Ry = p and (p,1) = 1 . Thus,
P¢ = p{¢,1). Also R'm = m where R’ is dual operator acting on B’. Note that for any
¢ eC,

1.0 = [(PL6)| = | lim R™m(¢)| = lim [m(6 0 F™)] < 6]
Hence p is a measure. For each ¢ > 0,
(P1,¢) = nh_)IrOlo(R 1,¢) = nh_}n&)(l,qﬁo F™) > 0.

It follows that u is a probability measure.

Summarizing the above, the eigenfunction associated with the eigenvalue 1 is an in-
variant probability measure for F' and we can write P1 = p.

In the rest of this section we list the hypotheses of [LT16] that we will verify for the
map described in Section 1.1. Recall that ¢ : Y — N is the first return time to Y. We
verify that

(H2) there exists C' > 0, a € (0,1] such that for any n € N and h € B we have 1;,_,3h €
B, and
|<1{g0=n}h7 1>‘ < C”h”B M(Yn)a'

In the infinite measure setting Theorem 1.1 implies that
(H3) ply €Y : o(y) > n) = £(n)n=? where ¢ is slowly varying and 3 € (0, 1).

We also verify some standard assumptions in operator renewal theory as first developed
in [S02, GO4] (finite measure case) and [G11, MT12] (infinite measure case).

Let D={2€C: |z <1}and D = {2z € C: |2] < 1}. Given z € D, we define the
perturbed transfer operator R(z) (acting as operator B — B or B — By) by R(z)v =
R(2%v). Also, for each n > 1, we define R,, (acting on B, B,) by Ryv = R(1{,—pyv). We
will show that

(H4) |[Rnl[s = O(m(e =n)).

Assumption (H4) ensures that R(z) =Y 2 | R,2" is a well defined family of operators
from B to B (or from B to B,,). Also, we notice that (H1) and (H4) ensure that z — R(z),
z € D, is a continuous family of bounded operators (analytic on D) from B to B (or from
B to By). The following assumption was essential for the main abstract results in [LT16]
and we shall verify it for the studied example.

(H5) i) There exist C > 0 and A > 1 such that for all z € D, h € B and n > 0,
I1R(2)"hlls, < Cl2"1hlls.,, [R(2)"hlls < CAT"[2["|[hlls + Cl=|"||hl5.-

ii) For z € D\ {1}, the spectrum of R(z) : B — B does not contain 1.
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1.4 Proofs of Theorems 1.3, 1.4 and 1.5

In Section 3, we verify that the map described in Section 1.1 satisfies (H1)-(H5). In
Section 2, we provide the set of parameters for which this map satisfies the assumptions
on p(¢ > n) used in Theorems 1.3, 1.4 and 1.5. Given these facts, these results are an
immediate consequence of previous works, as summarized below.

Proof of Theorem 1.3. This follows directly from [LT16, Theorem 1.1] (which is an
extension of [MT12, Theorem 1.1]). O

Proof of Theorem 1.4. This follows from [LT16, Theorem 1.2. i)] (an extension of
[MT12, Theorem 9.1]) with 2/ there replaced by § + 5. O

Proof of Theorem 1.5. We note that [T16, Theorem 1.3] holds with the present Banach
space of distributions described in Section 1.1 instead of the Banach space used in [T16]
provided [T16, Lemma 2.1] is replaced by [LT16, Lemma 3.1]. The conclusion follows
from this fact together with the argument used at the end of [LT16, Proof of Theorem
1.2. 1)]. O

2 Regular variation of u(p > n)

Let @ := [0, o] % [0,10]. We start with a harmless change of coordinates turning Q) into
local stable and unstable leaves.

Lemma 2.1 Let f be a C" diffeomorphism® of the form (2). There is a C*2 change of
coordinates which transforms the upper and right boundary of Q) into the horizontal arc
[0, o] X {mo} and the vertical arc {(o} x [0,m0] respectively, whilst the diffeomorphism f
still has the form (2). That is, W*((0,m0)) and W*((p,0)) contain locally a horizontal
and vertical arc respectively.

Proof. Since f is C"2, the local unstable manifold W (1) is a C**2 curve (by an
adaptation of [HY95, Proposition 2.2(3)]), and it can be parametrised as z — (z,w(x)),
say for 0 < x < (p. We can also assume that (y is so small that |ny — w(z)| < 19/10 for
0 <z <. Let x : R — [0,1] be a C* bump function supported on [—n9/3,70/3] such
that x(0) = 1 and |x/|oc < 3. Define the diffeomorphism

Iz,y) = (2, y+x(y—w(x)(n—w)))

and set f = Yo fod L. For this diffeomorphism, W*(1no) is a horizontal line. Then we
apply the same argument to f, with the roles of x and y interchanged, to straighten the
local stable manifold W*((p). O

2.1 Reformulation of the set-up of the neutral fixed point

Fix an even k € N. Consider the differential equation Z = X (z) for z = (x,y), defined
on ) and vector field X = (X, X2) given by (4). Clearly (0,0) is the unique stationary
point, and the time one map of the flow ®! satisfies

' (z,y) = (z(1 + aoz”™ + agy™ + O(|2[*")), y(1 — boa" — bay” + O(|2[*))) . (7)

®We will use this lemma for 7 = £ + 2 and later for 7 = oo for the f;’s in the proof of Lemma 2.3.
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This can be seen by applying the Taylor expansion

2
(®'(2));i = 2 + Xi(2)t + % (DX (9% (2)) X (9% (2))), for some s; € [0,t],i=1,2,

applied to t = 1, together with the fact that X (z) = O(|z|**!) and |DX (®%(2))| = O(|z|*).
Here we used that |®%(z)| < 2|z|, which follows because the operator

IT: C([0,t],R?) — C([0,#],R?), (IIf)(s) = z+/OSX(f(u)) du

maps the ball in (C([0,¢], R?), || || ) of radius 2|z| into itself (proved via standard methods
to show the existence and uniqueness of solutions to initial value problems, [T12, Chapter
2]).
The point (0,0) is a neutral fixed point of saddle type: the horizontal axis is the
unstable and the vertical axis is the stable manifold.

Remark 2.1 One can reduce the exponent k to 1 using the change of coordinates (Z,y) =
(z",y"). This leads to the differential equation

T = kZ(apZ + azy), (8)
y = —ry(boZ + b2y).

and a similar expression for (7). (In fact, also when x and y have their own exponents
Kz, Ky > 0, the change of coordinates (Z,y) = (x"*,y"v) leads to the analogue of (8).)
However, this change of coordinates reduces a C*2 vector field to a C3+% wector field,
which may be awkward to work with. Keeping the k all the way through retains some
clarity in this respect.

Remark 2.2 If mized terms, say a1, b1, are introduced, then we have no explicit formula
for the first integral L, see (12) below. In fact, no such L may exist if the mixzed terms
are too large. For example, if the vector field has the form

i = x(apz? + a2y + asy?),
Y= —y(bocc2 + bizy + bng),

— 2_
then there are invariant lines y = px for p = (a1+b1)i\/(a;;;i@;l(aﬁbo)(aﬁ@) and hence

the origin is no longer a simple neutral saddle point if (a1 + b1)? > 4(ag + bo)(az + bs).

Let 71 be such that ®=1(0,79) = (0,7;). For initial condition (£,1) € 9Q with n €
[m0,m1] and 0 < & < (p, define its exit time T'(§,n) by

T EM (¢, 1) = (Co,w(n,T)) € 9Q,

see Figure 2 for the case n = ng. We invert this relation to obtain, for fixed 7, the
asymptotic behaviour of £(n,T) (and w(n,T) as a byproduct) as T — oo, because for
integer values T' = n and T = n — 1, the curves n — &(n,T) parametrise the vertical
boundaries of the strips {¢ = n}.

For the vector field in (4), i.e., without higher order terms, very accurate estimates
for £(n,T) and w(n,T) are given in Proposition 2.1 below. In itself, this gives no further
benefit because the higher order asymptotics are diluted by the properties of the invariant



- (£(n0,T),m0)

(CO? W("?Oa T))
—
Go T

Figure 2: A solution of (4) with points ({(no,7"),m0) and ({o,w(no,T")) drawn in.

measure u, mostly the densities 5#1‘;"‘; conditioned to unstable leaves W, of which we

have no specific estimates. However, Proposition 2.1 sets the scene from which the general
case follows by tracking the effects of the perturbations.

