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Abstract

We obtain limit theorems (Stable Laws and Central Limit Theorems, both standard and
non-standard) and thermodynamic properties for a class of non-uniformly hyperbolic flows:
almost Anosov flows, constructed here. The proofs of the limit theorems for these flows are
applications of corresponding theorems in an abstract functional analytic framework, which
may be applicable to other classes of non-uniformly hyperbolic flows.

1 Introduction and summary of the main results

This paper is a contribution to the theory of limit theorems and thermodynamic formalism in the
context of non-uniformly hyperbolic flows on manifolds. In particular we introduce a new class of
‘almost Anosov flows’, a natural analogue of almost Anosov diffeomorphisms introduced in [HY95],
and prove limit theorems for natural observables ¢ with respect to the SRB measure, also giving
the form of the associated pressure function. This example is presented in the context of a general
framework, which may be applicable to a range of other non-uniformly hyperbolic flows. We recall
that various statistical properties for several classes of Anosov flows are known [D98|, D03, [L.04],
but none of these results apply to the class of ‘almost Anosov flows’ considered here.

Given a flow (®;); with a real-valued potential ¢, we suppose that there is an equilibrium state
te. A standard way of studying the behaviour of averages of a real-valued observable v is to
consider a Poincaré section Y and study the induced first return map F' : Y — Y, the induced
potentials ¢ and ¢, with the induced measure - In the discrete time case, in fact in the setting
where all the dynamical systems are countable Markov shifts, [S06], Section 2] showed a one to one
relation between stable laws for ¢ and the asymptotic form of the pressure function P(¢ + sv),
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as s — 0. This function experiences a phase transition at s = 0, and its precise form determines
the index of the stable law. Furthermore, under certain conditions on v, [S06, Theorem 8] gave
an asymptotically linear relation between the induced pressure P(¢ + s¢) and P(¢ + s¢b). On
the limit theorems side, [MTo04, [Z07] and [SO6, Theorem 7] show how one can go between results
on the induced and on the original system: the first of these also applies in the flow setting. In
these cases, the tail of the roof function/return time to the Poincaré section (both for the flow
and the map) plays a major role in determining the form of the results. Here we will follow this
paradigm in the setting of a new class of flows. The proofs of the main theorems are facilitated
by corresponding theorems in an abstract functional analytic framework. Applying this to the
considered example requires precise estimates on the tails of the roof function, which we prove for
our main example.

Our central example is an almost Anosov flow, which is a flow having a continuous flow-
invariant splitting of the tangent bundle TM = E" @ E° @ E*® (where EY is the one-dimension
flow direction) such that we have exponential expansion/contraction in the direction of E}, B,
except for a finite number of periodic orbits (in our case a single orbit). We can think of these
as perturbed Anosov flows, where the perturbation is local around these periodic orbits, making
them neutral. A precise description is given in Section [2] Almost Anosov diffeomorphisms have
been introduced in [HY95] and sufficiently precise estimates on the tail of the return function to a
‘good’ set have been obtained in [BT17]. (These estimates are for both finite and infinite measure
preserving almost Anosov diffeomorphisms.) We emphasise that the roof function is not constant
on the stable direction, which is a main source of difficulty. When considering these examples
we choose ¢ so that pgs is the SRB measure. We build on the construction in [BT17] to obtain
the asymptotic of the tail behaviour of the roof functions for almost Anosov flows (when viewed
as suspension flows). The main technical results for these systems are Propositions and [2.4]
These are then used to prove the main results for these systems, Theorems and 2.7

For a major part of the statements of the abstract theorems in this paper (in contexts not
restricted to almost Anosov flows) we do not require any Markov structure for our system: it is
only when we want to see our results in terms of the pressure function (making the connection
between the leading eigenvalue of the twisted transfer operator of the base map and pressure as in
[S99, Theorem4]) that this is needed. Our setup requires good functional analytic properties of the
Poincaré map in terms of abstract Banach spaces of distributions. Using the rather mild abstract
functional assumptions described in Section [} in Sections [5] we obtain stable laws, standard and
non-standard CLT; this is the content of Theorem In Section [6] we recall [S06, Theorem 7]
and [MTo04) Theorem 1.3] to lift Theorem to the flow, which allow us to prove Proposition .

In Section 7| we do exploit the assumption of the Markov structure to relate the definition
of the pressure P(¢ + sv),s > 0, with that of the family of eigenvalues of the family of twisted
transfer operators of the Poincaré map; the twist is in terms of roof function of the suspension
flow and potential 1. Using this type of identification, in Theorem we relate the induced
pressure P(¢ + s10) with the original pressure. Using the main result in Section , in Section
we summarise the results for the abstract framework in the concluding Theorem [8.2] which gives
the equivalence between the asymptotic behaviour of the pressure function P(¢ + st) and limit
theorems. It is this summarising result that can be viewed as a version of Theorems 2—4 and
Theorem 7 of [SO6] combined, for flows.



In Appendix[C]we verify the abstract hypotheses of Theorems|6.1and [8.2]for the almost Anosov
flows introduced in Section [2| which allows us to complete the proofs of Theorems and 2.7

We conclude our introduction by noting some possible extensions: we do not approach the
correspondence between the shape of the pressure and decay of correlations, but believe that
such a correspondence can be established using the present results and arguments/estimates in
MTel17, BMTI18, BMT]. Moreover, for a large class of discrete time, infinite measure preserving
systems, a version of [S06, Theorem 8] along with connection with limit theorems has been obtained
in [BTTIE|: we expect this to carry over to case where the almost Anosov flow has infinite measure.

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,) or a, < b, if
there is a constant C' > 0 such that a,, < Cb, for all n > 1. We write a,, ~ b, if lim, a, /b, = 1.
Throughout we let —¢ stand for convergence in distribution. By F being piecewise Hélder, etc.
we mean that F'is Holder on the elements a € A, with uniform exponent, but the Hélder norm
of F|, is allowed to depend on a.

Acknowledgements: The authors would like to thank the Erwin Schrodinger Institute where
this paper was initiated during a “Research in Teams” project.

2 The setup for almost Anosov flows

2.1 Description via ODEs

An almost Anosov flow is a flow having continuous flow-invariant splitting of the tangent bundle
TM = E*® E°® E® (where EY is the one-dimension flow direction) such that we have exponential
expansion/contraction in the direction of E', E, except for a finite number of periodic orbits (in
our case a single orbit I'). As noted in the introduction, we can think of almost Anosov flows as
perturbed Anosov flows, where the perturbation is local around I', making I" neutral.

Let &, : M xR — M be an almost Anosov flow on a 3-dimensional manifold. We assume that
the flow in local Cartesian coordinates near the neutral periodic orbit I' := (0,0) x T is determined
by a vector field X : M — T M defined as:

T x z(agz? + azy?)
y =X Yyl = —y(b0$2 + 62y2) (21)
z 2 14+ w(z,y)

Whereﬂ ap, @z, by, by > 0 with A = asby — aghbs # 0, and w has a homogeneous function with
exponent p > 0 as leading term, cf. Remark 2.8 Let us call the horizontal (i.e., (x, y)-component)
of the flow ®°". This is the vector field of [BT17, Equation (4)], with x = 2 and the vertical

!The notation and absence of mixed terms a;zy and b;xy goes back to [HO0], who could not treat mixed terms.
In [BT17], the mixed terms are absent too, in order to make the explicit form of the first integrals possible. We
believe that it is possible to treat mixed terms to some extent, but the additional required technicalities are beyond
the purpose of this paper.



component is added as a skew product. Therefore we can take some crucial estimates from the
estimates of ®"°" in [BT17, Proposition 2.1].

The flow ®, has a periodic orbit I' = {p} x T of period 1 for p = (0, 0) (which is neutral because
DX is zero on I'), and it has local stable/unstable manifolds W3 _(T') = {0} x (—¢,¢) x T and
Wh(T) = (—¢,€) x {0} x T*. Tt is an equilibrium point of neutral saddle type if we only consider
®her The time-1 map f of ®°" is an almost Anosov map, with Markov partition {P,};>o, where
we assume that p is an interior point of PO.
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Figure 1: The first quadrant of the rectangle Po, with stable and unstable foliations of time-1 map
f Pher drawn vertically and horizontally, respectively. Also the integral curve of ¢ is drawn.

Given g € f~Y(B), define
#(¢) = min{t > 0 : ®""(q) € W=}, (2.2)

where T is the stable boundary leaf of Py, see Flgurel Let W (y) denote the unstable leaf of f
intersecting (0,y) € W*(p). The function 7 is strictly monotone on W*(y). For y > 0 and 7' > 1,
let £(y, T) denote the distance between (0,y) and the (unique) point ¢ € W*(y) with 7(q) = 7.
The crucial information from [BT17, Proposition 2.1] is

€y, T) — E(y, T+ 1)| = B&(y) PT- P (1 +0(1))  as T — oo, (2.3)

for B = (as + by)/(2by) and specific values &y(y) given in [BT17, Proof of Proposition 2.1]. The
parameters as, by > 0 can be chosen freely, so (2.3 holds for g € (%, o0), but in this paper we
choose ay > by, and therefore § € (1, 00).



Remark 2.1 In fact, for the most general vector fields treated in [BT17, Equation (3)] (i.e., vector
fields with higher order terms), we cannot do better than “big tails” estimates:

£y, T) = &T (1 + 0T + T2 1ogT)), (2.4)

for B, = min{1, aa/bs, by/ap}, see [BT17, Lemma 2.3]. This is due to the perturbation arguments
in [BT17, Section 2.4] that become necessary when higher order terms are present and a precise
first integral from [BT17, Lemma 2.2] is not available. Since the horizontal part of vector field
of here is the ‘ideal’ vector field from [BTI17, Equation (4)], our small tail estimate (2.3))
becomes possible.

The next proposition gives an estimate of integrals along such curves. This allows us to estimate
the tail of the roof function (when viewing ®, as a suspension flow) in Lemma and also, the
tail of induced potentials (see Remark [2.8)). In the first instance we use it to estimate the vertical
component of the flow ®; (compared to t).

Proposition 2.2 Let § : R?> — R be a homogeneous function with exponent p € R such that
O(x,0) # 0 # 0(0,y) for x # 0 # y. Then there is a constant C, > 0 (given explicitly in the proof)
such that for every q with 7(q) =T as in (2.2),

T C,I5(1+0(1)  ifp<2,
o(T) := / 0(®i(q,0)) dt = § Cplog(T)(1+0(1)) if p=2, (2.5)
0 C,(1+0(1)) if p>2.

The proof of Proposition is deferred to Appendix [B]

2.2 Description via suspension flows, tail estimates of the roof function

The 3-dimensional time-1 map ®; preserves no 2-dimensional submanifold of M. Yet in order
to model ®; as a suspension flow over a 2-dimensional map, we need a genuine Poincaré map.
For this we choose a section ¥ transversal to I' and containing a neighbourhood U of p. As an
example, 3 could be T? x {0}, and the Poincaré map to T? x {0} could be (a local perturbation
of) Arnol’d’s cat map; in this case (and most cases) M is not homeomorphic to T? because the
homology is more complicated, see [BF13, IN76].

Let h : ¥ — RT, h(q¢) = min{t > 0 : ®;(¢) € X} be the first return time. Assuming
that supy, |w(z,y)| < 1, the first return time h is bounded and bounded away from zero, say
0 < infy h < supy, h.

The Poincaré map f := ®, : ¥ — ¥ has a neutral saddle point p at the origin. Its local
stable/unstable manifolds are W3 (p) = {0} x (—¢,€) and W2.(p) = (—¢€,€) x {0}. Because the
flow @, is a perturbation of an Anosov flow, and f is a Poincaré map, it has a finite Markov partition
{P,;}i>0 and we can assume that p is in the interior of Fy. In the sequel, let U be a neighbourhood
of p that is small enough that is valid on U x [0, 1] but also that f(U) D Py U P,.

In order to regain the hyperbolicity lacking in f, let

r(¢) ==min{n >1: f"(q) € Y} (2.6)
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be the first return time to Y := X\ Fy. Then the Poincaré map F = " = &, of &, to Y x {0} is
hyperbolic, where

7(q) = min{t > 0: ®4((¢,0)) € Y x {0}} = z_:h o f

is the corresponding first return time.
Consequently, the flow ®; : M x R — M can be modelled as a suspension flow on Y7 =

(quy{q} X [O,T(q))) /(q,7(q)) ~ (F(q),0). Since the flow and section Y x {0} are C' smooth,

7 is C! on each piece {r = k}.

Lemma 2.3 With the notation from Proposition [2.9 with 0 = w, we have 7(q) = 7(q) + O(1) and
r=17(q)+6(7(q)) + O(1).

Proof By the definition of 7 we have ®2"(¢) € W*. Therefore it takes a bounded amount of
time (positive or negative) for ®:(g,0) to hit Y x {0}, so |7(¢q) — 7(¢q)| = O(1).

If in (2.5) we set § = w, then 7(q) + ©(7(¢)) indicates the vertical displacement under the
flow ®,. In particular, it gives the number of times the flow-line intersects X, and hence r =

7(q) +6(7(q)) + O(1). n
Y]
Y2 FLwY)
{r=%)
Y1 —
Py
WS
] FW®)
= | FAr=kD |
—
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Figure 2: The first quadrant of the rectangle F,, with stable and unstable foliations of Poincaré
map f = &, drawn vertically and horizontally, respectively. Also one of the integral curves is
drawn.

