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Abstract

We provide an example of a non-uniformly hyperbolic semiflow for which we obtain sharp
decay rates of the correlation function for observables supported on a flow-box of unbounded
length. We do so by verifying the hypotheses of our recent work which provides such results
in an abstract set-up.

1 Introduction

In the work [1], we develop an abstract framework for obtaining sharp mixing rates for finite
and infinite measure preserving suspension semiflows over non-uniformly hyperbolic maps. This
framework is based on a renewal scheme that closely resembles the renewal scheme for the discrete
time scenario, see [8, 3, 6]. A previous framework for Gibbs Markov semiflows has been developed
in [7].

In our treatment of the semiflow f;, we induce to a map ¢ defined on a flow-box Y of length
h, that is: Y = Uyey{y} x [0, h(y)) where Y is a Poincaré section of the semiflow. One novelty
of [1] is that we can treat unbounded length flow-boxes, i.e., h can be unbounded.

The first return map to the Poincaré section Y is denoted F' : Y — Y, so F' = f,,, where
po : Y — RT is the first return time to Y, and F is assumed to be uniformly expanding and
preserve a measure fi.

The map ¢ = f, where the flow-time ¢ : Y — Rt is constructed such that & becomes
uniformly expanding also in the flow direction. For this purpose, we need to remetrize Y (as

explained in [, Section 2.2]) so that the flow within Y is no longer of unit speed. More precisely,
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after the change of coordinates, we have Y = Y x [0,1) with ® and f; acting on Y as

q)(y’ u) - fgo(y,u)(yvu) = (Fy7 2u mod 1)a (L.1)
where R 3 X
B (2h(Fy) — h(y))u if0<u< g3,
Plo) = eoly) + {(QB(Fy —hy)u—h(Fy) il <u<l, (2
and

fily,u) = (y,u+t/h(y))  for0<u+t/h(y) <1.

The reason for this particular choice of ® is that the transfer operator I? associated with @ will
have good spectral properties (ensured by F' being uniformly expanding). We notice that twisted
transfer operators can be related to proper Laplace transforms of non delta functions. More pre-
cisely, the twisted version R(e™*¥v) of the transfer operator associated with ®, can be related to
Jo" Reve™ " dt, where Ryv = R(1{;<p<t+130). For details we refer to [1, Section 3]. This makes
it possible to show that many techniques/calculations from the discrete time scenario [8, 3, 6] carry
over to the continuous case. Below we recall the abstract hypotheses and the main results of [1].
The aim of this work is to give an example to which the sharp rates of mixing obtained in
[1] apply for both the finite and infinite measure preserving setting. It is the first such example
with unbounded length flow-box. For an example with bounded length flow-box, see [, Section
9]. In Proposition 2.2 (referring back to Propositions 1.1 and 1.2) we give the precise statement.
While rather restrictive, this example addresses the difficulties posed by the required tail estimates
(in hypotheses (H4) and (H5) below) of the norm || R;||, which don’t hold for standard norms.
The norm we construct here is a combination of the Holder norm and the L'-norm where the
integration is over “multivalued” curves that transversally intersects the sets Sy = {(y,u) € Y :
t < ¢ < t+ 1} appearing in the definition of R;. The problem is not so much the discontinuity of
the indicator function 1,4 1y; this can in fact be dealt with in different ways. It is rather that
|| R¢|| should be roughly proportional with the measure of the sets S, which for unbounded £ is the
real obstacle. Nonetheless, since our Banach spaces of observables are required to be embedded
in 1> (which L' is not), we have to put serious restrictions of analyticity on our Banach space in
Section 2. It would therefore be interesting to see if the generalized BV norms of Keller [4] and

Saussol [9] can be adjusted to fulfill these requirements.

1.1 Recalling the abstract set-up of [1]
In this section we list the hypotheses in the abstract set-up of [1].

(HO) i) Finite case: ug((y,u) €Y : o(y,u) >t) = Ot ), 5 > 1.

ii) Infinite case: po((y,u) € Y : o(y,u) > t) = £(t)t7 where ¢ is slowly varying and

Be(1/2,1).

We require that the height h of the flow-box satisfies
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(H1) infycy ﬁ(y) > 1 and that h = (pg, where
i) Finite case. Under (HO) i), we assume that vy € (0, 1).
28—1

ii) Infinite case. Under (HO) ii), we assume that v € (0, min{fi—ﬁ, ;ﬂ;_ﬁl, B}).

We require that ¢ satisfies the functional analytic assumptions listed below. We assume that

there exists a Banach space 53, with norm ||. ||z such that

(H2) i) The space B contains constant functions and B C L™ (uq).

ii) 1is a simple eigenvalue for R, isolated in the spectrum of R.