Assume that A := asbg — agbs # 0. Let u,v € R be the solutions of the linear equation

(u+ K)ag = vby that is U= %2(“0 + bo), ()
1S:
(U+I€)b2 = uay v = %(CLQ"‘ID)-

Note that u,v and A all have the same sign. Define:

agp + bg U+v+K as + by U+v+K co=ap+b
Bo = = , Por= = , 0T (10)

Kag KV Kby K cg=az+by’

and note that % = o and fo, B2 > % (or = % if we allow by = 0 or ay = 0 respectively).

In the statements of the main theorems in Section 1.2, 5 = fs.

Recall that in our choice of coordinates {(y} x [0, 7] is a local stable leaf. Therefore
also the curves Wr := (&(n,T),n) are local stable leaves, simply because ®*'(Wr) C
{1} x [0,7m0]. The next proposition establishes precise estimates for the parametrisation
n — &(n,T) of such local stable leaves (i.e., vertical boundaries of the strips {¢ = n}):

Proposition 2.1 Consider a vector field on the 2-torus with local form (4) for ag, az, by, ba >
0 and A # 0. There are functions (1), wo(n),&1(n),wi1(n) > 0 independent of T (with
exact expressions given in the proof) such that

£ T) = &mT " (1- 6T +O(T 2,772

and
w(n, T) = wo(n)T <1 —wi(MT 1+ 0(T72, T—HBO)) ,

10



Remark 2.3 Ifay =0 (resp. by = 0), then the term O(T~%%2) = O(T~1) (resp. the term
O(T~"%0) = O(T~1)) and hence the term & (n)T~ (resp. wi(n)T~Y)) is no longer an
exact asymptotic in our estimates.

Remark 2.4 In [HZ16, Proposition 4.1], it is shown that for k = 2, n =1 and T =
n €N, Dgn~ Y8 < ¢(1,n) < Don™®, for any choice of o, B satisfying B < —-22202

PRl
a2+a2b2+b2

% < a, and Dy, Dg > 0 are independent of n. Proposition 2.1 corresponds to the value

1 __ _2bo : . . 2a2bo 2bo "

B = @by which lies in [7a%+a2b2+b§ ' a4 |, so Proposition 2.1 confirms [HZ16] and makes

1t more precise.

Remark 2.5 The solution of (4) wzth initial condition ({p,0) and t <0 is (x(t),y(t)) =
((CO—Haot)_% , 0), sox(=T)~T~ .. Then (£(no, T),m0) and (z(=T),0) lie on the same
stable leave. Therefore the holonomy map m : (§(no,T),no) — (x(=T'),0) along the stable
foliation is at best Hélder continuous with exponent a;’ij. This exponent tends to 1 as
as — 0 or bg — 00, as one should expect. Namely, if ay =0, then the first equation of (4)
is decoupled and can be solved directly, see also [AA13] where a product type almost Anosov
is taken as an example, and upper bounds for mixing rates are found using Young towers.
For initial condition (0,m0), equation (4) his solved by (x(t),y(t)) = (0, (bart + 1707”)7%).
Therefore the limit case by — oo corresponds to arbitrary fast contraction along stable
leaves, and it is known that already exponential contraction in the stable direction produces
a Lipschitz stable foliation.

The plan of action is:

1. Find a first integral L = L(x,y) for (4), so that the orbits are confined to level sets
of L. This allows also to compute the exit point ((o,w) = ®7(£,10) simply because
L(&,m0) = L(Co,w). This is done in Lemma 2.2 in Section 2.2.

2. Take the new coordinate M = M(x,y) = y/x, which reduces (4) to a one-dimensional
differential equation _
M =Z(M,L). (11)
1 M (Go,w
Zairy to compute T’ = iiy: ﬁ%o m dM
for L = L(§,no). This and the previous step are done in Section 2.3.

3. Solve (11), or integrate its inverse dth/[ =

4. Perturb (4) by including higher order terms, and follow the proof of Proposition 2.1
in detail to estimate the effect of this perturbation. This is done in Section 2.4 and
leads to the proof of Theorem 1.2.

5. Study the transition from diffeomorphism f to vector field X. If f is C°™° and has
the form (2), then it can always be written as the time-1 map of a vector field of the
form (3), see [DRR81, Theorem B and consequence 1(ii) on page 36)].

6. The C**2 setting requires an extra argument in which the vector field is approxi-
mated by C'* vector fields with the same (k4 2)-jet (i.e., the same Taylor expansion
truncated at the [k + 2]-nd term). Section 2.5 contains this argument, and also
the final step passing from length estimates to estimates in terms of the invariant
measure p. This leads to the proof of Theorem 1.1.

2.2 First integral
Lemma 2.2 Recall u,v and A from (9) The function

(12)



is a first integral of (4).

This means that solutions of (4) are confined to level sets {L(x,y) = Lo} for Ly € R. For
Ly = 0, this level set is the union of the coordinate axes, and (as used in Proposition 2.2
below) L is Holder continuous near the axes. For Ly > 0, the level set {L(x,y) =
Ly} roughly resembles a hyperbola in the first quadrant, with the coordinate axes as
asymptotes, see Figure 2.

Proof of Lemma 2.2. First assume A > 0, so u,v > 0 as well. By (9), we can write
L(z,y) as

2y =y () A )

L — u, v
(@,y) xy(u—i—/i U v v+ K

Using these two equivalent expressions, we compute the Lie derivative directly

. b b
L=(VL X)) = <u JS K(u + r)atTrRTlyv 4 ;u:z”1y”+”> z(aox"™ + azy”™)
_ (aoxu—i-nvyv—l + a2 xu(v + H)yv-i-n—l) y(box“ + beN) =0.
v v+ K

Any function of a first integral is a first integral, in particular this holds for 1/L. Therefore
the conclusion is immediate for A < 0 too. n

2.3 The exact asymptotics for the vector field (4)

Proof of Proposition 2.1. We carry out the proof for A > 0, so L(x,y) = x%y" (%2 2" +
%2 y") as in Lemma 2.2. The case A < 0 goes likewise. Fix 7 such that ({(n,T),n) €

o-1(Q) \ Q. For simplicity of notation, we will suppress the 7 and T in §(n,T). We use
the variable M = y/z, so y = Mz and differentiating gives §y = Mx + M. Recalling that
co = ap + by and c2 = ag + be and inserting the values for & and y from (4), we get

M = —M(co + caM")z". (13)

Assume that we are in the level set L(x,y) = L(§,n) = £“n"(52£" + %27]“), then we can
solve for z" in the expression

a bg

b b
gunv(@g@ + 72775) _ Iuyv(@xn + jyn) _ Jju—&—v—l—f;MU(i + 2 M.
v U v U v U
Use (9) and (10) to obtain
b A B bont A

%0 + 2 = (co+coM"®) and Got + 2 (co&”™ + can™).

v u RCpC2 v u KRCoC2
This gives 2% = £utvrputvis M atvis (%) " and, combined with (13),

M = —Ml_ﬁ(q} + C2M”)l_u+$+m gu:vqun 17u+nvv+rv (co£“ + anﬁ)ﬁ.

Recall By = “t2% and B, = “E2E5 from (10) (which also gives 1 — TR = n%é’o + Téz)

to simplify this to
. 1 1,1
M =—GM" "% (co+ coM") 7ot (14)

12



with L a1

G =G(&mn) = E=n (co8" + can™) "o =Pz (15)
For the exit time T" > 0, recall that £(n,T) and w(n,T) are such that the solution of
(4) satisfies (x(0),y(0)) = (&(n,T),n) and (x(T),y(T)) = ({o,w(n,T)). This implies
M(0) = n/&(n,T) and M(T) = w(n,T)/Co. Inserting this in (14), separating variables,
and integrating we get

77/‘5(777T) dM
/ 1— 1 11 = G(ﬁ(ﬁ,T)m)T. (16)
W(TLT)/CO M Bo (CO —+ C2MH) kBo | kB2

In the rest of the proof, we will frequently suppress the dependence on n and T in &(n, T)
and w(n, T). We know that L(£(n,T),n) = €“n°(%LE" + L) = (Ho®(2¢5 + Lwr) =
L(n,w(n,T)), which gives

§“n° (co€™ + can®) = (gw" (coly + c2w”). (17)
From their definition, £(n, T') and w(n, T') are clearly decreasing in 7', so their T-derivatives

&, T),w'(n,T) < 0. Since cp,ca > 0 (otherwise A = 0), the integrand of (16) is
1

1
O(M%fl) as M — 0 and O(Mfgfl) as M — oo. Hence the integral is increasing
and bounded in 7. But this means that G(£(n,T'),n)T is increasing in 7" and bounded as
well. Let g(n,T) = &(n, T)TP2. Since

1

1 1
G(€(, T),m)T = g(n, T) % 0% (cog(n, T)*T %2 + con)' 750 73,

and 1 — Tﬁo — W > 0, we find that g(n,T) converges :

B2
) _1 _ag o0 dM
oln) = Jim o) =y b B ([T ).y
T—o0 0 M 5o (CO_|_C2MH)N50 B2

where we have used —f2(1 — Tﬂo - %52) = —uffiﬁ = —% for the exponent of co, and

ﬁ — vtk
wt 5 ="5" = 32 for the exponent of 7.