Let ¢ : Y7 = R, ¢(q) = limy_ §log [D®;|yu(g)| be the potential for the SRB measure of
the flow. Let pg be the F-invariant equilibrium measure of the potential ¢ : Y — R, ¢(q) =
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fOT(q) ¢ o ®y(q)dt = —log |DF|wu(q)|; so ¢ is logarithm of the derivative in the unstable direction
of the Poincaré map F'. This is at the same time the SRB-measure for F' and thus is absolutely
continuous conditioned to unstable leaves.

Proposition 2.4 Recall that § = % € (%, o0). There exists C* > 0 such that
pe({T >t}) = C*t7P(1 + o(1)) (2.7)
for the F-invariant SRB measure fi;.

Proof The function 7 is defined on £\ Py and 7 > hy = h+ho f on Y0 := f7H(F) \ F.
The set Yy,>2 is a rectangle with boundaries consisting of two stable and two unstable leaves of
the Poincaré map f. Let W"(y) denote the unstable leaf of f inside Y9, with (0,y) as (left)
boundary point. Let y; < yo be such that W"(y;) and W"(y,) are the unstable boundary leaves
of Y{TZQ}.

The unstable foliation of f = & does not entirely coincide with the unstable foliation of f.
Let W"(y) denote the unstable leaf of f with (0,y) as (left) boundary point. Both W"(y) and
WY(y) are C' curves emanating from (0,y); let v(y) denote the angle between them. Then the
lengths

Leb(W¥(y) N {7 > t}) = |cosy(y)| Leb(IW*(y) N {r > £})(1 + o(1))
= Jeos1(y)| &ly) (1 + (1))

as t — 0o, where the last equality and the notation &y(y) and 8 = (as +ba)/(2b2) come from ((2.3)).
We decompose the measure p; on Yy,>9y as

Y2
/ vdpg = / </ vduivu(y)> dv*(y).
Yir>2) 1 wu(y)

The conditional measures fiyu(,) on W*(y) are equivalent to Lebesgue myyu(,) with density hf =

dWEG) tending to a constant hy(y) at the boundary point (0,y). Therefore, as t — oo,

Hyu )
w1 = [ " (W) 0147 > 1) ()
= ) g V) 1 7 > 1) )
= [ B eos a0l Mg (7)1 (7 > 1)1+ o) )
= [ sl &) 171+ o) ) = €1+ o),
for C* = [ h.(y)| cosy(y)| &(y) dv*(y). This proves the result. "



2.3 Main results for the Poincaré map F' and flow &,

Throughout this section we assume the setup and notation of Subsection 2.2l We emphasise that
we are in the finite measure setting, so

" = / Tdpg < 0o. (2.8)
Y
The first result below gives limit theorems for (F, 7).

Theorem 2.5 Set 1, = Z;:Ol 70 FJ and let B and C* be as in Proposition .
The following hold as n — oo, w.r.t. fig.

(i) When 8 < 2, set by, such that b, ~ (C*)""/Pn/5_ Then ;-(r, — 7% - n) =% G, where Gy is
a stable law of index 3.

When 8 = 2, set by, such that b, ~ (C*)~"/2y/nlogn. Then 3-(r, — 7" - n) = N(0,1).

(i1) If B > 2 then there exists o # 0 such that \/Lﬁ(rn —7*-n) =4 N(0,0?).
Remark 2.6 The above result holds for all piecewise C(Y') observables v in the space By(Y)
defined in Appendix . For item (i), we need to assume that v is in the domain of a stable law
with index § € (1,2] with v ¢ L?(ug), while for item (ii) we assume v € L*(u3).

We recall that the natural potential associated to the SRB-measure for F is ¢ = —log | DF |y,
which is the induced version of ¢ = lim;_,q w. The next result can be viewed as a version
of the results in [S06] for the flow ®,; it gives gives the link between limit theorems for (P, 1))
for (unbounded from below) potentials ¢» on M and pressure function P(¢ + si),s > 0. We
let ¢ 4+ s, s > 0 be the family of induced potentials and denote the associate pressure function
by P(¢ + s1). Some background on equilibrium states and pressure function (along with their
induced versions) is recalled in Section

Theorem 2.7 Suppose ¥(y) = C' — 1y where C' > 0 and 1y is positive piecewise C1(Y). Fur-
thermore, suppose that for some ¢ > 0 and 3 be as in Proposition pg(o > t) ~ ot for
K € (%,6) Set * = [, Wdug and let Yy = fOTw o ®,dt. The following hold as T — oo, w.r.t.
1.
(a) (i) When <2 and k € (8/2,[), set b(T) such that (Cb(;)% — 1
Then ﬁ(d}j’ —* - T) =% Gg),, where Gy is a stable law of index B/k and this is,
further, equivalent to P(¢ + sib) = ¢*s + csP/%(1 4 0(1)), as s — 0.
(i1) When 8 =2 but k = 3/2, set b(T) ~ ¢ V/2/TlogT.
Then ﬁ(?DT —p* - T) =% N(0,1) and this is, further, equivalent to P(¢ + sib) =
V¥*s + cs?log(1/s)(1 4 o(1)), as s — 0.




(b) Suppose that 5 > 2. Then there exists ¢ # 0 such that \%(1/@ —* - T) =% N(0,0?) and
this is, further, equivalent to P(¢ + sip) = ¢*s + %282(1 +o0(1)) as s — 0.

Moreover, P(¢ + si) = 7%77@ + s1p)(1 4 0(1)).

Remark 2.8 If 1) : M — R satisfies the following properties, then the condition on ¢ in Theo-
rem [2.5 holds. In local tubular coordinates near {p} x T, ©» = go — g(W(x,y)) where go is Holder
function vanishing on a neighbourhood of p, and W (x,y) is a linear combination of homogeneous
functions depending only on (x,y), such that the term W,(x,y) with lowest exponent p satisfies
W,(0,1) # 0 # W,(1,0), and g : R — R is analytic with g(0) = 0, ¢'(0) # 0. Then x =1 — £ (see
Proposition, so assuming that this lowest exponent p € (2(1—05),2(8—1)/8), then k € (%, B).

Proof of Theorems and These follow directly from applying Theorems [6.1] and [8.2] to
(F,7) and (P4, ¢). Appendix |C|verifies all the abstract hypotheses of Theorems [6.1|and [8.2| for the
flow ®; with base map F' and roof function 7 introduced in Section [2| and potential ¢ defined in
the statement of Theorem The extra assumptions (including coboundary assumptions) that

ensure o # 0 in Theorems (b) and (b) are verified in Appendix n

3 Background on equilibrium states for suspension flows

Here we outline the standard general theory of thermodynamic formalism for suspension flows. We
start with a discrete time dynamical system F': Y — Y. Defining Mg to be the set of F-invariant
probability measures, for a potential ¢ : Y — [—00, co] we define the pressure as

P(¢)izsup{h(u)+/¢du: j € Mp and —/Q/Jd,u<oo}.

Given a roof function 7 : Y — RF let Y7 = {(y,2) € Y xR : 0 < z < 7(y)}/ ~ where
(y,7(y)) ~ (Fy,0). Then the suspension flow F, : Y7 — Y7 is given by F,(y,2) = (y,z + t)
computed modulo identifications. We will suppose throughout that inf 7 > 0, but note that the
case inf 7 = 0 can also be handled, see for example [Sav98, [[JT15]. Barreira and Iommi [BIOG]
define pressure as

P(p) := inf{u € R: P(¢ —ur) < 0} (3.1)

in the case that (Y, F') is a countable Markov shift and the potential ¢ : Y7 — R induces to
¢:Y — R, where

_ 7(x)
() = /0 o(z,t) dt, (3.2)

has summable variations. This also makes sense for general suspension flows, so we will take ((3.1)
as our definition. In [AK42], there is a bijection between Fi-invariant probability measures p, and
the corresponding F-invariant probability measures i given by the identification

- nxXm
SCEIDIE)
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where m is Lebesgue measure. That is, whenever there is such a p there is such a ji, and vice versa.
Moreover, Abramov’s formula for flows [Ab59b] gives the following characterisation of entropy:

h(p)
hp) = X)) (3.3)
and clearly | - | -
_ Jédn_ [dp
J o= G = Fran 34

One consequence of these formulas is that the pressure in is independent of the choice of cross
section Y which essentially follows from the fact that if we choose a subset of Y and reinduce there,
then Abramov’s formula gives the same value for pressure (here we can use the discrete version
of Abramov’s formula [Ab59a]). Note that we say ‘Abramov’s formula’ in both the continuous
and discrete time cases as the formulas are analogous [Ab59al [Ab59b], and similarly for integrals,
where the formula holds by the ergodic and ratio ergodic theorems.

We say that p, is an equilibrium state for ¢ if h(ug) + [ ¢ duy, = P(¢). The same notion
extends to the induced system (Y, F,¢). In that setting we may also have a conformal measure
mg for ¢. This means that mg(F(A)) = [, e ?dmy for any measurable set A on which F is
injective. Later on, in order to link our limit theorem results with pressure, we will assume that
F Y — Y is Markov. In that setting our assumptions on ¢ will be equivalent to assuming
P(¢) = 0, in which case we will have a equilibrium states and conformal measures p; and m.

4 Abstract setup

We start with a flow f; : M — M, where M is a manifold. Let Y be a co-dimension 1 section of
M and define 7 : Y — R, to be a roof function. We think of 7 as a first return of f; to ¥ and
define F': Y — Y by F = f.. The flow f; is isomorphic with the suspension flow F; : Y™ — Y7,
Y"={(y,2) e Y xR:0< z<7(2)}/ ~, as described in Section 3] Throughout, we assume that
7 is bounded from below.

Given the potential ¢ : M — R and its induced version ¢ : Y — R defined in (3-2), we assume
that there is a conformal measure my for (F, ¢). In the rest of this section we recall the abstract
framework and hypotheses in [LT16] as relevant for studying limit theorems.

4.1 Banach spaces and equilibrium measures for (F,¢) and (f;, ¢).

Let Ry : L'(mgz) — L'(mg) be the transfer operator for the first return map F : Y — Y
w.r.t. conformal measure mg, defined by duality on L'(mg) via the formula [, Ryvwdmg =
fy vw o Fdmg for every bounded measurable w.

We assume that there exist two Banach spaces of distributions B, B, supported on Y such
that for some a,vy > 0

(H1) (i) C*C BC B, C (C*), where (C°) is the dual of C** = C*1(Y,C)|

2We will use systematically a “prime” to denote the topological dual.
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(ii) There exists C' > 0 such that for all h € B, g € C, we have hg € B.

(iii) The transfer operator Ry associated with F' maps continuously from C® to B and R,
admits a continuous extension to an operator from B to B, which we still call R,.

(iv) The operator Ry : B — B has a simple eigenvalue at 1 and the rest of the spectrum is
contained in a disc of radius less than 1.

A few comments on are in order and here we just recall the similar ones in [LT16].
We note that [(HI){i) should be understood in terms of the following usual convention (see, for
instance, [GLO6l, [DLOS]): there exist continuous injective linear maps m; such that m (C*) C B,
mo(B) C B, and m3(B,) C (C*)'. Throughout, we leave such maps implicit, but recall their
meaning here. In particular, we assume that m = 73 o 7y o m; is the usual embedding, i.e., for all

h e C*and g € C™
(m(h), )0 = / hg dmg.
Y

Via the above identification, the conformal measure m; can be identified with the constant function
1 both in (C°')" and in B (i.e., 7(1) = mg). Also, by (i), B C (C*), hence the dual space
can be naturally viewed as a space of distributions. Next, note that B’ O (C*)” D C* > 1, thus
we have mg € B’ as well. Moreover, since mg € B and (1,g)0 = (g,1)0 = fgd,u%, mg can be
viewed as the element 1 of both spaces B and (C*')’.

By , the spectral projection P, associated with the eigenvalue 1 is defined by F, =
lim, o Rf. Note that by [(HI){ii), for each g € C*, Pog € B and

{(Pog 1)o = mg(FPog) = lim mg(1- Ryg) = mg(g) = (g: 1)o.
By (iv), there exists a unique pg € B such that Roug = pg and (ug,1) = 1. Thus, Pog =
13(g, 1)o. Also Rymg = mg where R; is dual operator acting on B’. Note that for any g € C*1,
(15 90| = (PoL, g)ol = | lim Ryms(g)| = lim [mg(g 0 F")] < lgle.
Hence pj is a measure. For each g > 0,

n—00 n—o0

It follows that f; is a probability measure.
Summarising the above, the eigenfunction associated with the eigenvalue A = 1 is an invariant
probability measure for F' and we can write Pyl = pg and Pyl = hg, for dug = hodmg. Under

, the standard theory summarised in Section_ applies P(¢) = log A = 0. So, under ,
pg is an equilibrium (probability) measure for (F, ¢). Further, via (3.4)),

Mg X m
/’L e A —
(g x m)(Y7)

gives an equilibrium (probability) measure for (f, ¢).
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4.2  Transfer operator R defined w.r.t. the equilibrium measure p;

Given the equilibrium measure pz € B, we let R : L'(u3) — L'(113) be the transfer operator for the
first return map F': Y — Y w.r.t. the invariant measure j; given by fy Rvwdug = fy vwoF dug
for every bounded measurable w.

Under [(H1){i)-(iv), we further assume

(H1)(v) The transfer operator R maps continuously from C* to B and R admits a continuous exten-
sion to an operator from B to B, which we still call R.