Define the twisted transfer operator R(s)v = R(e™?v) associated with the map ®. By (H2)

ii), 1 is an isolated eigenvalue in the spectrum of R(O) In addition to (H2) ii), we require
(H3) The spectral radius of R(s) is strictly less than 1 for s € Hl— {0} and is equal to 1 for s = 0.

Set Rygv = R(1{t<p<tiav) and define Ly(s) = [;° Ryqae™*dt. Given a > 0 such that
e’® # 1, we make certain assumptions on || R; 4|/, which in the sequel will be used to obtain

appropriate continuity properties for R.

(H4) Finite case. Under (HO) i), we require that for any 7 < 3, the following upper bound holds

uniformly in a € [1,2]:
[e.e]
/ 0"||Roallgdo < o0,
0

(H5) Infinite case. Under (HO) ii), we require that there exists a Banach space B such that B C
By C L*(pe) such that

i) There exists constants C; > 0, Cy < 1 and some 6 € (0, 1) such that
[R"(s)vls < C10"|[vlls + Collvllsy,  1R(s)vllsy < [[v]ls,-
ii) The following upper bound holds uniformly in a € [1, 2],

o0
/ " | Ry a5, dor < o,
0

formax{l — 3,26 — 1} <7 < %

Hypothesis (H4) gives a good control of (I — R(a 4 ib))~" for a > 0 and || < 1. To be able
to estimate the inverse Laplace transform p;(v, w) of p(s), we need a good understanding of the

asymptotics of (I — R(a + b))~ L, for @ > 0 and large values of b. For this purpose we assume

(H6) Dolgopyat type inequality. There exist C' > 0 and « > 0 such that for all |o| > 1

I(Z = R(ab)) | < CJb|.
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1.2 Recalling the main results in [1]

In contrast to the discrete time operator renewal theory which is concerned with estimating the
operators 7} in the norm of some appropriate Banach space, here we follow the strategy in [7].

Namely, we adapt renewal theory techniques to estimate the correlation function

p(v,w) = /~ vw o fidji,

Y

where dji = %d}@ for g = fY ©o djug in the finite case (under (HO) 1)) and dji = hdjug in the
infinite case (under (HO) i1)).

For the statement of the main results, define the class of observables
C™(Y)={w:Y = C, w=w"/hwithw* € C™(Y, ua)}. (1.3)

Recall that B is the Banach space defined by (H2) and (H3) and that the corresponding norm is
denoted by ||.||5-
Under (HO) 1), we let € > 0 and define

n(t) = — / palp > 1) dr,  Ea(t) = (1.4)

t*(b’*ﬁ)’ B> 2,
%o

=202 1< p <2
With these specified we recall:

Proposition 1.1 (Theorem 5.1. of [1]: Finite measure). Assume (HO) i), (H1) i), (H2), (H3), (H4)
and (H6). Set o such that (H6) holds. Let v = U*/iL with v* € B, and w € C™(Y). The following
hold for all m € N such that m > 3 + o8 + 1) and for any € > 0.

(a) Letn and §g_. be as defined in (1.4). Then,
pivew) = [odi [ waio=n() [ vdi [ wdii+ O allwl s 5.0
(b) Suppose further that [ vdji = 0. Then,
pr(v,w) = O([[o* | wll o 7yt~

Proposition 1.2 (Theorem 5.2. of [1]: Infinite measure). Assume (HO) ii), (HI) ii), (H2), (H3),
(H5) and (H6). Set o such that (H6) holds. The following hold for all m € N such that m >
2(a+1). Let v = v* /h, with v* € B, and w € C™(Y). Then

1
E(t)tl_ﬁpt(v,w)%sinwﬂ/ Udﬂ/wd/l.
m Y Y
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2 Semiflows over analytic maps: unbounded h

Markov maps represent a class of examples where the conditions of the abstract setting are likely
to hold, except that condition (H4) is problematic for standard norms. The difficulty in checking
condition (H4) for unbounded 7 is that on the one hand || R; , || needs to be proportional to fiq (St
for

Sia=1{(y,u) €Y 1t < @(y,u) < t+a}. (2.1)

We address this by letting || || involve integrals over diagonal multivalued curves. On the other
hand B needs to be embedded in L>°(ug) (and hence ||v||oc < ||v||). Therefore we resort to
piecewise analytic Markov maps with a class of observables v that are complex analytic in both
directions, i.e., there are p > 0 and complex p-neighborhoods Y), in C of the real interval Y, and
[0,1),in C of [0,1), such that for each v € [0,1), v(-, u) is complex analytic on Y, and for each
y € [0,1), v(y, -) is complex analytic on [0, 1),,. We call this class B = B(Y,,), defining its norm

in Section 2.2 below.