We continue the proof to get higher asymptotics. Differentiating (16) w.r.t. T' gives

=1y 62 -1
nrogr ¢ B Co wiv _ 9G(&n)
(co&® + Czn“)ﬁjL% (coCl + CQw“)%JF% ¢

T +G(g,m), (19)

where (by differentiating (15))

OEE) — g+ barf ) (o™ + a7

Combined with (15), (17) and (19), this gives

L [3 g +$ w%_l / K K =+ /! = K K
—nPog’ —(y? cuy — ' = Ko™ +ban) TP &' +n 0§ (cos" +can®). (20)

SFor the symmetric statement on w(n,T), define §(n,T) = w(n,T)TP. Then limr_ o §(n,T) =
. v —bo/a 2 g
limy o g(n, T)Po/B2plt/vggtolao(c2yi/o,
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1
Because RB + H62 —1= —W“Jm, using (10) and dividing by 1?0, we can simplify (20) to

Gw
nv §ul

Taking the derivative of (17) w.r.t. 7" and multiplying with A/(kcoca) gives

£ - = k(bo&" + ban™)TE" + £(co€” + can”™). (21)

(bog™ + ban®)"€" 1€ = (aoCF + apw™) GG e
Hence, we can rewrite (21) as

bo&" + ban™

(1 205 TR
( +aoC{f+a2w”

)§" = K(bo€" + ban™)TE + £(col”™ + can®).

We insert & = ¢/(T)T~P2 — Bog(T)T~1F2) and multiply with 7%, which leads to

bo&" + ban”™ A

G (T) = Bag(T)T ™) = K(bo&" + ban)g'(T) T — =g(T)* T2
CLOCO + asw

—(1
(1+ b

Since ¢ = O(T~%2) and w = O(T~50), we can write this differential equation as

a0l +ban" +O(T—*%2) _ A —5
/ 1 Bs 20<g+O(T_KﬁO) - Eg(T)HT ba
g T2k bons+O(T5P2) +O(T 1)

Keeping the leading terms only (where we use that kB2, k5 > 1), we get the differential
equation

gg/:(fl(n)-l-o(max{T_l’T(;;)}))7}2 for & = &i(n) = 62< 1 + 1 )

Kk \aoCy  bam"®
Using the limit boundary value & = &y(n) = limp_o g(n,T'), we find the solution
g(n, T) = goe~ @ rOmax{T=1T" EpT = &o(1 — & T4 4 O(max{T~2, T7"%}))
as required. The analogous asymptotics for w and the constants wg and wy can be derived

by changing the time direction and the roles (ag,a2) <> (b2, bo), and also by the relation
£l ey ~ (T Wl ey from (17):

Bo
1 > dM Bo [ 1 1
wo(n) = ¢ ! (/ 1-L 1+1> and wi(n) == — <b ~+ H) .
0 M P2 (coMF + cp) 0 7 ko \b2(y  aon

This concludes the proof. O

Recall that the strip {¢ = n} is bounded by the unstable curve W* = {y = no}
forming the upper boundary of @, its preimage ®~*({y = no}) (see f~1(W") in Figure 1)
and the stable curves through the points £(no,n) and (no,n — 1). Let 71 be such that
&~ 1({y = no}) intersect the vertical axis at (0,7;). Proposition 2.1 gave us the estimates
for £(n,n) for ny < n < n1. Therefore, the remaining step is to pass from the Lebesgue
measure m(p = n) to the SRB-measure p(p = n).

Proof of Theorem 1.2. Every local unstable leaf W intersects the local stable leaf
W* of p in a unique point (0,y), so we parametrise these local unstable leaves as W*"(y).

14



Also the conditional measure iy, ) is absolutely continuous w.r.t. Lebesgue, so we can
write digu(,) = h(z, y)dm}fvu(y), and in fact h(z,y) is C**! times differentiable in = (see
[HY95, Proposition 3.1]). We decompose du = duij, . (»y @1 and obtain

m
plp >n) = / / Lipsnydityiruyy i’ (y)
no JWu(y)

m
= / / Lpsnphwu(y) (@, y) dmypu g, (@) du’(y).
70 “(y)

Use the Taylor expansion to approximate the inner integral. Define h;(y) := %th(y) 0,y),
so that hyyug)(r,y) = Y52 iy l,h (y)x? + O(x®). Integration over 0 < x < &(y,n) =
Co(y)n™P2(1 — & (y)n~" + O(max{n 2 n=rP2))) gives

£(y.n) ,
/0 th( )({L‘ y) deu Z h] 1 ) P

K

_Z(]ll)‘ G— 1( )50( )fl( ) J52+1)+ O(max{n (2+52) (“‘*‘1)52})‘

j=1

Next we integrate over y € (10, 71) and obtain

u(e >n) = ZHjn—sz _ Zgjn—(jﬂz+l) + O(max{n—(2+ﬁ2),n‘("‘“)ﬁ?}),
j=1 J=1

for Hy = 4 [ hy_1 ()€ (y) du(y) and Hy = L [7 by (5)E ()6 (y) du*(y). This
completes the proof. O

2.4 The effect of small perturbations

To prove that the regular variation established in Proposition 2.1 is robust under pertur-
bations of the vector field, we perturb X from (4) to obtain

(X olana® + agy® + O((z,y)[H)
X = <X> = <—y(boﬂf” +boy + O(| yw))) ! (22)

so that | X — X| = O(|(z,y)|"""). The quantity &(n,T) then becomes £(n, T) and the goal
is to show that £(n, T) is still regularly varying.

Proposition 2.2 Consider a C*t! vector ﬁeld of local form (22) with ag,az,by,ba > 0
and A # 0. Recall that By = % and By = HllIl {1, Z—;, Z—g} Then the asymptotics of

the perturbed version of £(n,T) is

E.T) = G(mT (1 + O(T ", T~ log T)).
as T — oo, and &(n) is as in Proposition 2.1.

Proof. As before, let £ = £(n, T) be such that for the unperturbed flow, ®7(¢,n) =
(Co,w(n,T)). Proposition 2.1 gives the asymptotics of £(n,T) as T — co. At the same
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time, under the perturbed flow associated to (22), ®7(&,n) = (Co,@(n,T)) for some T.
Therefore we can write &(n,T) = £(n,T), and once we estimated T as function of T', we
can express & (n, T) explicitly as function of 7. We follow the argument of the proof of
Proposition 2.1, keeping track of the effect of the perturbations.

The perturbed first integral: To start, we construct a first integral L on Q = [0, Co] x
[0,70] by defining

o bz) it A >0,

t _ _ u
L(2%(6,9)) = L(8,0) = {5—(u+v+n)(ao + bz)—l if A <0,
for 0 < § < min{p,no} and ¢t € R. (We continue the argument for the case A > 0; the
other case goes analogously.)

By construction, L is constant on integral curves of z = X (z). Because X is C"T1, the
integral curves are C**! curves, and form a C**! foliation of Py, see e.g. [T12, Theorem
2.10]. Note that the coordinate axes consist of the stationary point (0,0) and its stable
and unstable manifold; we put L(x,0) = L(0,5) = 0. Then L is continuous on @ and
C**1! on the interior of Q.

Now we compare L with L on a small neighbourhood U of ®~1(Q)UQ U ®(Q). Take
yo = no and zg = xo(d) such that the integral curve of 2 = ( ) through 2y := (x0,yo)
intersects the diagonal at (d,d). Then the integral curve of 2 = X (z) through 2y intersects
the diagonal at (0, 4) for some & = §(J), see Figure 3.

Yy )
z ya
5
) ;
#(5) T #(5) r

Figure 3: Solutions of (24) and (25), starting from the same point z = (x,y). The left and
right panel refer to the cases 6 > ¢ and 0 < J respectively.