By [(H1){iv) and [HL(v)] the operator R : B — B has a simple eigenvalue at 1 and the rest of
the spectrum is contained in a disc of radius less than 1. While the spectra of Ry and R are the
same, the spectral projection P = lim,,_.,, R" acts differently on B, B,,. In particular, P1 = 1,
while Pyl = pg, Pol = hg Throughout the rest of this paper, for any g € C, we let

(9,1) :== (g, Pol)o = (Fol, g)o = /Ygd/%

and note that Pyg = h{g, 1) and Pg = (g, 1).

4.3 Further assumptions on the transfer operator R

Given R as defined in Subsection foru > 0and 7:Y — R, we define the perturbed transfer
operator .
R(u)v = R(e”“"v).

By [BMT) Proposition 4.1], a general proposition on twisted transfer operators that holds inde-
pendently of the specific properties of F' (see also Section [A.1]), we can write

R(u) = go(u) /OOO R(w(t —71))e " dt := go(u) /000 M(t) e " dt (4.1)

where w : R — [0, 1] is an integrable function with suppw C [—1,1] and gq is analytic such that

For most results we require that

(H2) There exists a function w satisfying and C,, > 0 such that
(i) for any t € Ry and for all v € C%, h € B, we have w(t — 7)h € B,, and
(w(t = 7)o, 1) < Cyllvlleellhlls, p(w(t = 7));
(ii) for all T'> 0, .
| I@lens, dt < Cupslr > 1),

T
Further, we assume the usual Doeblin-Fortet inequality:

(H3) There exist op > 1 and Cy, C; > 0 such that for all h € B, for all n € N and for all u > 0,
1B(u)"hls, < Cillhlls,, [[R(u)"h]s < Cooy"[|hlls + Cillhlls,-
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4.4 Refined assumptions on 7

For the purpose of obtaining limit laws for ' (and in the end f;) we assume that
(H4) One of the following holds as t — oo,
(i) pg(r > t) = L(t)t™7, for some slowly varying function £ and 3 € (1,2]. When 8 = 2, we

assume 7 ¢ L*(p15) and £ is such that the function 0t) = flt @ dzx is unbounded and
slowly varying.

(i) 7 € L*(pg). We do not assumeﬂ T € B, but require that for any h € B, R(th) € B.

5 Limit laws for (7, F)

Theorem 5.1 Assume|(H1)| and|(H2)| and let 7,, = Z?:_ol 7o FJ. The following hold as n — oo,
w.r.t. any probability measure v such that v < pg.
(i) Assume|(H4)|(1).
When B < 2, set b, such that % — 1. Then i(Tn — 20y 4 Gy, where Gg is a stable

v(Y)
law of index (3.

When B = 2, set b, such that "{Egn) —¢>0. Then 3-(7, — Z(Yg) —4 N(0,¢).

(i1) Assume|(H4)|(ii) and 7 — 7" # h — ho F for any h € B. Then there exists o # 0 such that
\/Lﬁ(Tn - %) _>d N<0702)'

The rest of this section is devoted to the proof of the above result.

5.1 Family of eigenvalues for R(u)

By and [(H2)(ii), © — R(u) is an analytic family of bounded linear operators on
B, for v > 0 and this family can be continuously extended as u — 0. We note that
by , lim,, .o %go(u), %go(u) exist and for simplicity of notation, when used, we assume
%go(u), %gg(u) —lasu— 0.

Lemma 5.2 Assume|(H2)| Then
1R(uw) = R(0) |55, < u+ pg(r > 1/u) = qlu).
Proof Using (4.1)), we write

R(w) = (golu) — 1) / " Mt dt + gol0) / M) = 1) dt + go(0) / Mty de

= (go(u) — 1) /000 M(t)e ™ dt + /000 M(t)(e™ — 1) dt + R(0).

3In our example, T is only piecewise C1(Y).
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By the properties of gy and [((H2)((ii), we have that as u — 0,

~ ~ oo 1/u
[ R(u)—=R(0)||5-5, < U/ 1M (t)|| -8, dt + / (e =DM )55, dt
0 0

00 1/u
+/ | M(t)| s, dt < u+ pg(T > 1/u)—|—u/ t|| M (t)| sz, dt.
1/u 0

Let S(t) = [ ||M(x)||-8, dv and note that

M@l < | M@ sos, dr < S(E+1) — S(0). (5.1)

Rearranging,
1/u 1/u
u/ M ()| 55, dt<<u/ t(S(t+1)—S(t))dt
0 0

:u(/WHu—DS@yﬁ—/”Zawﬁ)

1 1/u+1 1/u+1
:u/tawﬁ—u/ S@ﬁ—u/‘ £S(t) dt << u + S(1/u).
0 1 1/u

By [(H2) - ii), S(1/u) < pg(7 > 1/u) and the conclusion follows. |

By E (iv), 1 is an eigenvalue for R By m there exists a family of eigenvalues A(u)
well-defined for u € [0, dy), for some §y > 0. Also for u € [0, o), R(u) has a spectral decomposition

R(u) = AMu)P(u) + Q(u), [|Q(u)"[|ls < Coy, (5.2)

for all n € N, some fixed C' > 0 and some o0y < 1. Here, P(u) is a family of rank one projectors
and we write P(u) = pg(u) ® v(u), normalising such that pg(u)(v(u)) = 1, where 15(0) is the
invariant measure and v(0) = 1 € B. Equivalently, we normalise such that (v(u),1) = 1 and write

Mu) = (R(u)o(u),1). (5:3)
The result below gives the continuity of the families P(u) and v(u) (in B,).

Lemma 5.3 Assume [(H1)| [(H2)| and [(H3)| Let q(u) be as defined in Lemmal[5.3 Then there
exist 0 < 01 < dg and C' > 0 such that

[1P(u) — P(0)||-5, < Cq(u)|log(q(u))|

for all 0 < u < §y. The same continuity estimate holds for v(u) (viewed as an element of By,).
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Proof Given the continuity estimate in Lemma , we can apply [KL99, Remark 5] (an im-
proved version of [KL99, Corollary 1] under less general assumptions). Assumption here
corresponds to [KL99, Hypotheses 2, 3] and the estimate in Lemma corresponds to [KL99,
Hypothesis 5]. The extra assumptions of [KL99, Remark 5] are satisfied in the present setup,
since by , R(u) is a family of || - ||z contractions. Going from P(u) to v(u) is a standard step

(see, for instance, [LT16l Proof of Lemma 3.5]). n

Since A\(0) = 1 is a simple eigenvalue (by [(H1)|), Lemma ensures that A(u) is a family
of simple eigenvalues (see [KL99, Remark 4]). The next result gives precise information on the
asymptotic and continuity properties of A(u), v — 0 (a version of the results in [ADOIal) in the
present abstract framework.

Lemma 5.4 Assume|[(H1)| and [(H2)| Let q(u) be as defined in Lemma . Set I(u) = pg(1 —
e 7). Then as u — 0,

1 Au) = Ti(u) (1 £ 0(q(w) log<q<u>>|)>.

Proof By (5.3), AM(u)v(u) = R(u)v(u), u € [0,dy) with A(0) = 1 and v(0) = g Then

AMu) = (R(w)v(u), 1) = pg(e™) + {(R(u) — R(0))(v(u) — v(0)), 1).

because (v(u),1) = 1. Since holds (so, holds),
Au) = pgle™) + V() = pgle™") + /Ooo(e“t — D{w(t = 7)[o(u) —v(0)],1) dt
+ (go(u) — 1) /Ooo e w(t — 7)[v(u) — v(0)], 1) dt.
Thus, 1 — A(u) = T(u) — V(u). By [([H2)[1),

(w(t =)o) —v(0)],1) < Cllo(u) = v(0)||s, pa(w(t = 7)).

Recalling that suppw C [—1,1], for all u € [0, dy) and some C; > 0,

/Ooo e w(t —7)[v(u) —v(0)],1) dt' < Clv(u) —v(0)]|5, /Oooe_“t/yw(t—f) du¢dt‘

T+1
/ / e Mw(t —7)dtdpg
Y Jr—1

< Cllow ~vO)s, [ | [ w(t)e dt\ g

Y 1

< Cffo(u) = v(0)|s,,

< Giffo(u) = v(0)]5., /Ye_’” dpg = Cifvo(u) = v(0)]|s, (M(u) + 1).
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In the previous to last inequality, we have used that ‘ fjl w(t)e™ dt) < 1 for u €[0,0). By a

similar argument,

[ e = 0ttt = m)letw) = o) D dt] < Cllotw) - 0(0), H(w)
0
The previous two displayed equations imply that for u € [0, dp),

[V (u)| < Cillo(u) = v(0)]s, (90(u) — D)(II(u) + 1) + Cyflv(w) = v(0)[|s, TT(w)
= Cigo(w)[v(u) = v(0)|[5, M (u).

By Lemma[5.3, [[v(u) —v(0)l|5, = O(q(u)|log(q(u))]). Hence V(u) = O(Il(u)q(u)|log(q(u)|). M

A first consequence of the above result is
Corollary 5.5 Assume|[(HL)| and [[H2)| The following hold as u — 0.
(i) If[(HA)|() holds with B8 < 2, then 1 — A(u) = 7*u + v?£(1/u)(1 + o(1)).
(1) If(z') holds with 8 = 2, then 1 — AN(u) = 7*u + u?*L(1/u)(1 + o(1)), where L(t) = %g(t)

Proof Under|(H4)|i) with 8 < 2, II(u) = 7*u+u’¢(1/u)(1+0(1)); we refer to, for instance, [F60],
Ch. XIII] and [ADO1b]. This together with Lemma (with g(u) ~ u) ensures that 1 — A(u) =
™ u + uPl(1/u) + O(u?log(1/u)) + O(uPT1e(1/u)). Ttem (i) follows.

Under [(H4)|i) with 8 = 2, it follows from [ADOID] that I1(u) = 7*u-+u?L(1/u)(1+0(1)), where
L(t) ~ £(t) log(t) with {(t) = flt l(x)/xdz as in (1) for § = 2. The estimate for II(u) together
with Lemma [5.4] (with g(u) ~ u) implies that 1 — A(u) = 7*u + v?L(1/u) + O(ulog(1/u)II(u)).

In the case of [(H4)|i) with 8 = 2 and ¢(1/u) — oo as u — 0, we have log(1/u) = o(L(1/u)).
As a consequence, ulog(1/u)lI(u) = O(u*log(1/u)) = o(u?L(1/u)) and the conclusion follows. In
the general case (which allows ¢ to be asymptotically constant), for fixed small § > 0 and € > 0,
we write

ulog(1/u)l(u) = ulog(1/u) (H(u) - /

7<0/u

(€_u2+57_2+5 i 1) dﬂ(g)

dulog(1fu) [ (@ 1 g = ulog(1 /)T (w) + Lw).

7<0/u
First,
ulog(1/u)|I(u)] < ulog(l/u)u%“/ Tt dpg
7<6/u

< log(1/u)uteu=2<5% /Y T2 dpg = o(u*L(1/u)).
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Next, compute that

]1(@&)

—ur —y2ter2te —ur
/ (e —e ) dpg + / (7" = 1) dpg
7<6/u T>8/u

[ =T i Ot > o)
7<6/u

/ e (1 — e ) dug + O(WP(S /u)).
7<6/u

Let G(v) = pg(T < x) and compute that
/ e—ur(l _ e_u1+e7—1+e) dlud_) < u1+5/ 7_1+e€—u7 dl%
7<8/u T7<6/u

< u1+6/ e dG(x) = —u1+5/ ' e d(1 — G(z))
0 0

= u2+6/ 271 — G()) e " dx + uHE/ 21— G(x)) e ™ dr < u''e.
0 0

Altogether, I1(u) < u'*c. Hence, ulog(1/u)|I;(u)| = o(u*L(1/u)). This together with the esti-
mate for ulog(1/u)|l5(u) implies that ulog(1/u)I(u) = o(u*>L(1/u)) and item (ii) follows. |

5.2 Proof of item (i) of Theorem [5.1; Stable law and non standard
Gaussian

Let 7,, and b, be as in Theorem [5.1} Using (5.2) and Corollary (based on [ADOID]) we obtain

that the Laplace transform E,,; (e"b='™) converges (as n — 00) to the Laplace transform of either
the stable law or of the N/(0,1) law. The conclusion w.r.t. pg follows from the theory of Laplace
transforms (as in [F66, Ch. XIII]). The conclusion w.r.t. v follows from [E04, Theorem 4].

5.3 Estimates required for the CLT under [(H4)|((ii)
For the CLT case we need the following

Proposition 5.6 Assume[(H1)| [(H2)| and[(H4)|(ii). Suppose that T # ho F —h, for any h € B.
Then there ezists o # 0 such that 1 — AN(u) = 7" u + ”—;uz(l + o(1)).