2.1 The set-up

Let P be the partition of Y into domains of continuity of F, and forn > 1,let P, = PV F~ 1PV
..V F~(=1)D be the n-th joint of this partition. On }7, in the vertical direction, let Q be defined
as the partition of Y into the complementary domains of the line {(y,1/2) : y € Y}, and the n-th
joint Q,, as the partition of ¥ into the complementary domains of the lines {(y, j27") : y € Y}
for the integers 0 < j < 2". Then @ is continuous on each element of the product partition
P, := P, x Q,,. For y1,y2 € Y, define the separation time s(y1,y2) as the smallest integer n > 0
such that F""y; and F™y, lie in different elements of P. Similarly for g1, 2 € Y, let § (71, 72) be
the smallest integer n > 0 such that ®"¢; and ®"ys lie in different elements of P.
For given # € (0,1), let B(Y) be the Banach space of function v supported on Y, with norm
[vlle = [v]e + [|v]|oo, Where [[v]loo = [|v]| oo (4s) and the seminorm |v]g is defined as
[olg = sup O0F I u(gr) — o(7)].
G1#G2€Y
Let f : X — X be a non-uniformly expanding map with a single indifferent fixed point, say
at 0 € X. Consider a suspension flow over f with continuous roof function / and assume that h is

bounded and bounded away from zero. Assume that ' : Y — Y is an induced map over f, with

the following properties:

(1) F is full-branched, i.e., F(Z) =Y for every Z in the Markov partition P, and the induced
time 7 : Y — N such that F' = f"F is constant on each Z € P.

(2) F is expanding and there is a distortion constant Cz;5 such that

[DF*(y1)|

Ci57 2.2
DFF(yy)] = 2



Henk Bruin, Dalia Terhesiu

forall k > 0, Z € P, and y1,y2 € Z. This condition implies that F' preserves a measure [,

absolutely continuous w.r.t. Lebesgue, such that C%L < g—’; < C}, for some C, > 0.

Define the potential p : Y — R, p = log

d;l’O‘F and p, = Z;b:_ol po FJ; we assume that there

is a constant (), such that

e W) < Cou(Z) forevery y € Z, Z € P. (2.3)

(3) The roof function of the induced system F' : ¥ — Y is ¢g = Zgo_l ho f* < tpsuph.
We assume that there exists C',, > 2 such that

leo(y1) — po(ya)| < Cipy0°W102), (2.4)
forall y1,y2 € Z, Z € P.

If there is only one Z € P with 7p(Z) = n, the following is immediate: There is h,, =
h(0)n + o(n) such that
’900(y) - hn| < C<Po (2.5)

forally € Z,Z € P with 7p(Z) = n. Let us write n : R — N for the asymptotic
inverse of h;, in the sense that 7(t) is minimal such that h, ) > t. For example, for the
case 3 € (0, 1), if the roof function A is differentiable near 0, and the branch of f with the
indifferent fixed point is z — = + 2'T1/8 then h,, = h(0)n + %(gnkﬁ + o(n'=?), and
n(t) = t/h(0) + O(t'P).

(4) TF satisfies the tail condition

O(n=B+H)y, if1 < B, (finite case)

2.6
((n)n~ D if0< B <1, (infinite case) (26)

u(yGY:TF(y)Zn)Z{

for some slowly varying function ¢. By the argument of [7, Proposition 2.6], the same tail

condition holds for u(y € Y : ¢o(y) € [hn, hn + 1]).

(5) To make B(ffp) invariant under the transfer operator associated with ®, the inverse branches
of FF: Y — Y are assumed to be complex analytic as well. That is, for each Z € P we
can extend the inverse branches I, 1Y — Z to complex analytic maps F, L, Y, = Z,,
where the Z, are appropriate neighborhoods of Z in C. (In the u-direction, ®~! is clearly

analytic, so we don’t need extra assumptions there.)

(6) The parameter § € (0, 1) is such that

/ Fy, — F
0~V¢ < inf inf [F'y1 = Fya
ZEPyi#peZ Y1 — Yol

for some ¢ € (0,1 — 1), where p > 1is such that h = @] € LP(ug) as in (HI).

_1
P
(7) We restrict B(Y,) to those v which satisfy

v(y,0) = v(y,1) forally € Y. (2.7)
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2.2 Thespace B(Y,) withnorm || |5 = | |5 + || ||%

The standard 8-Holder norm on B (}7) does not work well with the sets S ,, (defined in (2.1)): since
S;.q is not aligned with P,,, we get || Ry 4v||g = oo for most v € B(Y). In this section we define a
version of the #-Holder seminorm and the co-norm, where we first integrate over one-dimensional
curves.