Therefore N . o p o
L(z) = L(6,6) = L(6,0) <5> = L(2) (5) (23)

Estimating 0/6: Parametrise the integral curve of X through zg as (2(y), y) for min{4, 4} <
y < yo. (So z < y; the case y < x can be dealt with by switching the roles of z and y.)
Then by (4):

z(apr" + azy”)
y(box™ + bay™)

#(y) = - (24)
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For the perturbed vector field (22) we parametrise the integral curve of through zy as
(Z(y),y) and we have the analogue of (24):

) — 00T ¥+ T a5y o|@ )l ) (25)
rT\Yy)=— = . . ~ :
y(bo" + bay" + Y505 biay I 4 of| (&, y) <)

Since = < y, the O-terms can be written as O(y"*!). Combining (24) and (25) we obtain

Z(apZ" + agy”)
Yy (b + bay”)

#'(y) = (14 g0 + g2y + o(|(Z, y)]) = 2" () (1 + qox + g2y + o(|(Z, y)1))-

We will neglect the term o(|(Z,y)|) because they can be absorbed in the big-O terms at
the end of the estimate. Integration over [0, yo] gives

(o) — £(6) = £(y0) — 2(6) + do /5 " 2 )2y dy+ g /6 " )y dy.

Since Z(yo) = x(yo) = xo and x(J) = ¢, this simplifies to

30 -6 = -2 ["@) dr-a [ e dita [ o) dy
— D)+ (02—t [ o) ) (26)

We solve for x from x“y”(‘%’x"‘ + bfy'{) = L(z,y) = L(6,6) = 5u+v+n(%0 + %2):

uag | 1 cox™ . _1

utvte vtk

= = (ST —Tu 1 = 1 cox™ 1

z = z(y) y e ( +vb2) ( +C2yﬂ)

K " .
= (C2 + CO)%(CQ + 60!;7)_% 61+£y,£. (27)

U(y)
In particular,
a 70172 .
7o = o(yo) =0T (1+ %)%yo % (140" i),

1

Combine the first two factors of (27) to U(y) := (ca + co)u(ca + coz—:)*% e[l,(1+ 2—3)%]
Note that lim,_,s U(y) = 1, and U(y) is differentiable. Using (24) and (27) we compute
the derivative

ACO U(y) 1

1 )H_%émuz—;) U) ™ w+22)-1
by bQ—i-bo(%)“ Y

U’ = = —_—
(y) by by —l—bo(%)’{

(

x
Y
Next we integrate by parts (assuming first that ‘g—; #1):

Yo ag Yo _ag b ag 1_2
/ z(y) dy = 51“5/ Uy)y bzdy=b 2 (U(yo)51+b§yo " —52)
5 5 2 — a2

Aco o) (1+52) /yO U)™ -0+,
bg—ag ) b2+b0(§)n

1

Y.
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U+ 1 =1 U(y)”l

constants Cy,Cy € R such that the final term in the above expression is

1
= ot S Y 4, there are

2—(m+1)(1+“2)

=162 4 Coa D), +O(5%).

For the case Z—j = 1, a similar computation gives
Yo
/ z(y) dy = C302 log 5+ C462 log yo + C52 " yg 2 log yo + Csd2 Yy 25 1 0(63 log ),
)

for some generically nonzero Cg, C’4, C’g,, Cs € R. )
By (25), the derivative 7/(5) = ‘gg%‘g; + O(6). Since ¢ lies between § and () (see
Figure 3), we have

5| +|0 z 5
|2(8) 0] = |2(8) 0| +]0—6] = (1 4ot o(5>> Foo| = ot et 00)
b0+b2

5—6|. (28
b+ by |6—=4]. (28)

Later in the proof we need the quantity

~\ UtTV+K ~ ~ 9
P(d) == (g) —1Z(U+U+K)556+O<5526’>.

Writing |6 — 8| in terms of |Z(8) — 6| using (28), and combining with the above estimates
for |z(d) — 4|, we find

2a9

2 17272 1+%2 7(;72 1+@ b

¢(5) = 01(5+C'25b2y0 2 +035 bzyo 2 +C’46 by Yo 2
2a

+ Clogdlogd + O(6%,672 ) (29)

for (generically nonzero) constants C1, Cy, C3, Cy € R and Cjog is only nonzero if Z—j =1.

For the region {z > y} (containing the point (z1,11) := (Co,@(n,T))) we reverse the
roles aq, ba, xq, Yo <> bo, ag, y1,x1. This gives
R b0 1= gk S0 g% 20
P(6) = C1o+Cadeoxy 4+ C36 "wox, 0 +Cyd 0oz

2b,

+ Clogdlog d + O(6%, 570 ),

for (generically nonzero) constants Cy,Cy,C3,Cy € R and C‘log is only nonzero if Z—g =1.
Combining with (29) gives
W(6) = O(dlog1/s) if mln{.%, 2—2} =1, ' . (30)
O(5%) otherwise, with a, = min{1, §2, 22 }.

Estimate of T: Now let zg = (z0,0) = (£(n,T),n) = (£(n,T),n) be the point such that
®T(29) = ({o,w(n,T)) under the unperturbed flow and 3T (z0) = (o, @(n, T)) under the
perturbed flow. We estimate T in terms of 7.

Combining the estimate for £(n,T') from Proposition 2.1 with L(d,6) = L({(n,T),n),
we can find the relation between § and 7"

5= 6T (1 + L1  O(T-2, 7-"), (31)

kB2
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1
for 6 = g“%yf*E@(aﬁig)zﬁxz.
For M = y/x, computations analogous to (13) show that there is ¥ = ¥(x, M) =
O(1 + M**1) such that

M = —M(co + caM*™ + )"
For every (z,y) = (z, xM) on the ®-trajectory of zg (i.e., level set of L), we have

b
§(S2E" + ) (L + (6 m) = 2 FEME (2 4 2 ML+ o, M),
This gives the analogue of (14):
M = —CngfB*lo (co + caM™ + x\I/(x,M))ﬂ;’OJr“Bz (%) o , (32)

where Cg is as in (15). To estimate T, we take some increasing function § < p(§) < 51/2
such that § = o(p(d)) and divide the trajectory ®!(zg) = (Z(t),4(t)) of 2o into three parts
separated by:

Ty = min{t > 0: §(t) = p(8)}, Ty = max{t < T : &(t) = p(8)}, (33)

and let T1, T, be the analogous quantities for the unperturbed trajectory. We compute

p(9) dy p(d) dy
T:/],:/ — O(p(5)5).
Ll Pl S v o e sy B GACU

Similarly, using Z(y)/x(y) = 1 + O(¥(9)) as in (27),
p(6 1+O() 1
o —y(@Z(y)s +b2y")  —ylazz(y)" + bay”)

z 1+ OWE)
éo_w@x Sl dy = 0(p(0)' ).

T = dy

This gives

=

Ti=Ti(1+O0(Ty %)) and T-To=(T-T)1+O0p(T ~T) %)  (34)

by a similar computation for T — Ty = f ¢o %) 4z etc.

Finally, for T} < t < Th, we have 1(z,y) = O(6%,§log(1/8)) by (30), and z¥ (z, M) =
O(x +yM") = (1+ M*)O(p(9)). Therefore

a1
(z+yM*) \ wBo ' KB2

5 5 M(Ty) 1+ oo MF
T-T = / ) ( °+”{)
M(Tz) CEM 60 (co+ czM“)”BO *B2
M(T1) 14 0(p(6
/ ~ 1+ 0(eld)) (14 0(5™ 5log(1/8))) dM
M(Tg) CgM Bo (CO + CQMH) kBg ' KBo
= (T = T)(1+ O(p(8), 5%, 10g(1/5))).
Choosing p(0) = dlog(1/9), and using (31) gives

1+ (z,y)\ 7o Tz L
@+w@>> M

Ty—Ty = (T — TV (1 + O(T~ %, T = logT)).
Combining this with (34) gives T' = T(1 + ON(T_?* T = log T)) for B, = mln{l, 7 2‘;}
The estimate of Proposition 2.1 now gives £(n,T) = & ()T (1 + O(T P, T~* log 7))
as claimed. 0
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2.5 Regular variation of (¢ > n): proof of Theorem 1.1

In the next lemma, we make the step from C'*° diffeomorphism of the previous section to
C**2 diffeomorphisms. The need for this approximation argument is that we do not know
a priori if a C**2 diffeomorphism of form (2) is indeed the time-1 map of C**! vector
field of the form (25). It may well be so in specific cases, see [DRR81].

Lemma 2.3 Let f be C**2 almost Anosov diffeomorphism of local form (2), with ag, az, by, by >
0 and A # 0. Recall that By = %min {1 g2 b—o}. Then

Y by ap
: - = 5 ol
£, T) = &(mT (1 +O(T%, T = log T)).
as N> T — oo, and &y(n) is as in Proposition 2.1.