We need to ensure that under the assumptions of Proposition [5.6] which do not require that
T € B, there exists the required o # 0. The argument goes by and large as [G04bl, Proof of
Theorem 3.7] (which works with a different Banach space) with the exception of estimating the
second derivative of the eigenvalue A defined below. The argument in [G04bl, Proof of Theorem
3.7] for estimating such a derivative does not directly apply to our setup due to: i) the two
Banach spaces B, B,, at our disposal are not embedded in L?, p > 1; ii) the presence of log ¢(u) in
Lemma [5.3] Our estimates below rely heavily on [(H2)| and [(H4)|ii).
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As usual, we can can reduce the proof to the case of mean zero observables. Let 7 =7 — 7*.
We recall that under (ii), R(7h) € B, for every in h € B and the same holds for 7. By ,
(I — R) is invertible on the space of functions inside B of zero integral. Thus, as in [G04b, Proof
of Theorem 3.7], we can set

= (I - R)'RF € B. (5.4)

Define R(u) = R(e 7). Clearly, R(u ) has the same continuity properties as R(u). Let A(u) be
the associated family of eigenvalues. Recall that A(u) is the family of eigenvalues associated with
R(u). Hence, MN(u) = e*”" A(u). As in the previous sections, let v(u) be the family of associated
eigenvectors normalised such that (v(u),1) = 1. The next two results are technical tools required
in the proof of Proposition [5.6} the longer proof is postponed to Subsection

Lemma 5.7 Suppose that[(H1)H(H3)| and [(H4)|(ii) hold, and recall ¥ = 7 — 7* Then, as u — 0,

dd;A( )+ /y du¢+<dd R(u )dci (u),1>_>0'

Proof Set II(u) = pi5(1 — e77). By the calculation used in the proof of Lemma H, 1—\Nu) =
(u) — ((R(u) — R(0))(9(u) — v(0)),1). Differentiating twice,

W) = i) = (R = 00 1) +2 (SR 7o), 1)
+((R(w) - RO o)1),

Under |(H2)(i), arguments similar to the ones used in Lemma [5.4] together with Lemma (ii)
imply that as u — 0,

{ (R - RO )| < |zl [ = Digtetr = ) e

Hanlw) = DIl

. /000 e pg(w(t — 7)) dt < ulog(1/u) = o(1).

Lemmas (i) and H together with 72 € L'(ug) imply that (-2, R(u)(v(u) — v(0),1)| <
ulog(l/u) = o(1). Finally, duQH(u = — [, 7 dpg(1 + o(1)). The conclusion follows by putting
the above estimates together. |
Lemma 5.8 Assume the setup of of Proposition|5.0. Then

d - . d .
<%R(u)@v(u), 1> = —/Txdu¢ + D(u),
where D(u) = o(1) as u — 0, and x is defined as in ((5.4)).

18



Proof of Proposition By Lemmas [5.8 and

d? N .
y 2)\( u) = /7’2 du¢—2/Txdu¢+T(u), (5.5)
u Y

where T'(u) — 0, as u — 0. Hence, — L \(u)|uzo = [, 72dug + 2 [ Fxdpg and we can set
= [y 7%dug + 2 [ Txdpg. From here on the proof goes word for word as [G04b, Proof of
Theorem 3.7], which shows that given the previous formula for o, the only possibility for o = 0 is
when 7 = h — h o F, for some density h € B. This is ruled out by assumption.
To conclude recall that A(u) = e“™" \(u). By GA). 1- AMu) = %uQ(l +0(1)), as required. &

5.3.1 Proof of Lemma [5.8|

Proof of Lemma Although %R( ) is bounded in B, a priori —v(u) is not; this a con-
sequence of Lemma (i). However, we argue that due to [(H4)(ii), Lo (u) is Well defined at

0 and as such, we get the claimed formula for (£ R(u)Lv(u),1). Let W( ) := <L R(u). Since
R(u) = R(e™*7), we have that for any h € B,

d
W(0)h:= —R(u)| h=—R(7h). (5.6)
du u=0
By E (ii) 0)h € B. Recall that P(u) is the eigenprojection for R(u), so for R(u) as well.

For § small enough (independent of u), we can write

P = [ (e Ry

Recall that v(u) = i — LWL 4y particular, pg(u)l = (P(u)l,1). Compute

PaLT) — mg()l’
d o @Pwl _ Pwl d
du (u) = pg(u)l (ug(u)1)? du'ud)( )L (5.7)

d ~ 1 » -1
% plu) = /| (61 — R(u))™'W(u)(€T — R(u)) ™ dt

[ RO Ry + 2y

_ _/K H(gf — R)'RF(EI — R)™V dE + Zo(u), (5.8)
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where the first term is well defined in B by [(H4)((ii) and

Izl < | [ (1= By (W~ W) s - )

By

+ H/IE—15 ((fl — R(u))™' — (eI — R)”)W(u)(f[ ~ Ry lde

B

i “/5_1:6(51 ~R)TW(w) <(§I — R(u))™" — (&1 - R)_l) dé

B
By Lemma( i), £ R(u) is bounded in | - [|5,; so, ||[W (u) — W(0)||5, < u. Hence, each

one of three terms of the previous displayed equation contains an O(u) factor. By the argument
recalled in the proof of Lemma for any £ such that | — 1| = 4, the integrand of each one of
these three terms is o(1). Altogether, ||Zo(u)||5, = o(1). Also, by (5.8) and Lemma [5.9) below,

d

SP(u)l = —x — §o/yxdu¢; + Zo(u), (5.9)

for some & € C and x = (I — R)"'R7 as in (5.4). Plugging (5.9) into (5.7),

%v(u) = ﬁ (_X - fo/deMqﬁ) - (M]:((% <—X - fo/de,%sa 1> + Zy(u) + Zo(u)
:_X“‘é/del%-i-Zl(u)—i-Zo(u),

where ¢ is linear combination of &, and

g(w)l — pg(0)1 L 121 = PO)1|s,
mg(u)l (mg(u)1)?
1 _ 1
(ng(u)1)*  (pg(0)1)*]

By Lemma [5.3| [[P(u) — P(0)s, < wulog(1/u) and as a consequence, |ug(u)l — pg(0)1] <
ulog(1l/u). Thus, ||Z1(u)||s, = o(1). Recalling that || Zy(u)||z, = o(1), we have

d .
Zovt) = —x+€ [ xdug + Z(w),

where [|Z(u)|s, = o(1). Using this expression for Lv(u), we obtain

<d‘iR( )‘i (u),1> = —<RT—U > < )%v(u),1>
/ Txdu¢+§/7du¢/xdu¢ < W(u)—W(O))%U(u),1>
.

P + (RZ(), 1) + () = >>duv<u>,1>,

121(u)l5., <

+!
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where we have used [ 7dpg = 0. Finally, using |(H2), we compute that

(RZ(u), 1)] < | Z ()5, / N / w(t — 7) dug dt < | Z(u)||s, = o(1).

Similarly, [((W (u) — W (0) w(u), 1)| = o(1), since we already know that ||IW (u) — W (0)||g, = o(1).
Thus,

<%R(U)%U(U)71> = —/Y%Xd/%JFO(l)’

ending the proof. [

Lemma 5.9 Assume the setup and notation of Lemmal[5.8 Then there exists & € C with such
that

/ (€1 — R)'R7 (€1 — R)™11d€ = x + & / X dp.
|E=1]=46 Y

Proof We note that for each £ such that &€ — 1| = §, R7 (€1 — R)™'1 is well defined in B by
(H4)[(ii) and that [, _; R7 (I — R)"'1d§ = 0. Hence, [, (I —R)"'R7 ({1 — R)"'1d{ € B.
By the first resolvent identity and the Mean Value Theorem,

/ (€] — RY"R7 (61 — R)~11 de
e=11=s

:/ (I — R)'R7 (] — R)™11 d§+/ ((51—3)—1 _ (]—R)‘1>R% (€] — R)'1de
e 1]=5

je-1]=

— XP(O)L + / (1— &)l — R) ™y (T — R)1de

le-1]=5

— 6 / (€1 — Ry 'y (¢ — R)™1de,
1=

where & is a complex constant with 0 < |&] < 6.
Write (1 — R)™ — I = —(&I — R)7Y((¢ —1)I — R). The Mean Value Theorem gives

/|£—1|5(€[ — Ry ' (&I - R)'1d¢ = (€1 - R)'a <[ (el - Ry - [)M5

le-11=5

- / (€1 — Ry 'y dé - (€1~ R\ (€1 — R)"'((¢ — )T — R)1d¢
|E—1|=0 lE—1|=6

= PO [ R R e

=[x -2 [ e R - Ry
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for some & € C with & — 1] < 6. Thus,
-1 [ =R - R = [ s
6-11=s v

Since [, x dpg > 0, we have & # 1. The conclusion follows with § = & (& — 1)~ |

5.4 Proof of item (ii) of Theorem [5.1; CLT

Let 7, and b,, be as in Theorem [5.1| under [(H4)|(ii). Proposition [5.6[shows that the Laplace trans-

form ]E%(e_“bg '™ converges (as n — 00) to the Laplace transform of A'(0,52). The conclusion
w.r.t. pug follows from the theory of Laplace transforms (as in [F66, Ch. XIII]). The conclusion
w.r.t. v follows from [E04, Theorem 4].

6 Limit laws for the flow f;

The result below generahses Theorem [5 - to the flow f;. Given an observable g : M — R, define
:Y - Rasin and let gT—fo go f.dt.

Proposition 6.1 Assume|(H1)| Let g : M — R and let g* = [, wdpgz. Suppose that the twisted

operator Ry(u)v = R(e~"9v) satisfies ((H2)| (with T replaced by g). Then the following hold as
T — oo, w.r.t. pg (or any probability measure v < pug).

(i) Assume|(H4)|(i) and pg(g > T) ~ pg(t > T).

When < 2, set b(T') such that Tf(f}()T)) — 1. Then b(T (gT —g*-T) =% Gg, where Gg is a
stable law of index (3.

When 8 = 2, set b(T') such that Tg(b() D > 0. then 3 )(gT —g*-T) =T N(0,¢).

(ii) Suppose that |(H4)\(ii) holds. If g ¢ B, we assume that Rw € B. We further assume that
G#h—hoF with h € B. Then there exists o # 0 such that \/LT(QT —g* - T) =4 N(0,02).

Remark 6.2 We note that the assumption 5(g > T) ~ pg(7 > T') is satisfied for all g bounded
above and uniformly bounded away from 0 and such that g is C* on the elements of the (Markov)
partition A.

In Theorem [8.2 below, we consider potentials of the form g = C" — C7"(1 + o(1)), k € (0, /)
and obtain specific form of (i) and/or (ii) for different values of k.

Proof We use that f; : M — M can be represented as a suspension flow F; : Y7 — Y7. Under

the present assurnptlons g satisfies all the assumptions of Theorem [5 - with 7 replaced by g).
Let g, = Z o ' go FY and recall 7, = Z" (}TO FJ, Theorem i) applies to g,; the argument

goes word for word as in the proof of Theorem - for 7,,. Under the present assumptions on

22



g, item (ii) of Theorem applies to g, with the argument used in the proof of Proposition
applying word for word with g instead of 7.

Item (i) follows from this together with Lemma below (correspondence between stable
laws/non standard Gaussian for the base map F' and suspension flow. Item (ii) follows in the
same way using [MTo04, Theorem 1.3] instead of Lemma [6.3] |

The next result is a version of [S06, Theorem 7] (generalising [MTo04, Theorem 1.3]) for
suspension flows which holds in a very general setup; in particular, it is totally independent of
method used to prove limit theorems for the base map.

Lemma 6.3 Assume fY Tdpg < oo and let g € Li(ug), for ¢ > 1. Suppose that there erists a
sequence b, = n~*l(n) for p € (1,2] and { a slowly varying function such that b, (1, — nus(Y))
is tight on (Y, pg). Then the following are equivalent:

(a) b, g, converges in distribution on (Y, pg).

(b) b(T) tgr converges in distribution on (Y7, ue), where b(T) =T~ U(T).

Proof The fact that (b) implies (a) is obvious. The implication from (a) to (b) is contained in
the proofs of [MTo04, Theorem 1.3] for the standard CLT case and in [S06, Theorem 7] for the
stable and nonstandard CLT. n

7 Asymptotics of P(¢ + sib) for the flow f;

In this section and the next we shall assume that F' : Y — Y is Markov, which allows us to
express our results in terms of pressure. [S06, Theorem 8| gives a link between the shape of the
pressure of a given discrete time finite measure dynamical system and an induced version (this
was extended in [BTTI§| to some infinite measure settings). Here we give a version of this result
in the abstract setup of Section 4| along with suitable assumptions on a second potential 1. Note
that our assumptions are not directly comparable with those in [SO06, Theorem §].

Throughout this section, we let ¢ : M — R and p4 be as Section . In particular, we recall
that 7* = fY Tdpg < oo and assume that the conformal measure mg satisfies . This ensures
that sz is an equilibrium measure for (F,¢) and i, is an equilibrium measure for (f;, ¢). We
consider the potential 1) : M — R and its induced version ¢ : Y — R defined in and require:

(H5) There exists C,C’ > 0 such that for y € Y, ¢(y) = C" — (y), where C717%(y) < 1bo(y) <
C7"(y), for some £ > 0. For k > 1 we further require [, 7% dug < oc.

Given ¢ : M — R and its induced version ¢ on Y, we define the ‘doubly perturbed’ operator

A

R(u,s)v = R(e"“"e*V).

Under [(H5)| we require the following extended version of [(H3)|
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(H6) There exist a range of k, o1 > 1, constants Cy, C,6 > 0 such that for all h € B, for alln € N
and u > 0, s € [0,9),

1R(u.5) ks, < Cullblls,, [|F(u,)"hlls < Coor " ||Blls + Cillhllz,-

To ensure that we can understand the pressure P (¢ + st) in terms of the eigenvalues of R(u, s),

under [(H1)| (in particular, for « as in [(H1)|(i)) and |[(H5)| we require that

(H7) There exist v € (0,1] with v < 1 for k > 1 and C5,C3,d > 0 such that for all u > 0,
s € (0,d), h € B and every element a of the (Markov) partition .4 we have:

||(e_7”+57*Z — 1)14h|5, < (C’gs7 sup g + Csu” sup 7’7> Ilh||5.,- (7.1)

In (7.1), multiplication by 1, means that we restrict 7,7 to a. The main result of this section
reads as follows.