Let Gy be the collection of piecewise linear curves Go = {y, u(y) }yey such that

(a) = 1/]Y| wherever the derivative is defined.

ou
Jy
(b) For Lebesgue a.e. u € [0, 1), there is exactly one y € Y such that (y,u) € Gy.

Nextlet G = U;>1G, := Up>197"(Go), see Figure 1. Hence <I>_1(g) C G and for every multival-

1 o Y

Gy

Ga

’ /7
Y1Y2 Y1y2

Figure 1: Schematic picture of two curves G; and G, and their ®"-preimages G| and GY.

ued curve G = {(y, u(y)) }yey € G we can take r = (G) > 0 such that G € ®7"(Gp). Then we
have 7(®~1'G) = r(G) + 1 and

(c) Forall Z € P, and Lebesgue a.e. u € [0, 1), there is exactly one y € Z such that (y,u) € G.

(d) Forall Z € P, and y € Z, there are exactly 2" values u; € [0,1) such that (y,u;) € G.
(The notation u(y) = {u;(y), 0 < j < 2"} is our shorthand for this.)

For r = r(G), let

27—1

1
[ vstoyaut) = [ 5 3 vl ) duty) 28)

be our notation for the weighted integral of v over the multivalued curve G. In the sequel, we will
usually estimate a single integral in this sum.

Given G € G with (G) = r, let G(y1) denote the multivalued curve translated in the u-
direction mod 1 so that (y1,0) € G(y1), and similar for G(y2). Let (y,u;(y)) and (y, us(y)),
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y € Y parametrize the multivalued curves G(y;) and G(y2), respectively. Due to property (a),
G (y1) and G(y2) are vertical translation of each other by

Y1~y
Uy = |21|Y|2‘ (2.9)
Define the seminorm for v € B(Y,,):
o = sup g7(nw2) / [0y, w1 (y)) — vy, ua(y)) ] dp(y), (2.10)
G1,G2€9 Y
and weak norm
Jollie = sup [ [olo,uto)] duty). .1
GeGJY
The norm |[v||z = |v|} + [|v]|%, will then make B(Y},) into a Banach space. The choice of bi-

analytic functions ensures that ||v||% is actually equivalent to ||v||co:

Lemma 2.1. There is C, such that for all v € B(ffp)

o vl < llvllee < Cpllvlice (2.12)
P
and
ov 1
”%Hoo S ;HUHOO (2.13)
forallv € B.

Proof. Formula (2.13) follows directly from the Cauchy formula 2 y W - = fr

taking I" a circle of radius p around .
The first inequality of (2.12) follows by taking C,, = |Y|.

The other inequality means roughly that v is not disproportionally large on small sets. To prove

L _[v]los

the inequality, let (yo, ug) be such that |v(yo, uo)| = ||v||eo- If |y — yo| < A := 5” o , then
Ay

[0(yo, u0) — v(y, uo)| < [yo — yllI52llee < 3V]loc. Similarly, if [u — uo| < B := %ll”vj'ﬁo then
ou

[0(y,10) — v(y, w)| < luo — ull| Golloo < 3v]lcc-

This implies that [v(y, u)| > %[|v]|o for all (y,u) in the rectangle ([yo — A,yo + A]NY) x
([uo — B,ug + B]N[0,1)). If G = {(y,u(y)) }yey € G is a curve through (yo, ug), then (using
Lemma 2.3 below)

ol = [ o)l dpts) > g5 ol min(A, B/Cus)

Using the Cauchy formula again, A, B > p/3. This gives ||v||cc <

9C,,Cy;
i1,
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2.3 The result for unbounded /

The following Diophantine condition below plays the role (A2) in [7] (namely that there exists
periodic points y1,y2 € Y such that the ratio v (y1)/¥0(y2) is Diophantine):

() There exist two periodic points 7y, §j» € Y such that the ratio ¢(1)/¢(#2) is Diophantine.

Proposition 2.2. Every system satisfying conditions (&) and (1)-(7) for the space (B(Y,), || ||5)

satisfies the conclusions of Proposition 1.1. and Proposition 1.2.

The proof consists of verifying the conditions required for Proposition 1.1. Condition (HO) is
supplied by [1, Lemma 4.4], and it does not rely on the Markov structure. Condition (H1) can
freely be assumed since A is bounded away from zero. Using this Diophantine assumption (db)
condition (H3) follows as in [7, Proposition 3.5 (a)]. The verification of (H2), (H4) and (H6) takes

some more work; this will be carried out in the following subsections.