Proof. Let f be C*2 almost Anosov diffeomorphism with local form (2). Then there
is a sequence f; of almost Anosov diffeomorphisms which coincide with f outside U D
Q) N ®(Q), and are C* with local form (2) and converge to f in C**2-topology
inside U. By Lemma 2.1 we can assume 0@ consist of local stable and unstable leaves
of f; for each j. By [DRR81, Theorem B and consequence 1(ii) on page 36)], there are
C vector fields of local form (3), such that the f; are the time-1 maps of their flows.
By Proposition 2.2, &(n,T) = &;(n)T~52(1 + O(T~P*)), where (as one can verify from
the proof) the O(T~#*)-terms depend only on the first x 4 1 derivatives of the vector
field. Since f; — f in the C*"2-topology, these terms are uniform in j, say they are
< Amax{T*B*,T_%logT} for some A > 0 independent of j and T. Also & ; — &o
uniformly in 7.

Take j,, so large that |y ; — &loo < 77! for all j > j,. Then the triangle inequality
gives

(1. T) — &o(m)T ™| < (A+ 1) max{T P, T~ log T}

as required. O

Proof of Theorem 1.1. Recall the definition of 79 and 7n; from the proof of Theo-
rem 1.2. Lemma 2.3 yields the estimates for £(n,n) for ny < n < n;. Every local unstable
leaf W" intersects the stable leaf W* of p in a unique point (0,y), so we parametrise
these local unstable leaves as W¥(y). Also the conditional measure Kru ) is absolutely

continuous w.r.t. Lebesgue, so we can write dug.,) = h(x, y)dm“wu(y), and in fact h(z,y)
is differentiable in . We can decompose du = dyy;. (y)d/ﬁ . Then we get

m
plp >n) = / / Lipsnydptiyug,) dp’
no JWu(y) teenl W)

m
_ / / B ) (@5 y) A, (@) dis®
70 “(y)

m o pEo(y)n=P2(1+0(n=P* 0~ ¥ logn))
= / / hW“(y) (an) +
10 0

d
— hyru(y)(0,y)x + O(®) dm(z) du’

ox
m
= n <1 + O(max{n=" n="2, n"x log n})) / §o(y) ey (0, ) dp’.
0
This proves the result for Cy = nzl §o(y) hwu(y) (0, y) dp. 0
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3 Banach spaces estimates

In this section we verify the hypotheses in Section 1.1 for the maps described in Section 1.3.

Convention on the use of constants: Unless otherwise specified, throughout this
section C' will denote a positive constant that might vary from line to line.

3.1 Notation and definitions

Since f: T? — T? is Markov, F = f¥ : Y — Y is also Markov. Indeed, let P be the finite
Markov partition for f (into rectangles, including Pp). Then Y = Up>1{¢ = n} NP,
where P" is the n-th refinement of P, is a Markov partition for F'. We let Y; be the
elements of ) indexed such that there is jo such that {¢ = n} = Yj 4. Note that these
sets are small ‘rectangles’ with ‘wavy’ boundaries, namely two pieces of stable and two
pieces of unstable curve. The stable lengths of the elements Y; are bounded away from
zero, and so will be the admissible leaves below. Also, the image partition F()) := {Y]’ }
consists of "rectangles” with wavy boundaries, again two pieces of stable and two pieces
of unstable curve.

For n > 0, let ), = {Y},;} be the Markov partition associated with (Y, F"). Since F
is invertible, we have =" ({Y} ;}) = {Vp,;}. The map F™ is smooth in the interior of each
element of V.

Singularities for the map F’ are solely created via inducing and are placed on the *wavy’
boundaries. We let S*" be the set of such singularities for F*".

Admissible leaves, distance between leaves: Throughout, ¥ denotes the set of
admissible leaves, which consists of maximal stable leaves Wf,] in partition elements Y
of Y. Such leaves can be conveniently described via charts x; : [0, L, (Y;)] x [0,1] — Yj,
where Y is an element of the Markov partition Y. Let L,(Y;) be the length of the (largest)
unstable leaf in Y; and assume that x; ! maps the *wavy’ boundaries to the boundary of
the rectangle [0, L, (Y;)] x [0,1]. Therefore we can stipulate that the distortion of x; is
bounded, uniformly in j. The other stable and unstable leaves in Y; map under Xj_l to
roughly ”vertical and horizontal””. More precisely, for any leaf ngj in a partition element
Y;

X (W3,) = {(gv;.wy, (m),m) = € [0,1]}, (35)
where gy, we @ [0,1] — [0, Ly (Y;)] is C* (since by assumption f is four times differen-

J

tiable). Writing W*" for maximal unstable leaves, also let

L:=inf inf |F(W" 36
in nglcyj! (W, (36)

which is positive because the images of the elements {¢ = n} have uniformly long unstable
lengths.

When there is no risk of confusion, we write W := W;J . Also, we note that in the
above notation, for any (z,y) € Wy, there exists 7 € [0,1] such that X]_l(WffJ)(x,y) =
(gv; wg (n),m). When there is no risk of confusion, we write g := gy; wy -

This definition of ¥ differs from the one in [DLO8] (being closer to the simplification

in [LT16]) and allows for simpler arguments similar to the ones in [LT16]. This is possible
due to the Markov structure of F'.

"These are still somewhat 'wavy’ curves in the square [0, L, (Y;)] x [0, 1].
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Given the representation (35), we define the distance between leaves W, W e ¥ such
that W € Y, and W € Y7, by

) suPyefo,) 19(n) = g(n)] ) if k& = k;
AW, W) = & supyeiony lo(n) — Lu(Ye) = a0 + Sh sy Lu(¥) i jo+2 <k < ks
00 otherwise.

Recall here that jo is such that {¢ = n} = Yj 1, and an empty sum Z;CZk 41 is 0 by
convention.

Uniform contraction/expansion, distortion properties: Since f satisfies Def-
inition 1.1 and Remark 1.1, F' is hyperbolic. That is, there exist two transversal families
of stable and unstable cones y — C*®(y),C"(y) such that items i) and ii) hold with F
instead of f, for all y € Y\ S*!. There exist A > 1 and C > 0 such that for all n > 0,
j>1lforally eY,;.

IDE"(y)vl] = CA*[|o]|, Vo € C*(y) and [[DF"(y)vl = CX*[jv],vv € C°(y),  (37)

where || || is the Euclidean norm on the tangent space T, (Y").
Let Jy F™ be the Jacobian of F™ along the stable leaf W and let J, F" be the Jacobian
of F™ in the unstable direction. Note that for any y € Y \ S,

|DF"(y)| := |det(DF"(y))| = Co(y) Jw F" (y) JuF" (), (38)

where Cy(y) is a number depending on the angle 6 between the stable leaf W and unstable
leaf at the point y.

Since the family of admissible leaves ¥ is transversal to the unstable leaves (with a
uniform lower bound on their angle), there exist A € (0,1) and C' > 0 independent of y
and W such that for all n > 0 such that |[DF"| is defined,

‘|DF"\*1JWF”

<SCN T, |JwF" s < CAT" (39)

Because F' is hyperbolic, uniformly on all Y}, we have by (37) and e.g. [DLO8, Appendix A]
that there exists some C, C’, C"” > 0 such that for all Y; and all z, w in the same connected
component of Y, ; \ St C Y, and all W € %,

lord) - 1\ < C'max{d(z,w), d(F"(z), F"(w))},

Pty = 1] < O max{d(z w). AP (2), P ()}, (0)

Tt — 1| < O max{d(zw). (P ). P ().

where

d(z,w) = |x;'(2) = x; ' (w)] (41)
with || || denoting the Euclidean distance on [0, L, (Y;)] x [0,1]. Recall that },, = {Y,;}
is the Markov partition for F™.

Lemma 3.1 There is a constant C > 0 such that for every W € ¥ and W; = F~"(W) N
Yn,j;

IDF"| " Jy, F"| < Cm(Yay) and S )\DF“HJWWF" <o (42)
o Wjeyn >
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Proof. The Markov partition ) of the induced map F : Y — Y has elements of the form
{¢ =n}, n > 2, so still the stable lengths of partition elements are > L (see (36)), and
this remains true for elements in ),. Analogously, the unstable lengths of the elements
of the image partition )/ are also > L.