Theorem 7.1 Assume[(HL)|(i) (for mg), [(HL)|(w) (for uz) and suppose that[(H2)| holds. Sup-
pose that 1 : M — R satisfies |(H5)| with C" > C [ 77 dpg. Assume |(H6)| and |(H7)| Then

Po -+ s1) = — PG+ 50)(1+o(1)) as s — 0"

7.1 Technical tools, family of eigenvalues of R(u, s)

Note that R(u,0)v = R(u)v and recall from Subsection that under H3), the family
of eigenvalues A(u) is well-defined on [0, 8y) with A(0) = 1. Recall that [(H6)| and [(H7)]| hold for
some § > 0. Throughout the rest of this work we let §; = min{J, do}.

Lemma 7.2 Assume [(H1)|, [(H2)], [(H5)| and [(HT). Then for all s € (0,6,), there exists ¢ > 0
such that

IR (u,s) — R(u,0)||g=n, < cs.

Proof Using (4.1)), write

~

R(u,s) — R(u,0) = go(u) /OOO R(w(t — T)(e“z’ —1))e " dt. (7.2)

By , (e¥ — 1)1, € B for any element a in the (Markov) partition A. Without loss of
generality we assume that suppw(t — 7) is a subset of a finite union Ugea,a of elements in A.
Thus, /(€% — 1)Ly won s, < maxaes, (e — Dlalls,

Note that

[R(w(t = 7)(e™ = D)vls, < ClRw(t —7)5-85, max (e = D],
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By [(H5)| and [(H7)| (with u = 0),

1(e™ = 1) Laupp we—m 180 < (€7 = Dla]ls, < 7 supeyy < s7¢7.
a

Recall that v < 1 if k > 1. Putting the above together and recalling R(w(t — 7)) = M(t), we
obtain that for any € € (0,1 — ),

o0

1B, s) — R(u, 055, < 57 / FNM () s, df < 57 / M) s, .
0 0

Proceeding as in the proof of Lemma , in particular using (5.1)), we have
fooo e M ()| s, dt < fooo " (S(t + 1) — S(¢t)) dt, where S(t) = [~ ||M(2)| -5, dz. Thus,

/ "M (t)|| =8, dt<</ t“—ES(Hl)dt—/ S () dt<</ t"ImeS(t) dt
0 0 0

1

By assumption, 7 € L*(ug), so t*ug(t > t) < [ m%dug < [, m"dug < co. By |(H2)(ii),
S(t) < pg(r >t). Thus,

/ P M) |, dE < / (> 1) dt < / 049 gt < o0, (7.3)
0 1 1

which ends the proof. |
Lemmas and ensure that (u,s) — R(u,s) is analytic in u and continuous in s, for all

s € [0,00), when viewed as an operator from B to B, with
||}A%(u, S) - }?(07 0)||B—>Bw < sT + Q(U)7

where ¢(u) is as defined in Lemma [5.2]

Recall that A(u) is well-defined for all u € [0,4;) with §; = min{§,dy}. By [(H6)| there exists
a family of eigenvalues A(u, s) well-defined for u,s € [0,d;) with A\(0,0) = 1. Throughout, let
v(u, s) be a family of eigenfunctions associated with A(u, s). The next result gives the continuity
properties of v(u, s).

Lemma 7.3 Assume [(H1)|, [(H2)] [(H5)| and [(H6)| Then there exists do < 81 such that for all
u,s € [0,09), there exists ¢ > 0 such that

o, 5) = v(w, 0)lls, < cs” log(1/s).

Proof This follows from Lemma [7.2| and |[(H6)| (which holds for v > 0 and s € [0,4;)) together
with the argument recalled in the proof of Lemma [5.3] |

We recall TI(u) = pg(1 — e )and set Ig(s) = pg(1l — e*). The result below gives the
asymptotic behaviour and continuity properties of A(u, s).
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Lemma 7.4 Assume[(HL)], [(H2)], [(H5)|, [(H6)| (for some range of k) and|[(HT)| Then as u,s —
0,

1 — Mu, s) = II(u) + Io(s) + D(u, s),

where | D(u,s)| < (log(1/u))"2(s" + q(u)) + pz(t > log(1/u)) with q(u) as defined in
Lemma [2.2

1—XNu,s) = )+ Io(s) — W(u, s) —V(u,s) for

W= / T _ » —1)dpg and V(u,s) = ((R(u,s) — R(0,0))(v(u,s) — v(0,0)),1).
We first deal with V (u, s). Let Q(u, s) := ((R(u,0) — R(0,0))(v(u,s) — v(0,0)),1). Using (72,

V(u,s) = golu) /OOO e (e — Dt — Po(u) — v(0)), 1) dt + Q(u, 5).
By the argument used in the proof of Lemma
|Q(u, s)| < lv(u, s) —v(0,0)|s, H(w).
By [(H2)[i),
(€ = Dt = 7)o(w) = 0O, 1) < (6% = 1(v(ur5) — 0(0,0) st 7).
which together with (with u = 0) gives

(e = Dw(t = 7)[v(u) = v(0)], 1) < 8"t ||u(u, s) = v(0,0)|5, kg(w(t — 7)).

Proceeding as in the proof of Lemma and using that fY T dpg < 0o,
| / e (e = Vel = T)[o(u, 5) = v(0,0)], 1) dt|
0
< Y |v(u, s) — v(0, O)HBw/ e " dpgy < s7||v(u, s) —v(0,0)| 5,
Y

By a similar argument,

/Ooo(e_“t — 1)((@57; — Dw(t —7)[v(u,s) —v(0,0)],1) dt‘ < $v(u, s) —v(0,0)||5,-

By Lemmas [5.3] and [7.3] [lv(u,s) — v(0,0)||, < s7log(1/s) + g(u)|log g(u)|. This together with
the previous two displayed equations gives |V (u, s)| < s7(s7log(1/s) + q(u)|log q(u)]).
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We continue with |-£V (u, s)|. Compute that

d

A~

u

By |[(H5)} [((H7)| and the argument used above in estimating V' (u, s), we get
d - d -
(SR )0t.5) — o0.0),1) | < [ (R0 0)(0(0,5) = o(0,0),1)

< lofur) = 00,0 | [ttt = r)e
0

< |v(u, s) = v(0,0)]|s,, < log(1/u)(s + q(u)).
By , and Lemma (1), |-Lv(u, s)||s, < ||Lv(u,0)||s, < log(1/u). Thus,
'<(fa(u, s) — R(0, 0))%1}(% s), 1>’ < (87 + q(u))log(1/u)

and [ZLV (u, s)| < (s7 + q(u)) log(1/u). We briefly estimate W (u, s). Compute that

<</ Te_T|1—eS’Z’|d,u¢+/ Tdpg
{r<log(1/u)} {r>log(1/u)}

<s [ g 4 ({2 log(1/u)})
{r<log(1/u)}

< s7(log(1/u))™"** + (7 > log(1/u)).

d
d—W(u,s)

u

The conclusion follows with D(u,s) = —(W (u, s) + V(u, s)).

-V (u,s) = <diR(U, s)(v(u, s) —v(0,0)), 1> + <(1%(u, s) — R(0, 0)> %U(u, s), 1> _

For a further technical result exploiting [(HT)| we introduce the following notation. For u, s > 0,
set g = st —ut, so R(u,s) = R(e9). For N > 1 and = € [a] define the ‘lower’ and ‘upper’ flattened

versions of ¢ as

_ g(x) if 7(y) < N for all y € a,
gn(z) = 9" .
inf e, g(y)  otherwise;
and
n g(x) if 7(y) < N for all y € q,
gn() = .
SUPyeq 9(y)  otherwise.

Since v is bounded above by [(H5)|, monotonicity of the pressure function gives

P+ gy) <Plo+9) <P+ gk) <P(p) + s supy < oo

(7.4)

for all u, s > 0. For fixed u, s € [0, dy), set RE (u,s) = R(egliV). By|(H6)| the associated eigenvalues

A% (u, 8) exist for all N and u, s € [0, ).
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Lemma 7.5 Assume[(H2)| [(H5)], [(H6)| and [(H7)| Then for fived u,s € [0, &),

lim | A(u, 8) — A% (u, s)| — 0.
N—o0

The reason to introduce gﬁ is that, unlike g, the potentials gﬁ have summable variation, and
therefore, P(¢ + g3;) = log A% (u, s) by [S99, Lemma 6] (where [S99, Theorem 3] is used to equate

Gurevich pressure in [S99, Lemma 6] and variational pressure in this paper, and then [S99, The-

orem 4] together with the existence of the eigenfunctions v3;(u, s) and eigenmeasures m3; (u, s) of

R (u, s) and its dual, to conclude that ¢ + g are positively recurrent). From this, together with

(7.4) and Lemma , we conclude
P+ st —u) =log A(u, s). (7.5)

Proof of Lemma Assume u # 0 and/or s # 0. Proceeding similarly to the argument of
Lemma [7.2] we write

A A

R(u,s) — Ry(u,s) = / R(w(t —7)(e? — €9)) dt. (7.6)
0

Without loss of generality we assume that suppw(t — 7) is a subset of a finite union Uep,b of
elements b € A. Note that for any v € C*(Y),

[R(w(t = 7)(e* = e=)vllss, < ClIRWE=7))ll5-5, max|l(e? — ™) 10]s,

We only have to consider those b € B, with b N {7 > N} # (), otherwise (ef — egﬁ)lb = 0. This

together with [((H7)| gives

9_eTINY] — +gn|" < "1 .
max ||(ef—e )bv||3w<<1gé%>t<sgplg gn|" <" sy

Recall v < 1 for k > 1. By |(H2)| and the previous displayed equation, for any € € (0,1 — ~),
I s) = B (9o, < [ O NN Ol de= [ 40O 210 o,
N N
< N—(=7-9n / =< M (1) |5, dt. (7.7)
N

By equation (7.3)), fooo t" || M ()| g—p,, dt < co. Using and (7.3)),
1R(u, 8) = Ry (u,8) |55, < N~UT779"
This together with the argument recalled in the proof of Lemma [5.3| gives
|v(u, s) — v (u, 5)||sos, < N-17779%log N.

where for fixed u,s € [0,dy), v(u,s) and vy (u,s) are the eigenfunctions associated with A(u, s)
and A% (u, s), respectively. Thus,

|R(u,s) — RE(u,s)|sos, = 0, |Jv(u,s) —vi(u,s)|s, —0as N — .

The conclusion follows from these estimates together with the argument used in the first part of

the proof of Lemma [7.4] n
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7.2 Proof of Theorem [7.1]
Lemma 7.6 Assume and that P(¢p+s) > 0 for s > 0. Then P(¢p + sp — P(d + sv)) = 0.

Proof Set uy = P(¢ + s1v). To show that P(¢ + st — ug) < 0, suppose by contradiction that
P(op+ st —ug) > 0. We use the ideas of [S99, e.g. Theorem 2] to truncate the whole system, i.e.,
restrict to the system to the first n elements of the partition A and the corresponding flow. We
write the pressure of this system as P,(+), so [S99, Theorem 2] says that P, (¢ + st — ug) > 0 for
all large n. By the definition of pressure, there exists a measure i1 so that

Note that [ 7 dii < oo since 7 is bounded on this subsystem. Abramov’s formula (3.3) implies
that the projected measure p (which relates to fi via (3.4])) has

) + [ 6+ 50— uo du>0,
contradicting the choice ug = P(¢ + sv).

To show that P(¢ + st — ug) > 0, we will use the continuity of the pressure function, where
finite. By the definition of pressure, for any € € (0, ug), there exists p’ with

h(,u/)—i-/gb—l—sw—(uo—e) dy' > 0.

By (3.4), any invariant probability measure for the flow corresponds to an invariant probability
measure g’ for the map F'. By Abramov’s formula,

h(u')+/¢+s¢— (up —€) dip’ = (h(;/)-l—/gb—l—sw— (up — €) d,u') /7‘ dp’ >0
regardless of whether [ 7 dfi’ is finite or not. By continuity in u, P(¢ + s — ug) > 0 as required. B
The following result is a consequence of ([7.5)) and of Lemma .

Lemma 7.7 Assume the setting of Lemma [T Suppose that there exists a > 0 such that s =
O(u®), asuw — 0. Then as u — 0%,

G —) =~ (1 + o(1)).

Proof By (7.5) and Lemma ,

d _—— d d
@P<¢ + S¢ - u) = @ log)‘(u7 S) = _@H(U) + D(U, S)a
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where D(u,s) = O((log(l/u))mw(sv +q(u)) + pg(r > 10g(1/u))>. Also, compute that

d
—TIT(u) :/Te_m du¢:/7du¢+/ (e ™ — 1) dpug.
du Y Y Y

Since T|e " — 1| is bounded by the integrable function 7 and it converges pointwise to 0,
it follows from the Dominated Convergence Theorem that [, 7(e™*" — 1) dug — 0, as u — 07.
Hence, LTI(u) = 7*(1 + o(1)).

Since 7 € L'(ug) by assumption, pg(r > log(1/u)) — 0, as u — 0. To conclude, note that
since for some a > 0, s = O(u®), as u — 0, we have D(u,s) = o(1). |

We can now complete

Proof of Theorem Set 7(u, s) = LP(¢ + sip — u). By Lemma , asu — 0and s = O(u®)
for some a > 0,
r(u,s) = —7(14 o(1)).