2.4 Verifying (H4)

Since computing the norm of R; , will involve integration over preimage curves in G, the following

property about the slope of multivalued curves G' € G is necessary.

Lemma 2.3. Foreveryr > 1, Z € Py and G = {(y, u;(y) }yevo<j<2r € Gr,

1
2r|Z|Cd¢S -

du](y)‘ < Cdis

=0,...,2" —1 2.14
dy _2T|Z|7 .7 Y Y Y ( )

whenever dujéy) is defined aty € Z.

Proof. This is a consequence of distortion condition (2.2), which, combined with the Mean Value
Theorem, implies that |Y|/Cgs < |DF"(y)||Z] < Cys|Y|. If G = &7"(Gy) is parametrized

as { (v, u; (') }yev,j=0,.. 2r—1, and y = F"(y’) is used to parametrize Go = {(y, u(y))}yey =
{(F"(y'),2"u;j(y") mod 1)},/cz, then we have

L |duly)| _ || |y
Y] dy dy' | |dy|
This gives
dus ()| _ IDF"()] _ Cuis
dy’ MY T 2r|Z)
and the lower bound follows in the same way. O

Proposition 2.4. Let 3(Y,) be the Banach space be equipped with the norm || ||z = | |}, + || ||l
Sfrom (2.10) and (2.11). Assume (2.5) and tail condition (2.6), and let 0 < ¢ < min{1—1/p,1—~}
as in property (6). Then

1R alls <t~ 05,
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Proof. We divide the 2-cylinders in Y into three groups, and estimate || R;qv]|%,, splitting the
involved integrals according to these cases. The final estimate for || R; ,v||% brings these three to-
gether in the form of the sum of convolutions. To estimate \Rtﬂav];, we split the involved integrals
according to the same three cases, leading again to a final sum of convolutions. However, since
we need compare the integrals along different (parallel) multivalued curves, the way how these

multivalued curves intersect Sy , requires a further subdivision into cases A, B and C.

Step I: Subdividing into Cases (1)-(3). Recall from (1.2) that ¢(y,u) = @o(y) + ¥ (y,u),
where
QiLoFy—izy u, wel0,d);
o) — PO F) ~ R 0.3) o15)
(2ho F(y) — h(y))u —ho F(y), we€[3,1).
A 1-cylinder Z with 7p(Z) = n only contributes to the estimate for Ry o if ¢(y,u) + hy, ~ t for
some y € Z,u € [0,1). On 2-cylinders W € Py, 2h(Fy) — h(y) varies no more than 2C}, due
to (2.5) and (H1), i.e, h = gog. It helps to split the set Y into three regions, each coming with
a certain range of “allowed” n = 7p(Z) that contribute to the estimates for R, , for particular
ranges of the value of Zﬁ(F y) — E(y) and we first take the range 0 < u < % Recall constant

Cy, > 2 from property (3).

Case (1) [2h(Fy) — h(y)| < 4C,,. Here |t — hy| < | — @o| +a+ [po — hn| < 3C,, + a, so there
is C' = C’(a) such that |n(t) — C'] < n < |(n(t)+ C'].

Case (2) 2h(Fy) — h(y) < —4C,,,. Hence there is a region Wy of (y,u) € W where ¥ (y,u) <
—Cy,, and there t —h,, < (¢ —0)+ (w0 —hyn) < 0. On the other hand, recalling from (H1)
that h = ¢4, we have the lower bound t — h,, > (¢ — o) — Cypy —a > —h(y) — Cpo—a >
—(hn 4+ Cypy)Y — Cypy — a > —2h3,. Therefore h,, — 2h;, < t < hy, so there is C’ such that
0(t) <n < [n(t) +C'0).

Case (3) 2h(Fy) — h(y) > 4C,,. Since now % (y,u) has no upper bound, the range of allowed n
willbe 1 < n < n(t).

For the range % < u < 1, we can make similar computations, but the effect will be that we replace
n(t) in the above formulas by the larger value 7(t + h(Fy)). This means that the estimates will
improve compared to the range 0 < u < %, so we will omit the computations for % <u<l

Step II: Estimates for || R; ,

%+ By pointwise formula of the transfer operator gives

1 /
Rigv = 3 3¢ W) L, (vl uly) vlvfy vl

weP

where (y}y, u}y) = 1 (y,u) NW. Each W € P has the form Z x [0, 1) or Z x [3,1) for Z € P

with 7p(Z) = n. Two such W's are stacked vertically above the same Z.
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This means for the || ||5,-norm

[Rtavllsc = sup Z/Yep(yW)lst,a(y’vwu(y'w))lv(y'w»U(y’w))ldu(y)

1 1
#1507 ) + I ) + 5)1) dus) 216

2 /z; <1S’““(y/’“(y/)) +1s,, (v uly') + ;)> du(y'),

ZeP

IN

[[v]loc sUP
Geg

and by (2.12), we can bound [v|o < Cpllv

estimate of [, 1g, (v, u;(y') + 1) du(y’) goes by the same argument), we use the announced
7 t,a 1 2

|5+ To estimate [, 1g, , (3, u(y’)) dpu(y’) (and the
case distinction:

Case (1) For those Z' € P, contained Z € P with 7p(Z) = n satisfying |n — n(t)| < C’, it
suffices to estimate 3 71 cp,ewe . 27c 2z J 77 180a (Vs u(y') duly’) < u(2).