Therefore m(Y;, ;) = Lu(Yn,;) and L,(F™ (Y, ;)) = 1. Let W € 3 be a stable leaf and
W; = F"(W)NY, ;. Recall that |det(DF"(y))| = Co(y)Jw F"(y)JuF"(y), where Cy(y)
is as in (38). These together with the distortion control (40) of the unstable derivatives,
give
Ly(Ys5)

-1
~ ‘(Jan|Wj> ’ e DD Ly (Yog) & m(Yo ).
(0.0 o

1
’]DF"| Jw, F™ :

Now to sum over all pieces W of F~"(W), note that each W lies in a separate element
Y, ;. Therefore, there is C' > 0 such that

3 )|DF”|‘1JW].F”
j

<C Y,:) <m(Y
o = Zm( nj) <m(Y) < oo,
J
as required. O

Test functions: In what follows, for W € ¥ and ¢ < 1 we denote by C?(W) the
Banach space of complex valued functions on W with Holder exponent ¢ and norm

[9(2) — Pp(w)]
’¢|CQ(W):Zsélvll)/|¢(z)|+ziueﬁ"”—d(z,w)q :

Note that for a given W; € ¥NYj, C4(W) is isomorphic to C'4([0, 1]) via the identification
of the domain given by the representation via charts in (35). Throughout we will use such
an identification without further notice. In particular, given ¢ € C%([0, 1]) we still call ¢
the corresponding function in C’q(W)S/j ) and using (35) we write

/W_ hé dm = /0 hox;(g(n);meg(n)v/1+ g (n)?dn, (43)

J

where ¢4(n) = ¢(g(n),n) and /1 + ¢’(n)?dn is essentially the arc length (Lebesgue)
measure on Xj_l(Wj).

Remark 3.1 Note that we use m both for the one dimensional and two dimensional
Lebesgue measure.

Definition of the norms: Given h € C'(Y,C), define the weak norm by

lhllB,, := sup sup / ho dm. (44)
WES |8l ) <1JW

Given ¢ € [0, 1) we define the strong stable norm by

l1h||s := sup sup / ho dm. (45)
WeX |¢lcaw)<LIW
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Finally, recalling (37) we define the strong unstable norm by

1
|||y :=sup  sup sup —_— ‘/ heo dm — /~ (46)
d($,9)<d(W,WV)

where 3 3
d(¢, ¢) = [ o xe(9(n),n) — & o xe(G(n)sM)lcr(o,1))-
The strong norm is defined by ||h||g = [|h||s + ||~ ||«

Definition of the Banach spaces: We will see in Lemma 3.2 that [|h||g, + ||}|5 <
C||h||c1. We then define B to be the completion of C* in the strong norm and B, to be
the completion in the weak norm.

The spaces B and B,, defined above are simplified versions of functional spaces defined
in [DLO8] (adapted to the setting of (2)). The main difference in the present setting is the
simpler definition of admissible leaves and the absence of a control on short leaves. This
is possible due to the Markov structure of the diffeomorphism.

3.2 Embedding properties: verifying (H1)(i)
The next result shows that (H1)(i) holds for B, B,, as described above.

Lemma 3.2 [LT16, Lemma 7.2] For all q € (0,1) in definition (45) we have®
c'cBcB,c(Cl.
Moreover, the unit ball of B is relatively compact in By,.

Proof. By the definition of the norms it follows that || - ||, < || |ls < || - |- From this
the inclusion B C B,, follows. .
Using (43), for each h,¢ € C! and for each j and W,W €Y, € ),

|/Wh¢dm—/wh¢dm|

=\/01ho><j<g<n>,n>m¢g< — ho x5 @) m) /T T b))
s\/l (hoxitgn)m) —hox;(3 )W¢ (n) di]
+(/h%g <\/1+g — T+ G 0)2) dg() i

+‘/ hox;(G(n),mV/1+ g (1n)2(de(n) — ¢z(n dn‘

< Clhllerl|9lleo( Sup]lx( g(m),m) = x@m),ml+ 19" = §'l)

n€l0,1
+ C'||h)lco sup |pg(n) — ¢g(n)]
n€l0,1]
< C([[hllerlIBllco + (1Rl collpllcr)d(W, W). (47)

8Here the inclusion is meant to signify a continuous embedding of Banach spaces.
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The above implies that ||h|l, < C|/h]|c1. Thus C* C B.

The other inclusion is an immediate consequence of Proposition 3.1, an analogue
of [DLO8, Lemma 3.3]. The injectivity follows from the injectivity of the standard in-
clusion of C! in (C1)".

Next, we need to show that the unit ball By of B has compact closure in B,,. Note
that it suffices to show that it is totally bounded, i.e., for each € > 0, it can be covered
by finitely many e-balls in the B, norm.

For any € > 0, let N be a finite collection of leaves in ¥ such that for any W € %,
there exists W € N, with d(W, W) < e. Let N. := #(N.) < K/e for some constant K
independent of €. Say N = {Wj}évzel By (47) together with [|All, < C|h|c1, for every
W e ¥ and test function ¢ € C! with |¢|c1 < 1, there exists W € N such that

’/w hep dm /W hMm' < e[l

On the other hand, by the Arzela-Ascoli theorem, for each £ > 0 there exist a finite
collection {¢;} M5  C'([0,1]) which is C? e-dense in the unit ball of C'. Accordingly, for
each ¢ € C' with |¢|c1 < 1 and for every W € ¥ and W € AL such that d(W, W) < ¢,

there exists ¢; such that
‘/W he dm — /w h@dm‘ < '/W h(e — ¢;) dm| + ‘(/W /W)h@dm'

< Clhlls, |6 = ¢iler + Cel[hllu < 2Ce]|h]5. (48)

Let K. : B, — CMeNe be defined by [K.(h)]; = fW]_ h¢; dm for some j € {1,..., N.}.
Clearly, K. is a continuous map. Since the image of the unit ball B; under K. is contained
in {a € CMeNe 1 |q;;] < 1}, it has a compact closure. Hence, there exists finitely many
a® € CM=N= guch that the sets

<e, Vi,j}

cover B;. To conclude note that if hy, hy € Uy, then, by (48), there exist ¢ and W such
that

Uk’a:{heBw : |/ hqbidm—afj
W;

+ 20€Hh1 — hQHB

’/ (h1 — h2)¢dm‘ < /~ (h1 — ha)¢idm
w W;

< / hig; dm — afs| + / hat; dm — af| + 4Ce
W. .

J

<4(C 4+ 1)e.

This means that each Uy, is contained in a 4(C + 1)e-ball in the B,, norm and the con-
clusion follows. O

3.3 Verifying (H2)
The first step in verifying (H2) is

25



Proposition 3.1 For any j > 1, let Y; € Y. Let W,W e £n Y; and write W =

{xj(g(n),n) : n € [0,1]} and W = {x;(g(n),n) : n € [0,1]}. Let E = {x;(y,n) : g(n) <
y < §g(n),n €10,1]} and note that 1g|w+ is constant on any W* € ¥ NY;. Then for any
such set E, for all ¢ € C*(Y;) and for all h € By, we have 1gh € By,. Moreover,

[(Leh, ¢)| < [[hll,|0lcrm(E).

Proof. First note that on any Y; € YV, the Lebesgue measure m can be decomposed
according to the collection W; = {W,} of stable leaves on Y;. That is, there exists a
measure v on W; such that for any ¢ € L!(m)

/hdm—/ dz// hdm.
Y; W; W,

Let h € C! and consider v € L™ such that v|y is constant for any W € X. Using (43),

we have that
/ ho d’m'
W,

/thqﬁdm‘ < Zj:/wj |v|dv
< ;/Wj |v|dv; /Olhoxj‘(g(n)m))é(n)\/l+9’2(?7)dn

< [|Plls, ¢l vl -

To see that 1zh € B, note that F is a union of unstable leaves (between W and W) and
that the following are the only possibilities:

o If WeXbut W ¢ FE then [, 1gh¢dm = 0;
o If W € NNE then [, 1ghddm = [, hédm, so |1ghl|s, < ||h]5,.

Also, from the previous displayed equation with v = 15, we obtain that

[(Leh, §)| < [[hl|B,[10llcr(v;ym(E)

as required. ]

Note that the connected components of {¢ = n} satisfy the assumption on the set E
in the statement of Proposition 3.1. Therefore

[ | < e, m (),
E

We still need to argue that the same is true with p instead of m on the right hand side. Let
WY, W? be the collection of unstable, stable, respectively, leaves restricted to E. There
exists measures v°* on W?® and v* on W* such that for any W¢ € W?® and W* € W*,

’/hdm’:‘/ duS/ hdm|yy s <\h\|3’/ / dm|Wsd1/5’
E s WS WS WS
— bl [ am| =] [ [l avr
E wu JWu

Since p is absolutely continuous w.r.t. m on the unstable leaves with density bounded
away from 0, there exist C' such that C~! < dplww hus,

dm|Wu

)/ | §||h||g‘/ / Al dv®
E wu JWu
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3.4 Transfer operator: definition
If h € L'(m), then R: L*(m) — L'(m) acts on h by

/Rh-vdm:/h-vode, ve L™,
Y Y

By a change of variables we have
Rh=1yho F~YDF™!|, (49)

where |[DF~!| = |det(DF~1)|. Note that, in general, RC! ¢ C*, so it is not obvious that
the operator R has any chance of being well defined in B. The next lemma addresses this
problem, using the existence of the Markov partition.