For any small uy > 0, integration gives
P(d+ s —ug) — Plop+ stb) = / r(u, s) du = —1*uo(1 + o(1)). (7.8)
0

The convexity of s — P(¢ + sb) implies that LP(¢ + s¢) = [duy = L [¢dpug. Thus
P(¢ + syp) > = [pdug since [ dug > 0; this is guaranteed by our assumption that C’ >
C [75dpg. Hence, ug = ug(s) = P(¢ + s¥) > s and such ug satisfies the assumptions of
Lemma with a = 1. Thus, holds for this uy.

By Lemmaapplied to ug = up(s) = P(¢p+sv), we obtain P(¢ + s1p — ug) = 0. Thus, the left
hand side of is —P(¢ + sv). By assumption, ug(s) > 0, for s > 0. The continuity property
of the pressure function gives uy(s) — 0 as s — 0. Hence, applies to uo(s) = P(¢ + sv).
Thus, P(¢ + s1) = =P(¢ + s1)(1 + o(1)), which ends the proof. |

8 Pressure function and limit theorems

For ¢ : M — R, define Y :Y — Rasin (3.2) and let o7 = fof 1o f; dt. Throughout this section we
assume that 1) satisfies in particular, we require that v = C" — )y, with C~17% < )y < CT",
J 7 dug < oo for some C,C" > 0. For s real, s > 0, define

A

R(s)v = R(e*¥v) = Y R(e™*%00) := e*“" Ry (s).
As in Subsection (when making assumptions on R(u)), we write

Rals) = an(s) [ Rt = n)e dei= ) [ Moo e (.1)

where w : R — [0, 1] is an integrable function with suppw C [—1,1] and go(0) = 1. Similarly to

(H2)| we require that
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(H8) There exists a function w satisfying (8.1)) and C,, > 0 such that
(i) for any t € Ry and for all h € B, we have w(t — ¢y)h € B, and for all v € C*(Y),
(W(t = o)vh, 1) < CullvlcawllhllB, 1 (w(t — th)).

(ii) there exists C' > 0 such that for all 7' > 0,

[ 1305 dt < gy > 7).

T

Remark 8.1 In practice, checking [((H8)| requires no extra difficulty compared to checking [(H2)|
But in the generality of the present abstract framework, there is no obvious way of deriving [(H8)]

from [(H2)|

Summarising the arguments used in the proof of Theorems [5.1] and [7.1] together with Proposi-
tion [6.1], in this section we obtain

Theorem 8.2 Assume [(H1)| and [(H8)l Let ¢ : M — R and assume that 1 satisfies
|(H6)| and |(H7)| (with u = 0). Set * = [, ¥ dugz. The following hold as T — co.

(a) Suppose that|(H4)\(i) holds and that u(vo > t) = p(t" > t) with k in (some subset of ) (0, ).

(i) When <2 and k € (8/2, ), set b(T) such that Tﬁ(b(T))/b(T)g — 1. Then T,lr)(wT—
Y* - T) —1 Ga/, where Gg,. is a stable law of index B/k. This is further equivalent to
P(p+ s¢) = ¢*s + s5/%0(1/s)(1 + o(1)), as s — 0.
(ii) If B <2 but k = /2, set b(T) such that Tg(b(T))/b(T)% — ¢ > 0. Then ﬁ(d}j‘ — "
T) =4 N(0,¢) and this is further equivalent to P(¢ + sv) = ¢*s + s°L(1/s)(1 + o(1)),
as s — 0 with L(x) = 3{(x).
(b) Suppose that [(H4)|(ii) holds and further assume that p(io > t) < p(t" > t) with k €
(0,8/2), and Ry € B. Then there exists o # 0 such that \/Lf(iﬂT —*-T) =% N(0,0%) and
this is further equivalent to P (¢ + si) = *s + %2S2<1 +o0(1)) as s — 0.
Moreover, if [(H6)| and [(HT)| hold for all u,s € [0,0), then in both cases (a) and (b) we have
P(o+sv) = =P(o+ sv)(1 +0(1)), for 7 = [, 7dug.

Proof For s > 0, let A(s), A(s) be the families of eigenvalues associated with R(s) and Ry (s),
respectively. Note that A(s) = e*“"A;(s). Further, by (7.5)), P(¢ + stb) = log A(s). Similar to the
proofs of Theorem [5.1] and Proposition [6.1] to conclude that (a) and/or (b) hold, we just need to
estimate 1 — A(s).

For the proof of (a) and (b), we note that under (where [(H8)| and [(H6)| with
u = 0 are the analogues of [(H2)| and [(H3)| with 7 there replaced by ), the argument used in
the proof of Lemma gives

1= Ai(s) =T (s)(1 + O(qi(s)|log(ar(s)])),
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where ¢1(s) = s + u(vo > 1/s) = s + s%/% < s5/% Hence,
1= Ay (s) = y(s) (1 + O(s*/* log(1/)).

In case (a) (i), the argument recalled in the proof of Corollary (i) gives II1(s) = ¢*s +
s%%0(1/s)(1+0(1)) and thus, 1—X;(s) = ¥*s+s%%¢(1/s)(14+0(1)). As a consequence, P(¢ + s1p) =
V*s 4+ s%/%0(1/5)(1 + o(1)). Similarly, by the argument used in the proof of Theorem (i), this
expansion of the eigenvalue/pressure is equivalent to ﬁ(d—zn —¢* - n) = Gg, Where U, =
Z;:ol Y o F7. Further, by the argument used in Proposition (i) with § < 2 this is further
equivalent to ﬁ(d};r —¢* - T) =% G4/,, which completes the proof of (a) (i).

The proof of (a) (ii) goes similarly with the arguments used in the proofs of Theorem (i),
Proposition |6.1] (i) with 5 < 2 replaced by the argument used in the proofs of Theorem (i),

1 (

Proposition i) with g = 2.

The proof of (b) goes again similarly with the arguments used in the proofs of Theorem [5.1| (i),
Proposition [6.1| (i) replaced by the argument used in the proofs of Theorem [5.1] (ii), Proposition
(ii) .

Finally, if [(H6)|for all u, s € [0, dy) and [(H7)| also hold, then Theorem [7.1] applies and ensures
that P(¢ + sv) = %P (¢ + s1)(1 + o(1)), ending the proof. |

A Technical results used in proofs of the abstract results

A.1 Proof of Equation (4.1))

Since it is short, for the reader’s convenience we include the proof of (4.1)) (as in the proof of
[BMT! Proposition 2.1])

Let w be an integrable function supported on [—1, 1] such that f t)dt =1, and set w(u) =
f Le "w(t) dt. Note that &(u) is analytic and w(0) = 1. Since 7 > 1 and suppw C [—1,1],

/ w(t—T1)e " dt = e_“T/ w(t)e ™ dt = e "D (u).
0 —

Hence,
/ R(w(t —1)v)e " dt = R( / w(t — T)ve " dt) = &(u) R(u)v.
0 0
Formula (4.1 follows with go(u) = 1/@(u), so go(0) = 1 and L go(u ) and L go(u) are continuous
) &

functions, and by easy additional properties on w, we get L go(u), & L go(u) — 1 as u— 1.

A.2 Derivatives of R(u) and v(u)

Lemma A.1 Let k > 1 and assume that 7% € L'(ugz). Suppose that |(H1)| _- (H3)| hold. The
following hold as u — 0.
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(i) || £ R(u)|5, < 1 and || Lo(u)]s, < log(log(1/u)).
(ii) If k> 2 then ||-L, R(u)||s, < 1 and || Lyo(u)|s, < log(1/u).

Proof Under|(H2)|

%RW) = %go(U) /0 " M) dt + gofu) /0 M (t)e dt.

Recall that given(3.2)), we take Lgo(u) — 1. So, the first term is bounded in || -||5,. Also, by
with k=1, [ t]|M(t)| 58, dt < co. Ttem (i) follows.

For the estimate on -Lv(u), we recall P(u) = ps(u) ® v(u), with pz(u)(v(u)) = 1. Hence,
we can write v(u) = #5((;‘))(11). Since ||d%f3(u)||3w < 1, using |(H1)| |(H3)[ and arguments similar

to [KL99| (see also [LT16l Proof of Corollary 3.11]) we obtain

1L P(ala, < log(log(1/u)).

The bound log(log(1/u)) is far from optimal (given that ||diR( )5, < 1), but this suffices for
the present purpose. The same estimate holds for |4 p5(u)(1)|. These together with the formula

P(u)l . . .
v(u) = = ((u))(l) give the second part of item (i).

For the estimates on the second derivatives of ]%(u), we just need to differentiate once more,
recall that %go(u) — 1 and repeat the argument above with k = 2. The estimate H%v(u) 5, <
log(1/u) follows from item (i) together with [(H1)] and, again, arguments similar to [KL99)
and [LT16, Proof of Corollary 3.11]. |

B Proof of Proposition

We recall some notation and the form of the first integral L(z,y) from [BT17, Lemma 2.2],
replacing x from that paper by 2.
Assume that A := asby — agbs # 0. Let u,v € R be the solutions of the linear equation

_ 2by
2)ag = vb u = (ao + bo),
(u+2)ag = vho that is: . (B.1)
(v+2)by = uay v =28 (qy + by).
Note that u,v and A all have the same sign. Define:
CL()‘l‘bo u+v+2 (lg-f—bg U+ v+ 2 00:a0+b0
= = = [y = = . B.2
b 2ag P I fi=5 2by 2u 7 ce=ax+tb (B2)
Note that go =3, 9% =2 and 5, 52 > % (or = % if we allow by = 0 or as = 0 respectively). The
content of [BT17, Lemma 2. 2] is that

zhy? (90 g2 4 b2 g2 if A >0;
L(z y)z{ v ) (B.3)



is a first integral of ®°" (and therefore of ®;).

For the proof of Proposition , we follow the proof of [BT17, Proposition 2.1]. In comparison,
we have k from [BT17, Proposition 2.1] equal to 2, our current integrand is more complicated, but
we only need first order error terms.

Proof of Proposition Fix 7 such that the local unstable leaf W2 (0,7) intersects

f—l(ﬁo) \ B, Recall from the text below (2.2) that, given T' large enough, there is a unique
point §(n,T),n') € Wi5.(0,n) such that

(C(bw(n?T)) = CI)IJL“OT((g(n?T)a TII)) € VAVlsoc(COv 0)7

where I/T/ZSOC(CO, Q) is the local stable leave forming the right boundary of Fy, see Figure (3| Assuming
WE.(0,n) and W (o, 0) are straight horizontal and vertical lines respectively, induces a negligible
error in these vertical coordinates, so in the rest of the proof, we write ' = n and {; = (.

nl Em T),n") W ,(0,n)

WS (¢h, wn, T)

(5, w(n, 7))

Co

Figure 3: The first quadrant of the rectangle P,, with the integral curve I (T') connecting
(€. T).n) € Wig.(0,n)) and (¢o, w(n, T)) € W*(¢o, w(n, T)).

For simplicity of notation, we will suppress the  and T in {(n,T) and w(n, T). For 0 <t < T,

let ®7r(&,m) = (2(t),y(t)), so (2(0)),y(0)) = (&) and (z(T),y(T)) = (o, w). We need to
compute

where 6 : R? — R is homogeneous of exponent p.

New coordinates: We compute ©(T") by introducing new coordinates (L, M) where L is the
first integral from (and hence independent of ), and M(t) = y(t)/x(t), so y(t) = M(t)x(t).
For simplicity of notation, we suppress ¢ in z,y and M. Differentiating to § = Mz 4+ M (t), and
inserting the values for  and g from ([2.1)), we get

M = —M(co+ c;M?)z?. (B.4)
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We carry out the proof for A > 0 (the case A < 0 goes likewise), so the first integral is L(x,y) =
2y’ (% x4+ 2 ¢?) in (B.3). Since (z,y) is in the level set L(z,y) = L(§,n) = £"n°(%2&? + 2p?),
we can solve for 22 in the expression

b by b
é-unv (%52 + 5772) _ xuyv (C;OxQ + 2y ) _ u+v+2Mv (@ 2M2)

v
Use (B.1)) and (B.2)) to obtain

a b A aok?  bon?
2420 = (co+caM?)  and 3 v 2 (co&? + con?).
v Uu 2coco v U 2¢coco
1 u 1 2 1 1 .
Note also from - that u+®+2 = %0 wels — B and == =1- 5~ 36 This plus the
previous two equations together gives
22 = G(T)M % (co + caM?) %ot 251, (B.5)
with Lo L
G(T) = G(E(, T),m) = £, T) 2P (co (0, T) + con®)' ™0 2%, (B.6)

We claim that G(T') ~ GoT~! as T' — oo for some Gy > 0.
Proving the claim: First note that

T M(T) M(0)
:/ dt:/ dM = —/ dM. (B.7)
0 M(0) M(T)

Recall that M (0) = n/§ and M(T) = w/(p. Inserting this and (| and (| into (B.7) gives

n/€ dM
/ - — = G(T"T. (B.8)
w/Go Ml_% (CO + 02M2)%+%

As T increases, the integral curve connecting (£(n,T),n) to ({p,w(n,T) tends to the union of
the local stable and unstable manifolds of (0,0), whilst M(T) = w(n,T)/{ — 0 and M(0) =
n/&m, T) — oo. From their definition, £(n,T) and w(n,T) are decreasing in 7', so their 7-
derivatives &'(n, T),w'(n,T) < 0.