Case (2) We need to consider those regions Wy C Z' x [0, %), 7' € P5 contained in Z on which
inf(, wyew, ¥ (y, u) < —Ciyy. For fixed t and any such Z’, we have [t—h.,| < [p—po|+|po—hn| <
%|2i~L(Fy) — h(y)| + Ci,- This gives |2h(Fy) — h(y)| > |t — hy,|. The sets S; o N (Z' x [0, 1)) are
contained in horizontal strips of height < a|2h(Fy) — h(y)|~' < a|t — hy| 1. Since the preimage
curve G’ of G has (G’) > 2, G’ intersects this strip transversally with a slope > 1/4Cy;5|Z’| by
(2.14). Therefore

/ Ls,. (v, u(¥) du(y') < alt — hy| "' 4Cas(Z).
Ucase2,2’c 24’

Case (3) Consider those Z’ € P, contained in Z € P with 712(Z) = n on which 2h(Fy) —h(y) >
4C,,. For fixed t, we have t < @(y,u) = wo(y) + ¥(y,u) < hn 4+ Cypy + h(Fy), so that
%(t - hn) < (t - hn) - CLpO < h(Fy)

Due to the distortion control of F' of property (2) and the tail estimates of g = R/ given in

property (4), we can find a constant C' such that

wyeZ: k<h(Fy)<k+1) < plyeY :k<hly) <k+1)u(2)
< pyeY kY <goy) < (k+1)Y)u(Z)
< C@2k)"UHBM u(2). (2.17)

This implies that the 2-cylinders Z' € Ps, contained in Z, on which k < h(Fy) < k + 1 with
|5(t — hy)| = k, have combined measure < Clt — hy|~(H8/7) (Z). Thus we obtain

/ Ls,o (v, u(y)) dp(y') < Clt = hy| =DM u(2).
UCase3Zl
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Combining Cases (1)-(3) and taking into account the allowed ranges of n = 7p(Z), gives

HRLS'@@O(ZX[OJ))UHZO S (1{|n_n(t)|SCI}M(Z)
+ Ly en<nty+criny Coolt = hn| ™' u(2)
+ Lgnan@yClt = hal " u(2) ) [o]loo,

and [|[v]joc < Cuisl|v]|% by (2.12). Recall from (2.6) that (U, (7)—Z) = ¢(n)n~ B+ There-

fore, summing over all Z € P gives the convolutions:

[n()+C"] [n(t)+C"t7)
IReavlic < | D0 L@ 37 =T~ by
n=|n(t)—C"] n=n(t)+1

n(t)
+ 3 tnyn= BV~ |7EHDA ) o,
n=1

< (Z(t)t’(fj“) + ()t~ P logt + @(t)t’(ﬁﬂ)) ]| -

Step III: Estimates for |R; ,v|;. For the | |j-seminorm, we need to compare the integral of
v over preimage multivalued curves G(y}) and G(y5), which are the vertical translation of each
other by %ul,g. (Recall from (2.9) that u; 2 is small if s(y;,y2) is large.) We have to consider the
intersections of these multivalued curves with S; ,, and therefore it makes sense to subdivide the

Cases (1)-(3) into subcases, see Figure 2.

Nl=

w The set Sy , N W is bounded above and below
by curves

_ _t+a—ypo(y)
ur (V) = Sy —hy)’

_ __t=po(y)

| =) = FEn-i
u_—

A cC B C A

Figure 2: Schematic picture of cases A-C for Sy, intersecting a cylinder W.

Case A: Both (v/,u,(vy')) and (v, uy(y')) € St.q. There is no contribution to the integral, so we
can ignore this case.