Lemma 3.3 With the above definition, R(C') C B.

Proof. Using the notation introduced at the beginning of Section 3.1, we have F(Y') =
U;Y;. Moreover, both F~! and det(DF~!) are C! on each Y/. For each j € N, Y] is
bounded by the stable curves 7, 1 defined via (35) by

() = x; (g7 (), m), () = x;((g;(m),m)),n € [0,1].

In particular, the above representation implies that ||, |[7]]cc < o0. Thus, we can
consider a sequence of ¥, € C(R,[0,1]) that converges monotonically to 1j,1-

Next, note that for every stable leaf W € 3, F~1W = U;W; where W; = F~'wn Y;
are (possibly infinitely many) stable leaves. With this notation, given the sequence ),
introduced above, we define @Zn,wj (x;(9(n)),n) == ¥n(n). With these specified, we further

define the function 1, = @Z;n,wj (g(n),n) o F~1. 1p(y) and note that 1, is smooth and
converges monotonically to 1y,. For h € C!, let

Hp = pho FYDF7Y e C1,

and compute that?
‘/W[Rh — Hn]qb‘ dm < Z/W |h ‘|DF|—1JW].F‘ |po F| 1w, — in,wj| dm
j j

< eclolloe S IDPI s | [ 1o, =
i J

By (43) and the fact that ¢y, (9(1),n) = ¥ (n),

~ 1 _ 1 ~
/ rle—wn,wjrg/ ll—wn(n)lx/lJrg’(n)?dnéC/ 11— ()] .
W 0 0

J

Thus,

1
[ =t < el [ 11 dn) DOVCARTEN

9Since W; C Y, F(W;) C F(Y). Thus, when restricted on W, 1pxyy o Flw, = lw,.
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By (42), the sum is convergent and thus, | [};,[Rh —Hy,]¢ dm| converges to zero as n — oc.
As a consequence, H,, converges to Rh in B, and lim,_, ||Rh — Hy||s = 0.
It remains to check the unstable norm. Let ¢ such that |¢|c1(yy < 1. Using (43), for

any W, W e Y; and for any j > 1 we compute that

\/ [Rh—Hn]gbdm—/ [~ H,]6dm|
= Z/ ‘hoX? 9i () mIDF o x;(g;(m),m)| ™" Jw, F 0 x;(g(n),m)d o F o x;(g;(n), )

— hox;j(g;(m), mIDF o x;(g;(m), ™" Jw, F o x;(3;(n),m¢ o F(g;(n ‘ |1 = ()] dn.
Using that h,¢ € C1, recalling (39)'° and the fact that |g — jloc = d(W, W) we obtain
that for some C' > 0,

~ 1 — _
‘/W[Rh—mwdm—/W[Rh—mwm‘ < Caw. ) [ 1= i) anjj(\DF L F|

and we conclude using (42). O

3.5 Lasota-Yorke inequality and compactness: verifying (H5) (i)
and (H1)(ii).
The next lemma is the basic result on which all the theory rests.

Proposition 3.2 (Lasota—Yorke inequality) For each z € D, n € N and h € C1(Y)
we have

1R(2)"hl|s, < Clz]"[|h]5.,,
[1R(2)"hlls < A7"|2]"[|hlls + Cl2]"[| ]

Bw N

Proof. Write ¢, = S7—} ¢ o F* and note that R(z)"h = R"(2%7h). Given W € X,
write F~"(W) = UjenWj. Let W = {W,};en C X be the collections of the connected
components of F~"(W); each Y, ; € ), contains at most one W;. For a test function
¢ € C', we have

/(R(z)"h)tbdm—/ 22 F L pny )hoF*”\DF*%dm
w

W,;ew

Since ¢, is constant on the elements Y, ; of Y, and ¢, > n, we have |29| < |z|". The
same is true for z#7°F™" that is |2#7°F"| < |z|™. Let ¢ € C' such that [Plcrwy < 1 and
compute that

Jw F"
‘/ (R(z)"h)(bdm‘ / 29" he o F™ dm
w W;eWw |DF”‘
< Y lhls,|soFn 2"
Bw z
DF | oa gy

Y ,J €Vn

19Here we also use that for n € [0, 1], |[DF(g;(n), 77)|_1JWjF(gj(n),77)| < ‘|DF|_1JWJ.F‘
o0
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Weak norm: W.r.t. the C° norm, we have

Jy. F"
‘D]F'”| g[) o Fn

< |¢p o F"|coqw, ||DF™| ™" Jw F”

CO(W;)
W.r.t. the C! norm, we have

Jw F™
’D}‘”‘ ¢poF"

m|—1 n n
Cl(Wj)§||DF| Jw,; F" [crowyy|d o F™ [ cowy)

HI[DE" [ I, F ooy 0 F™ [orgw)-

By definition,

60 F"(2) ~ 60 F(w)]
$oF" = sup |[po F"(2)|+ sup :
90 Fllexary = sup 0o FH R+ sib ™3z, Fo(w)

But for z,w € Wj,

|90 F"(2) = ¢ o F™(w)| d(F"(2), F" (w))
d(Fm(2), Fm(w)) d(z,w)

< Cldlerny | Iw; F™ lerwy) < A" dlor s

(50)
where in the last inequality we have used (39). Hence, [¢ o F"|cigw;) < Clolcrw,)-
Putting the above together,

Juw, F™
|DFn|

$oF"

< C( DF"|"LJy F"
crwy) | I,

Pl (wy- (51)
[ee]
As a consequence, we can estimate the weak norm as follows:

‘/ 2)"h) ¢dm’ < C|hls, 2" ]yDF"\ L, B < Clls, e

where we have used (42). This ends the proof of the first claimed inequality in B,,.

Strong stable norm: Given |¢|cq) < 1, we have

2)"h)pd L/ T
o
/ o dm /Wj |DFn‘¢ ™ 12
oo (52)
A W —
< / hoj dm \z\"—i—/ h———¢; dm| |z|",
zj: W ! W |DFn‘ !
where For B
~ W — —
b= 0o P =6, G =Wl [ gormdm.
J |DFTL’( J J ’ J’ W

Proceeding as in (50),

b0 FM(z) — o F"(w)
d(z,w)4

< Cl9lca W)‘JW ¢ L (W;)

Thus, if Ho6l,(¢) is the Holder constant of ¢, then the distortion bounds (40) together
with the above inequality imply that

Holy(¢ 0 F") < C|Jyw, F"[Lo(yy, HOL,(0).
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As a consequence, using (39) we obtain
[¢ 0 F™ = Giloow;) < [supgo F™ —inf ¢ o F| < Holy(¢ o 1) W
W; J

< C|JWan z

G,y HOlg(¢) < Cldw, FME, < CAT™.

Next, note that

|b5lcaqw,) < 160 F" = djlcaqwp | IDF" ™ Jw, F" | coqw,)
+ ¢ o F™ — bjlcoqwy| IDF™ | Jw, F™ | caqw,)
<2|po F" — ¢jlcow |\DF"| Lw, F" oo

Putting the above together,
|bjlcaw;) < CAT™||DF| ™ Jyw, F"|oc,

which together with (52) implies that
‘/ z)"h) ¢dm‘ < COf[RllsA™™ 2" + Cllnlls,, 2]

Strong unstable norm: Let W, W € £ NY,. Using the chart xy, there is a natural
bijection )
v W =W, woxe(gm),n) = xelg(n),n))- (53)
Write F~(W) = UjenW;, F~(W) = UjenW; with W;, W, C Y;,; and let v; : W; — W,
y+— F~"ovo F"(y) be the corresponding bijection between the preimage leaves
Let ¢ : W — Rand ¢ : W — R be such that |Plcrowy, |¢|CI(W < 1. Define ¢ : W — R
by
z (Jw, F" [DF"|~1) o F"(v(y))
V() = oY) e oo
(J, " [DF" [Ty o F(y)

(54)
This choice of ¥ is such that

d(Jw,F" |DF"|" ¢ o F", Jyy, F" |DF"| ™" Yo F™) =0,
so that normalising ¢ and 1[1 by some factor doesn’t change the distance between these

quantities.
Compute that

‘ /WR(Z)"h¢dm— /WR(Z)”hQSdm‘

Jw. F" Jw. F™ -~
<™ J J ok _ J Jal
<|z| E ’/ _h\DF” ¢ o F™"dm /‘;th\DFﬂwo dm

Jw. F" o -
P Z)/ W‘DFn S h(—d)o

dm = 51 + Ss.