Since cg,c2 > 0 (otherwise A = 0), the integrand of (B.8) is O(M%ﬂ) as M — 0 and

O(M 7%71) as M — oo. Hence the integral is increasing and bounded in 7". But this means that
G(T)T is increasing in 7" and bounded as well. Since by

1

G(IT = (5(77, T)Tﬂz)E U%(Cof(ﬁ, T)? + c2n2)1_ﬁ—%7
we find by combining with (B.8) that

1

() 1= Jim €61, T)T* = T (G(TYT) 0™ (cobn, T)? o+ o) 075755

B2
_1 _ap & aM
= 02“7] ba . E— ,
0o M %o (CO + 02M2)260 282




where we have used —f5(1 — ﬁ - ﬁ) = uifiﬂ = —21 for the exponent of ¢,, and —B_9p,(1—

2;;0 252) =1-20, = —‘;—; for the exponent of 7. ThlS shows that
1— i — L 1 1
G(T) ~ ey, 0 e R T = GyT™'  as T — . (B.9)

Estimating the integral ©(T): Recalling M = y/x and using homogeneity of 6, we have
O(z,y) = xPO(1, M), and 6y := 0(1,0) and O := 0(0,1) = limps.c M P0(1, M) are non-zero by
assumption. Inserting the above into the integral of (B.8)), and using (B.5|) to rewrite x, we obtain

o n/€ M_ﬁ M2 _%(1_ﬁ_2ﬁ )0 1 M
O(T) = G(T)5! / °(eo ¥ 2M7) 0 R OLM) gy (B.10)
w/Co M " %o (co + 02M2)260+252
Set pp =54 —(1+ )( + 5-). The leading terms in the integrand of (B.10)) are
bock M™% as M 0; (B.11)
OoocP M7 U795 as M — oo, '

The case p < 2: By (B.11)), we have for p < 2 that the exponent of M is > —1 as M — 0
and < —1 as M — oo. This means that the integral in (B.10)) converges to some constant

° M CO—l—CgMQ)_%(l_%_?ﬁo)H(l,M)

%o (co+ 02M2)250+252

dM

as T — o0, and © ~ C*G(T)% "' ~ C,T' "5 for C, = ( 1_2%_%&(77)310772;2) C* by (B.6).

This finishes the proof for p < 2.
The case p > 2: The value of O(T) based on the leading terms (B.11]) of the integrand only

4
2

18
P

G(T)5™! W\ 8% (-3
o(T) ~ g—_l (5090080 (C_) + B2l0o0ch’ (g) :
2 0

G(T 2 i go 0/520—1 0 p/ﬁ22—1 .
o~ (ﬁoeocg (wo(n)> F (50(”)) "

Next, by inserting the asymptotics of G(T) from , the factor 75! cancels:
G§—1 % o/21 /21
0 77 2
O(T) ~ C, := Boboch ( 0 ) +5900ch< ) :
D)~ Cpi=g = ( G o) 2\ &)
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The case p = 2: The factor G(T)z~! in (B.10) now disappears and the leading terms (B.11))
are Opch® M~ and 0,,ch° M~ respectively. This gives

"/59cf’°+9 ch°
o(T ~/ 200702 M = (B 4 Oool (log——log )
(T) " Y (focy %) ¢ o

Inserting again the values of £ and w from [BT17, Proposition 2.1] gives
O(T) ~ (0pcf’ + 0ocs’) (Bo + B2) logT  as T — oo.

This completes the proof. |

C Checking (H1)H(HS8)| for the almost Anosov flow

We start with a technical result that will be essential in verifying [(H2)| and [(H6)|

Lemma C.1 Assume that w(x,y) is a homogeneous function of degree p as in Proposition .
Then

sups sup 7 — inf 7 < oc.
k| {r=k} {r=~k}

Proof Recall that 7(z,y) = min{t > 0 : ®/(z,y) € W3} and that |7 — 7| = O(1). From
Lemma [2.3| we know that r =74+ O(7) + O(1). We will first show that if 7 varies between, say, n
and n 4 1, then the corresponding r varies by an amount of O(1) as well.

Indeed, take (z,y) and (2’,y') arbitrary such that n < 7(z,y),7(2’,y') < n + 1. Define
T = 7(x,y) and abbreviate ¢(t) = (z ( ),y(t)) = ®hor(z,y) for 0 < ¢t < T. There is ty € R with
lto| < 1 such that the y-component ®"Y (z,7) is y. Also write ¢'(t) = (2/(t),y'(t)) = &% (2, v/),
and the Euclidean distance €(t) = |¢/(¢ ) q(t)].

Clearly |w(q'(t)) — w(g(t))| < |[Vw(q(t))|e(t), so € := €(0) < T~-0+8) by ([2.3). However, since
(0) — ¢(0) is roughly in the unstable direction, €(t) will increase to size O(1) as t increases to
(¢'). This is too large, but we can set T} := min{t > 0 : z(t) = y(t)}, and then estimate
€(T1) as follows. Take 7] = min{t > 0 : 2/(t) = y/(t)}, then |T] — 71| = O(1) and we can write
q(Th) = (6,0), ¢(T7) = (5’,5/) with € := ¢ — . Furthermore, since L from is constant on

integral curves, we have

b b
L(ZL’,y) _ ZEqu (%1’2 + 5y2) _ §u+v+2 (@ + _2) , (Cl)

(% u

q
7

and

L) = Lo+ ) = (249" (Do + 0+ 292 = @ et (2422

(% u

37



Taking the difference of both expressions, we obtain

€ 2a € e €
—ul 1+ ——" ) == 2)L 1 =
7 (x,y)( +ua0$2+vbgy2+0<x>> 5(u+v+ ) (m,y)( +O(5))

Divide by (u+ v+ 2) L(x,y)/é and ignore the quadratic error terms. Then we have

, u 2ap9 \ 0 €
n— (14 °c
u+v+2 vbyy? ) x

. . . . u 1 agu __ co .
But ¢ can be estimated in terms of z using (C.1]), and since ;735 = 55 and §2! = 22, we obtain

1
€ 1.4 1.1 Co Co 2
6, ~ ﬁng 1y1 28 ((1 + 0—2) (1 —+ ;g/?)) as n — oQ.

Rewriting x and € in terms of 7" using ([2.3)), we obtain € < T~3. Next, because the vector-valued
function Vw is homogeneous with exponent p — 1, Proposition gives for p < 2:

/0 () — i) d < sup e) / [Vulq()|de + 0(1)

te[0,T1]

< €TV +01)=T"%+0(1).

The integral fg llw(q'(t))—w(q(t))|| dt is dealt with in the same way, but now integrating backwards

from CDZE’;y)(x, y) and CDZE’;/’y,)(x’, y'). Therefore fOT w(q'(t)) —w(q(t)) dt varies at most O(1) on the
region {(z,y) :n < 7(z,y) <n+1}.

Since also fOTw(q(t)) dt = o(T), we can find N € N independent of n such that 7 = fOT 1+
w(q(t)) dt+O(1) varies by at least 1 (but at most by O(N)) over {n < 7 <n+ N}, and therefore
r varies by at least 1 on this region. It follows that for each k, {r =k} C {n <7 <n+ N} for
some n = n(k) and supy,_j, 7 — inf{,—) 7 is bounded, uniformly in £.

The proof for p > 2 goes likewise. |

C.1 Verifying [(H1)} recalling previously used Banach spaces

Charts and distances: Throughout, W* denotes the set of admissible leaves, which consists
of maximal stable leaves in elements of the partition Y = {Y;}; = {F;}; V {{r = k}}i>2. It is
convenient to arrange the enumeration of ) such that Y; = {r = j} for j > 2, and use indices
j < 1 for the remaining (parts of) P,. To define distances between leaves, as in [BT17, Section
3.1], we use charts x; : [0, Ly(Y;)] x [0, 1] = Y}, where Ly(Y;) is the length of the (largest) unstable
leaf in Y;. For any leaf W C Y}, we have the parametrisation

X5 (Wy;) = {(gv;w(p)), p € 0. 1]}. (C2)
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Next we define the distance between stable leaves W C Y, and Wewse Y, by

. SUPze(0,1) l9(7) — g(=)] if k=1;
AW, W) = { supeon) [92) — LalVi) — §(2)| + S0y Lu(Yy) 2 <k < £
o0 otherwise.

Here an empty sum Zf:k 41 18 0 by convention.

From here on, in the notation fW' dp®, the measure p° refers to the SRB measure p; condi-
tioned on the stable leaf W: similarly for m® and Lebesgue measure. Hence the norms defined
below are w.r.t. the invariant measure, not the conformal measure as in [BT17]. It is possible to

do this due to Lemma [C.2] specifically (C.7).

Definition of the norms: Given h € C*(Y,C), define the weak norm by

|R||5, = sup sup / ho dp®. (C.3)
W

Wews |<P‘Cl(w)§1

Given ¢ € [0,1) we define the strong stable norm by

|h]|s := sup sup /hgpdus. (C4)
w

WeWws Jo|caw) <1

Finally, we define the strong unstable norm by

1
[hllu:=sup  sup sup —~‘/ hcpdus—/ hep dy®
C wwewsny; 1¢lerapylélerain <t AW, W) 1w W
d(sp,p) <d(W, W)

: (C.5)

where d(, @) = [@ 0 xe(g(n),1) = ¢ © xe(§(1), )] (o.1))-
The strong norm is defined by ||hlz = [|A|ls + || 2] u-

Definition of the Banach spaces: We define B to be the completion of C! in the strong norm
and B, to be the completion in the weak norm. As clarified in [BT17, Lemma 3.2, Lemma 3.3,
Proposition 3.2], holds with a = ay = 1.

The spaces B and B, defined above are simplified versions of functional spaces defined
in [DLO§|, adapted to the setting of (F,Y). The main difference in the present setting is the
simpler definition of admissible leaves and the absence of a control on short leaves. This is possi-
ble due to the Markov structure of the diffeomorphism.

As this is the same Banach space as in [BT17], most parts of can be taken from there.
For , which is concerned with the transfer operator w.r.t. uz, we first need a lemma.

Lemma C.2 Let v = 7(q) be the angle between the stable and unstable leaf at g and hf = ;;‘; be
the density of g conditioned on unstable leaves. Then

/ Rv-gpduS:Z/Wv-gooF-K;ledus, (C.6)
j i
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where the sum is over all preimage leaves W; = F~*(W3) N {r = j} and

w _ gt 1 (hgsiny)oF
W F I F o hysing

is piecewise C' on unstable leaves.

Proof We have the pointwise formulas for Ry : L'(mg) — L'(mg) and R : L'(pg) — L' (pg):

v B hoo F71 v _
Rw=1y—— o F! Rv=1 F!
T YDE YT o YT Y T DR
where |DF| = = [ det(DF')|. This also shows that J,, F' = J, é# and analogous formulas

hold for J,sF and J F. Integration over a stable leaf W € WW* with preimage leaves W; gives

hoOFil (%
R, voduy® = / o F7 Yo hSdms
JmsF ho h,(S)OF
= F hSdm?®
Z/.Jthoono ng o

= Z/ woFd,f:Z/ vpo FKY dus.
W ,L’4¢ j Wj !

Since du* = h{ dm*™ for a C' density hf, and dmg = dm®dm"sin~y, whence g = JpsE" -

T - SmZOF the other formula Ky, = % (hhils+7°F follows as well. Then [BTI7, Equation
m<5

(18)], leading to the parametrisation of the unstable foliation of the induced map over f = Qhor,
shows that this foliation is C'*. The analogous statement holds for the stable foliation. To obtain
the unstable/stable foliations of F', we need to flow a bounded and piecewise C' amount of time
(see Lemma . Therefore ¢ — 7(q) is piecewise C''. Hence the latter expression of K} shows
that it is piecewise C' on unstable leaves. |
Now follows as in [BT17, Lemma 3.3], with J,; and K instead of [DF|™! and
|DF|~'Jw, F; this can be done because Ky, is piecewise C' on unstable leaves by Lemma

C.2 Verifying [(H2)| and |(HS8)|

Let w : R — [0,1] be a function with suppw C [-1,1] and [w(z)dz = 1. To fix a choice that
suffices for the present purpose we take w = 1jg); in particular, w(t — 7) = ly<r<i11). The first

result below verifies assumption |[(H2)|(i).

Proposition C.3 There is C,, such that [, w(t —7)vdug < Cy||v||s, [, w(t—T)dug for allt >0
and v € By,
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Proof By Lemma[C.1] there is N (independent of ¢) and k(t) such that
E:={qe€ fT(Po)\ Po: k(t) <r(q) < k(t) + N}

contains supp(w(t — 7)). We split v = vt — v~ into its positive and negative parts and treat them
separately. Also we assume without loss of generality that 0 < w < 1 (otherwise we split w in a
positive and negative part as well). Then [w(t —7)v"dug < [0 dpg.

Let W* denote the stable foliation of F' and decompose the measure p; as Jot dug =

st fws v duws dv®. Note that E is the union of leaves in Ws, so 1z is constant on each W*s € Ws,
Take ¢ : E — R* arbitrary such that ¢|ws € C*(W*) with ||¢||c1ws) < 1 for each W € WSN E.
Similar to [BT1T7, Proposition 3.1], we get

[otedis = [ [ vtediedrt < [ ot s lellowm d
E WSNE s WsNE

k(t)+N
< ot lana®) < llotlls, [ [ wls =) dugds
k(t) Y

< Hv+||BwN/Yw(t — ) dy;
The same holds for v~, and this ends the proof. |
The next result verifies assumption [(H2){(ii).
Proposition C.4 Let M(t) = R(w(t —7)). Then [, ||M(t)|p8, dt < T7°.
Proof We need to estimate the B,-norm of M (t)v = R(w(t — 7)v). This means that we need to

take some leaf W3 € WS, the collection of stable leaves in Y stretching across an element of the
Markov partition of F'; and compute (as in Lemma m ) that

M vgpdu—Z/ (t—T)v-pol - KWd,u

As in the proof of Proposition , we can split v =v" — v~ and use that {t — 1 <7 <t+1} C
E = {k(t) <r < k(t) + N}. Thus, following [BT17, Proposition 3.2 (weak norm)| and [BT17,
Equation (42)] the integral for v™ is bounded by

k(t k(t)+N
3 / ThFIDFT o P < e dvlenne 3 / Ky, dy’
J=k(t)
k(t)+N
< lotls Y walir =)
J=k(t)

< otlls N pg({r = k()}).