Case B: Both (3, u; (v')) and (', u5(y’)) € St q. In this case, by Lemmas 2.1 and 2.3,

81} ui 2 CCd
/ AN / / < T o —2 < p~as * o 2.18
0w (1) = o w0 < 50 e =52 < =B ol i =l 218)

provided the preimages y/, v} € Z. (Note that, assuming yj < 5, the bottom piece of the multi-

valued curve G(y) may have to be paired to the top piece of the multivalued curve G(y5). Due to
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our assumption (2.7), this pairing doesn’t create discontinuity problems.)
Case C: Only one of (v, u;(y’)) and (v/,u5(y")) € St q. This applies to two intervals (one “on
either side” of Case B) of length at most

1 — ¥l < Cup(Z)|y1 — y2l, (2.19)

provided the preimages v}, y5 € Z.
The | |;-seminorm of R; ,v takes a form similar to (2.16). Changing coordinates y — y =
Fz_l(y) gives:

|Riavly = sup 675002 sup 2/2‘6”” Loy o (Wi, wa (Y ) v (Y wa (yin))
Y1,Y2€Y G’1,G2€gW€75

_ epw'wn&a<y'w,g2<y’w>>v<y'w,uzw’w))\ duy)

< sup g—s(wrv2) sup ZZ

Y1,Y2€Y Gl,GQEg k=0 zcp
/Z s, (4 ur (U)o w1 (y) = Ls, 0 (s ua (W )0 ua (v))] dia(y’

where the sum over £ = 0,1 refers to the two cylinders W stacked above the same Z. (For
simplicity of notation, we suppress this k-dependence in the parametrizations u of the multivalued

curves.)

We will use the division into cases B and C for the || ||;-norm confined to each Z € P sepa-

rately.
Case (1) For those Z' € P contained in Z € P with 77(Z) = n and |n — n(t)| < C’, we have by
(2.18) and (2.19):

/ + / L5, (s (W) w1 (y) = Ls, 0 (8 s ()oY ua ()| du(y)
UZ’NCase B cupZ’'NCase C

C Cuis
< o Il v = 9elin(2) + 20, Z) s = wellvlle
< (S5 496, o209 (2).

2p

Case (2) Again, we consider those regions Wy C Z’ x [0, %), Z' € Py contained in Z, on which
inf(, wyew, (Y, u) < —Cyy. As before the sets Sy, N (Z' x [0,1)) are contained in horizontal
strips of height < a|2h(Fy) — h(y)|~* < alt — hpn| ™.

For the “Case B part” in Z’, the multivalued curves G(y5) and G(y5) cross St o N (Z' x [0,1))
with slope > 1/(2Cy;5|Z'|) by Lemma 2.3. This means that Z’ N Case B is an interval of length
< 2Cys|Z'alt — hyp| ™ and |Z'] < C,u(Z"). Thus by (2.18), the integral over Z’ results in

CypClis
[ )~ omdet) < [ SRy el duty)
Z'NCase B Z'NCase B p

< Wlt — ha| 100U (2,
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For the “Case C part”, the integration within Z’ is over at most two separate curves with slope
> 1/(2Cq;5|Z'|) inside S; 4. Hence, we need to integrate |v(y’, u;(y'))] or [v(y, us(y'))| over

intervals of length at most

min{C,u(Z")|y1 — 2| , 2Cais| Z'| alt — hp| ™'}
< Cu(1 4 2C ) (2 y1 — yal|< alt — by~
< Cu(1 + 2C435) (2102 W ¥ gt — by, | =)

where ¢’ is given in property (6). By (2.12),

/ s, (Vs ur (V) w1 (y) = Ls, o (Vs ua () (', ua(y)] di(y’)
Z'NCase C

< CLCH(1+ 2C ) ||v||salt — by ‘ (1=¢") gs(y1,y2) w(Z).

Summing up over all Z’ € Py of this type contained in Z of Case (2), we get

/Z 15,0 (' ()0 1 (y) = Ls,0 (8 w2 (1)) 0 (Y w0 (y') | dialy/)
< CuCp(1 +2Cuis)alt — hy |~ =050 |05 u(Z).
Case (3) Consider those Z’ € P, contained in Z € P with 7-(Z) = n on which 2h(Fy)—h(y) >
4C,. For fixed ¢, we have again t — h,, < B(Fy) As in the argument leading up to (2.17), the

2-cylinders Z' where k < h(Fy) < k + 1 have combined measure < C|t — h,|~(F+D/7(Z).
For the “Case B part” of the integral, we therefore obtain by (2.18)

/‘ ot/ 11 (")) 0t/ 12 (6'))| dpa(y)
Z'NCase B

C,Cui
< [ S - el du(y)
Z'NCase B p
C Cdzs

ZEZDE |5 Clt = by |~ WM g8 0 (7).