Now by (39) and (51),

St < [[hllul=l™ Y d(W;, Wil DE™| ™ Jy, F" oo < CAT"[Rllul2]™ ) d(Wy, W)).
i i
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Recall L > 0 from (36) and that L,(Y, ;) is the largest unstable length of Y}, ; and note

that
L,(Yn ;)

A(W;, ;) < CZ 2w, W),

Hence, renaming C'/L to C,

1< CAhllulzl™ S Lu(Yay) dOW, W) < CA |12 d(W, ).
J

For S5, using the definition of ¢, we split

|DE™| = Jy, F™ o v;
|DF"|~1Jy, F™

(¢—1!3)0F”=(<5—¢ov)oF“+(

—1>¢)OUOF".

For the first term, (51) gives
[, FUIDF" Y6 = 3) 0 F"| u sy < Cl FYIDF ™ ocld = b0 vlengy  (55)

and ¢ — ¢ o fu]cl(W) = d(¢,¢) < d(W,W). Using the weak norm and summing over j we
get

Jw; F" o v;
Z‘/ DF7] h(gi) $ov)o F" < C|h|s,d(W,W).
\DFnrlJWj Frov;
[DEP=T Ty, P
summing again over j we get

Jw; F" o v; "
Z/ DF| ————hpovolF

Thus, Sy < 2C|h||s,, |z|"d(W, W). Putting together the estimates for S; and Ss,

inally, since —-1) < , 7 v (40), using the weak norm an
Finall C'd(W, W) by (4 h k d

|DF™ =y, F o
[DE"[-1Jy, F"

Y| < ofh)g,dW, W) (56)

[17(2)"hllu < CllAllsA™" 2" + Cl[h]|s,, |2]";

and the conclusion follows. O

Proposition 3.2 and Lemma 3.3 imply that R(z) € L(B, B), i.e., Hypothesis (H1)(ii)
holds true. As in [LT16], we note that Proposition 3.2 alone would not suffice. The fact
that a function has a bounded norm does not imply that it belongs to B: for this, it is
necessary to prove that it can be approximated by C' functions in the topology of the
Banach space.

The proof of Lemma 3.3 holds essentially unchanged also for the operator R(z), thus
R(z) € L(B,B). We can then extend, by denseness, the statement of Proposition 3.2 to
all h € B, whereby proving hypothesis (H5)(i).

3.6 Verifying (H1)(iv) and (H5)(ii)

The following result is an immediate consequence of Lemma 3.2 and the compact embed-
ding stated in Lemma 3.2 (e.g. see [H93]).

Lemma 3.4 For each z € D the operator R is quasi-compact with spectral radius bounded
by |z| and essential spectral radius bounded by |z|A™9.
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Note that 1 belongs to the spectrum o(R) of R (since the composition with F' is
the dual operator to R and 1o F' = 1). By the spectral decomposition of R it follows
that % Z;:ol R converges (in uniform topology) to the eigenprojector P associated to the
eigenvalue 1. Recall that = P1.

The result below gives the characterization of the peripheral spectrum and it goes the
same with both statement and proof as in [LT16].

Lemma 3.5 [LT16, Lemma 7.6/ Let v € o(R(z)) with |v| = 1. Then any associated
etgenvector h is a complex measure. Moreover, such measures are all absolutely continuous
with respect to p and have bounded Radon-Nikodym derivatives.

Now suppose that Rh = e’h. Then, by Lemma 3.4, there exists v € L>(u) such that
h = vu. Hence

1(vp) = h(¢) = e Ph(po F) = e P p(vpo F) = e u(pvo F71)

implies v = v o F p-almost surely. By similar arguments, if z = € and R(z)h =
R(e%?h) = h, then there exists v € L>(u) such that ve’? = vo F p-a.e.

Proposition 3.3 Hypotheses (H1)(iv) and (H5)(ii) hold true.

Proof. As the proof of the two hypotheses is essentially the same, we limit ourselves to the
proof of (H5)(ii). The proof below is a slight modification of [LT16, Proof of Proposition
7.9], replacing the map F there with the quotient map F of the map F used here. We
recall that I : Y — Y, where Y = Y/ ~ with o ~ y if o,y are on the same stable leaf
W$ € ¥ (more needed facts about F are recalled and used below). The idea is to show
that a negation of (H5)(ii) for F' leads to a similar statement for F', which is known to
be a contradiction, since F' is Gibbs Markov!!(this is recalled at the end of the present
argument).

Let v: Y — C be a (non identically zero) measurable solution to the equation vo F' =
ey p-a.e. on Y, with 6 € (0,2n). By Lusin’s theorem, v can be approximated in L'(u)
by a C° function, which in turn can be approximated by a C* function. Hence, there
exists a sequence &, of C! functions such that |, — v!p(u) — 0, as n — co. So, we can
write

U:§n+pn7

where | pn| 1() — 0, as n — oo.
Starting from v = e~y o F and iterating forward m times (for some m large enough
to be specified later),

v=e TP (g 0 ™ 4 py o ),
Clearly,

. m—1 i
™0 25=0 9 b0 F™ 11 = 1pn 0 F™[ 1) = 1onl iy = O, (57)

as n — 0o. ey .
Next, put A, = e 0250 %""Fjgn o F™ and let d° be the derivative in the stable
direction. Note that for all n and m

|d*Ap | < |d°En|oo]d®F™|.

Hgee [ADO1, page 198] for the definition of Gibbs-Markov maps
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By (37), there exists 0 < 7 < 1 such that |[d°F| = 7. Hence, for any ¢ > 0 and any
n € N, there exists m € N such that

|d*Ap oo < €.

It is then convenient to use E,, for the expectation with respect to u and E, (- | z) for the
conditional expectation with respect to the o-algebra generated by the set of admissible
leaves.

Next, we note that the point Z € Y can be written as & = W?*(x). With this notation,
the previous displayed equation implies that |Ay, ., (2, y) —Eu(Anm | )| < e. For arbitrary
¥ € L*®(u), we can then write

E($v) = Eu($Aum) + O(€) = By (B, (Anm | 2)) + O()
= Eu(E (¢ | ) Aum) + O(e) = Eu(WE, (v ] 7)) + O(e).

Since € and v are arbitrary, it follows that v = E, (v | 7).

Finally, recall the projection map 7:Y — Y, moF = For and write gom = . Since
v =E,(v | Z), there exists v : Y — C such that v o w. Thus, vo F = €%y is equivalent
tovoFom=e?"g0m. So, voF =5, But since F is Gibbs Markov, this equation
has only the trivial solution v = 0 (see [ADO1, Theorem 3.1]). O

3.7 Verifying (H4): bounds for ||R,]|s.
Lemma 3.6 There is C > 0 such that |Ry||z < Cm(p =n) for alln € N.

Proof. Note that ¢ is constant on each element of );. Thus, given W € ¥ we can index
the leaves in F~1(W) as W,, = F~*(W)N{¢ = n}. Let ¢ € C? be such that |¢|cer) < 1.
Using (42) we compute that

’/W(R”h)(bdm’ < ‘/W h||DF™| "' Jw, F|$ o F dm

< |Ihlls [IDE™ =, < Cm(p=n).

F{Cq(Wn)

Hence, ||Ry,||s < Cm(p = n). By the same argument (with ¢ = 1), || R, |5, < Cm(e =n).

The estimate for the unstable norm follows by the argument used in the proof of Propo-
sition 3.2 (for estimating the unstable norm). We sketch the argument for completeness.
Let VV,W € X NYj, for some j > 1. As above, write W, = F~ Yw )N {e = n} and
W, =F Y(W)n{p=n}. Let |¢lc1(v;) < 1. Compute that (with v, and ¢ analogous to

(53) and (54))

(/W(Rnh)qsdm—/W(Rnh)gbdm) g(/nh‘JZV)V"F]Tgbode—/th"]g%};qLode

JWnFovn -~ - _
+‘/ oF (¢—¢)oF‘dm—Sl+Sg.

By the argument used in the proof of Proposition 3.2 together with (42),

St < ||hllud(Wa, W) [[DF| ™' Jw, Floo < Cllh]lum(p = n)d(W, W),
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d(Wa,Wh)

d(W,W)
guaranteed by (42). Finally, using the analogues of (55) and (56) (for a single term in
each), we find

Ly, (Yn)

where we have used that ~ = < Om(p = n), the last inequality being

Jw, Fouv, -~ It - b
/~ (g — ) o Fdm < Cl|h|ls,| Ty, FIDF| ™ |eol® — ¢ 0 vl iy
W, |DF|

+ C|hl|g,| Ty, FIDF| ™ sod(W, W)
< 20|, p(p = n)d(W,W).

Combining these estimates we find Sy < C/||h|cp, m(¢ = n)d(W, W), ending the proof. [
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