For v and v~ together, this gives [ [|M(t)||pop,dt < [ ps({r = k(t)})dt < pg({r > T})
and the proposition follows. |

Assumption is the same as , with 7 replaced by 19 and ™7 by e~*!. Its verification
is entirely analogous to the above.
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C.3 Verifying that R( € B for a large class of ¢ (including v in Theo-
rem (b)) and completing the verification of ((H4)

Assumption [(H4)(i) and the tail estimate part of [(H4)(ii) is verified in Proposition 2.4 To
check the remaining part of (H4)(11) and assumption on 1 in Theorem (b) we give a more

general result in Lemma @ below. This result ensures that given 1 as in Theorem _(b) we
have Rt € B. This is needed to verify the abstract assumptions of Theorem (b) for ¢ as in

Theorem (b).
Lemma C.5 For 0 <k < 3 and  : Y — R piecewise C', define

1 1
i=sup — + -
1<l up <||C||Bw ]1+5||§||u)

and the Banach space By = {( : Y — R : ( is piecewise C* and ||C||o < oo}. Then R(By) C B.

Proof Recall that, by Proposition and Lemma 2.3 r = O(7) and vice versa. Abbreviate
Y; = {r = j}; for large j these are strips close to the stable manifold W of the neutral fixed point,

and bounded by stable and unstable curves and both F~! and |DF|~! are C* on each F(Y).

For the stable norm || ||s, choose an arbitrary stable leaf W and ¢-Holder function ¢ € C?(W)
with [p|cewy < 1. Let W; = F~1(IW) NY;. By Lemma , and the fact that K% < ;=% and
| o Fler < |¢|er on each W;, we have

[ Reear = 3 [ cooFrtaw <350 [ Coordp
w j W; j W;
< D NCls, < Y5 < 0. (C8)
J J

The stable part || ||s of || ||z is treated in the same way.

Now for the unstable part || ||y, let ¢ such that |p|c1wy < 1. Using [BT17, Equation (43)],
for any nearby leaves W, W €Y, we define a diffeomorphism v : W — W as in [BT17, Proof of
Proposition 3.2 (unstable norm part)]. Let v; = F1ovo F : Wj — W, be the corresponding
bijection between the preimage leaves W, Wj C Y. Then we compute,

'/WRCSOdMS—/WRCSDdMS Szj:

SZ/W.C\gpovoF—gpoﬂK%jdus
7 J

/CgpoFK%/jdus—/ Cpo F Ky, di
W; W;

du®

+Z[ C|gpoF|‘K“,}/jovj—K;1~Vj
i Wi

£ 3 [ 1¢ou;— clloo FI K, dus
i Wi

:Sl+52+53.

42



Next
S < pler d(W, W) E €l loo [, loo < llepll e d(W, W),
J

because as in the first part of this proof, the sum in the above expression is bounded.
For the sum Sy, using (C.7)) we split

1 |[(h"siny)o Fow; — (hisiny) o F|

u u
‘KWJ_ — Ky, ovj| =

JT‘;LqE hg siny

L] I (hsin~y) o F ov;
J#% J#% 0 v hg sin y

n 1 (h%sinvy)o F o, (h“sinfy)ovj_l
Ju  (h§siny) ov; h sin '

Mg
By distortion estimate [BT17, Equation (40)], this is bounded by C'd(W, V~V)J+ for some uniform
e
distortion constant C' > 0. Therefore

Sy < CAW, W) > |¢lls,

<dW, W)y 5 < oo
J

JU o
me

as before.

Now for S, the weighted || ||lu part of the norm || ||o gives |¢ o v; — (| < 5 HPd(W;, W;) <
JTHPA(W, W) Ly(Y;). As in the first half of the proof, [K}, [« < 5=, We have Ly(Y;) < 717
due to the small tail estimates , SO

Sy < [placd(W, W) D~ 57 Lu(V) < [placd (W, W),

J

Therefore | R(||g < 0o and the proof is complete. |

Corollary C.6 R(7"h) € B for each 0 < k < 8 and h € B (in particular R(Th) € B as required
for|(H4)|(iz)).

Proof Since 7 is the return time of a C! flow to a C' Poincaré section, it is piecewise C', and
we know 7|y, < j. Taking h € B and ¢ € C*(W) for an arbitrary stable leaf W C Y}, we have
Jw B o dp® < 5* [ hep dp® = 57 |h||s,,, so 5e[lT"hlls, < ||hlls, < oo

Using (2.3), we have € < {(y, T+ 1) — &y, T) < T-UHP) for T = 7(z,y) + O(1) and {(y, T)

plays the role of z. By R.4), z = &(y)7(z,y) P(1 +0(1)) as  — 0, s0 € < o Using ([2.4])
again, we can estimate that as 7 = 7(x) — oo (so as x — 0 and € = o(x)),

(@ +6y) = (@) = L)@ +e) 75— 51+ o(1))
= 50(@”9075; 1+o(1)+0 (E>)

= Zaly) Frley) e (14001) + 0 (2)). (C9)

€
i
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Let W, W nearby stable leaves in Y; with e = d(WV, W) and v : W — W a diffeomorphism. Then,
for ¢ € CY(W), p € CY W) with d(p,p) < d(W, W),

/Tkhgédus—/ Fhody® < /|T“—T“ovj|hg0d,us—|—j“ (/ h@dus—/ hcpd,us)
w w w w w

< J*hlls, + 55| Allu-

Therefore 5|7 [lu < [|2]|5, < oo, showing that 7°h € By. Combined with Lemma [C.5} the
result follows. n

As in the statement of Theorem (ii) and Proposition we need

Corollary C.7 7 :=7 — 7" cannot be written as ho F — h for any h € B.

Proof By Corollary , R7 € B. Because supy¢yys fw%dus = 00, T ¢ B, and hence not a
coboundary. [

C.4 Verifying [(H7)|

Extending the inequality [1 —e™®| < 27 for all v € (0,1] and z > 0, we can find C, depending
only on ssup, ¢ such that

e 1|1, < O, (ur + s1h)" < C, <u7 sup 7’ + 57 sup 1/’3) :

a

Therefore, for each h € B, and ¢ € CY(W), W € W*,

/W )(e"”““; —1)1,h go‘ dp® < C, (u7 SL;pT7 + 57 sgpz/z&) /W hodp®,
SO follows for Cy = Cs3 = (.
C.5 Verifying (and thus,

In this section we verify [((H6)|for x > 1/5.

Proposition C.8 Assume that 1V satisfies and let R(u,s)v = R(e™*e*v). Then there
exists o1 € (0,1) and §,Cy, Cy > 0 such that for allh € B, n € N, 0 < s <, and u >0,

1R(u, )" hlls, < Cre™ " ||hlls,,  [1R(u,s)"h]s < e (Cooy"|hlls + Cillhlls,)-

Before turning to the proof, we need another lemma (which we will apply with g = 1, but the
general g is needed for the induction in the proof).
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Lemma C.9 Assume that 1) satisfies (in particular, 1 < C' — C~1t% < oo for some
C',C >0 and k > 1/5). There exists N € N depending only of F' :' Y — Y such that for all
positive integrable functions g that are bounded and bounded away from zero, the following holds.
There exist § > 0 such that for all s € [0,6], all admissible stable leaves W C'Y and alln € N,

Z / es¥n go F" Ky, F"du® < eSNS“p’Z/ gdu’®,
' w

W’ component

of Fﬁn(W)

where K}, F™ equals the analogue of Ky, from (C.7) for the iterate F™ on the preimage leaf W'.

Proof Let P, be the partition element containing the images F'({r = k}) of the strips {r = k}i>2,
see Figure 2l Let N € N be such that FV~!(P}) intersects each P, i > 1. Let W be an arbitrary
stable leaf in P; for some i > 1, and let YW be the collection of preimage leaves under F~". By a

change of coordinates,
> / go FN Ky F™ dp® = / gdp
wrew W' w

for any integrable function g. B

Given a > 1 to be chosen later, set W = {W' € W : infy, 7 > 2NaC'supy} and W~ =
W\ WT*. Then there is ¢ > 0 (depending only on the geometry of the Markov map F and
re) such that 37y S 90 FN K33 FN dps > € [, gdp®. Since [, du® is proportional to the
measure of the element in \/)' ;' F~{(P) that W’ belongs to, Proposition H gives € > pg({1 >
(2NaC'supp)=}) > Ba 7 for some B > 0 and ' := £ > 1. We have ¢y < (N —1)supe) —
C 7" < (N —1-2Na)supy < —Nasupy on W, and ¢y < Nsupt on W~. Therefore

Z / eS‘ZNgoFNK;,“,,FNduS
wrew W’
< Z / efsNasuplﬁgoFN K‘l/lV/FN d/’Ls + Z / estuplZgoFN K‘l/lV/FN d/JJS
wrew+ W wrew- W'

S Ee—sNasupw/ gdﬂs"’ (1 _e)estup¢/ gd,us
w w
= (ez7+ (1 — €)x) / gdu® =: b(x)/ gdu®
w w

for z = e*Nsw¥_ Clearly b(1) = 1 and ¥'(z) = —aez~@) + (1 — €) < 0 whenever 0 < z < (ae)T+s.

1 81 8
Since € > Ba_ﬁl’, we find V/(z) < 0 for all z < ag := B~ TaqP @0, Choose a > max{1, BF¥-1}, so
that ag > 1. This means that b(x) < 1 for all 1 < x < ay, i.e., forall 0 <s < %.
Now for general n = pN 4 ¢ with 0 < ¢ < N, we use induction on p. Let W,(W) be the

collection of preimages leaves of W under F~PV. Assume by induction that

WIEWp_l(Wl) ' w
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for all stable leaves W and g as above. Then

> / e g o PPN K, PPN dpe
W’ eW,( '

< Z Z / sw(p—l)NKII/JV/F(pfl)N (esﬁw go FNKI‘,‘V/FN> o FP=DN g8
WieW1 (W) W’ eWw,_1(W1)

< Z / sszgoFNKWlFNdp </ gdu’.
WieWn ( Wi

This way we proved the lemma for all multiples of N. For 0 < ¢ < N, we get an extra factor
e%45W ¥  This proves the lemma. |

Proof of Proposition This proof goes as in [BT17, Proposition 3.2], but with some changes.
The factor 2" is to be replaced with e”"™ where 7, = Y I~ 017- o F' and the factor e*¥» for
Uy = Z;:ol Y o F' is dealt with using Lemma . Let W and W be two stable leaves in the
same partition element of { P;};>;. Since 7 and 1 are not constant on partition elements, we get a
third and fourth term in the strong unstable norm part of [BT17 Proposition 3. 2] expressing the
difference of 7,, on nearby preimage leaves W; and W; = v;(W;) of W and W'

S3 = Z [ h@ o Fresvn (e7umn — gmuTnovy)) Ky, F" dp® (C.10)
i 1MW
and
54 _ Z / h@ o FMe—tmov; (esxzn . esﬁnovj) KII/‘I/JFTL d,us (C].l)
i 1MWi

for some @ with [[c gy < 1.
For S3, without loss of generality, we can assume that 7,, o v; > 7,, so |e”*™ — e‘“(T"O”j)] <
1
ue™ ™ (7,00,—7,). By (C9), we have 7 (e-+e,y)—r(z.y)] = 5~6o(s) 7 (z,5)*Pe(1+o(1)+O()).
Applied to ¢ := d(F'(W;), F*(W;)) < 7~ o Fie;,; this gives

n—1 n—1
D lroFlou —To <)y o F' d(F (W), F{(W)))
1=0 i=0
n—1 ~
<Y e K ey =d(W, W), (C.12)
=0
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and therefore e~ %™ — e~%™m°%| < ue "™ d(W, W). Combining the above with (C.10]), we obtain

Sy <ud(W,W)>

J

/ h@ o Fnefu‘l'n«#ssupzzn K‘L}VFn dﬂs
W !

< ||hl|, ve=" d(W, W) Z
J

< |[hllg, ue™"" d(W, W)esN =P,

/ e Ky, F™ dysf
W;

where we used that 7,, > n, and the last step follows from Lemma with the N (independent
of n,u, s) taken from that lemma too.
For Sy, using [(H5)| and (C.9), we obtain:

|esqﬁ(a¢+e) . esqﬁ(z))| < essuplﬁe—sT“/CSh—”(x + €, y) — T”(x, y)|
A % Eo(y)T (1 + o(1) + O(e))
< essupl/; 86—37’"/07_/4—1 7_1+,3€

—_— ?
K

k=1

where we compute the supremum over 7 to conclude that K < e‘”(C’/@)Ts%. Apply the above
with € = ¢; := d(F"(W;), F*(W;)) as in (C.12)). Then we can estimate Sy in the same way as Sj:

Si < sxdW,W)Y
J
< ||h|lg, e mesN Y gk d(W, W).

/; ]’LQE o Fnefm-nJrsd_;n KII/IJ/]FVL d,us

W;
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