For the Case C part, we need to integrate |v(y’, uq ('))| or [v(y', us(y'))| over at most two separate
intervals of length at most
min{Cpu(Z")yr — yal , Cp(Z') [t — hn| "/}
< max{C.,,, CYyu(Z)|y1 — 2| |t — hy|~OFF/MO=)
< maX{Cu,C’}M(Z/)Qs(ylyln)ﬁ — By | "B/ =€)

Therefore

/ s, . (v, (¥)o (v, w1 (v) = 1s, . (Vs ua(¥)o(y', us(y)) | du(y')
Z'NCase C

< max{C,,, CYC,||v||Z|t — hy|~AFBAMU=gsrv) (7).
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Finally, combining Cases (1)-(3) with all the constants a, Cys, - - - , C), replaced by the notation

<, and taking into account the allowed ranges of n = 7r(Z), we obtain
[R1s, .nzxpantls < (Ln-noi<cpil(Z)
+ Ly(yen<tny oy Clt = hnl 1D u(2)

+ Lagngny €It = nl "D (2)) o]l

Recall that ji(U,,(7)=nZ) = E(n)n*(ﬁﬂ). Therefore, summing over all Z € P gives:

() +C") n()+C't7) /
|Riqvly < Z Un)n~ D 4 Z (nyn~ D[ — b ==
n=n®)-c"] n=n(t)+1

n(t)
+ Zé(n)n_w“)]t _ hn|—(1+6/7)(1—6) [ o||%,
n=1

< (E(t)wa) + i)t B g@)t—(lw/v)(l—e)’)) o

b

Combining the above estimates for | |3 and || ||, gives the bound || Ry ||z < ¢~ 0+~ as re-
quired. O
2.5 Verifying (H2)

First we show that the twisted transfer operator R(s)v = R(e~*?v), Rs > 0, satisfies the Lasota-

Yorke inequality. The difficult part is the behavior of R under ]

p» and the discontinuities in the

twist e~ % that it comes with.
Lemma 2.5. Assume that s > 0. There exists constants K1, Ko > 0 such that

]ﬁ”(s)vlz < K10™wlp + Ko |s|||v and H}?i(s)szo <|lv (2.20)

[ 15
(o ohl (o ohl

foralln e Nandv € B(f/p) satisfying (2.12).

Proof. Let W = Z x [j27",(j + 1)27") € P,, with Z € P, defined in Section 2.2. Let
multivalued curve G € G withr = r(G) be given. The translated multivalued curves G(y1), G(y2)
are parametrized as (y,u,(y)) and (y, uy(y)). For (y,u;(y)) C Y,j=1,2and W € P,, we
will use (13, u;(yy,)) to denote the points in =" (y, u;(y)) N W. Also let @, = Z?:_ol pod
and analogously g, = Z;:& wo o FJ and ¥, = Z?:_ol ¥ o ®J, where 1) = o — g as in (2.15).
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With this notation, we obtain

sup 98(91:92)/ Z in’epn(y@v)fscpo,n(y{/v)‘
G1,G2€G Y&Veﬁ 2

et Dy gty () — € O 220Dy ity )) | dpy)

< sup g / 3 L petui)
< o
G1,G2€G YfVeﬁn

<|e—s<pn(y§y@2(y’w))| ‘e—s(%(ywﬂl(y’w))—wn(y’w,ug(y’w))) _ 1‘ (W g (W)

|[R"(s)lg

+ e senWw 2 W) | o (yly, uy (yhy ) — v(y’w,uz(y’w))\) du(y)

= sup 075w ([ 4+ I).
G1,G2€G

To estimate /1, we majorize |e‘5‘P"(y§/V Ao (y/W))| by 1 (possible because fts > 0). Using the change

of coordinates y — 3 = yy, (so ePrWw) du(y) = du(y')) we obtain

2" —1

1 s ! s (u'))— ! e (1
L= 2 Yy /Z‘e (YY1 (4')—n (3 1y >>>_1‘ (', w (y)] du(y))
k=0 ZePy,
=
< lslllvlleo 5 >y / [n (Y w1 (¥) — Un (¥ us(y"))| duly’), (2.21)
k=0 ZePn, 4

where the sum over k refers to the 2" cylinders W € 75n stacked over a single Z € P,. (We
suppress this k-dependence in our notation u; (y') and uy(y').)

To estimate this integral, we pair pieces Q1 of G(y}) with pieces Q2 of G(y5) if they are
vertical translations of one another by 27" u; . The discontinuity of 1), (or rather the discontinuity
of ¢ appearing at {u = %}, where there is a jump of h o F) causes some complications, which we
will deal with below. But if ®/(Q1) and $7(Q2) are not separated by the line {u = 3}, then

[0 @y, uy(y)) =9 0 @I (Y up(y)| < 2k 0 FIH(y') — ho FI(y) |2 u 0.

This gives an estimate or the “continuous part” of (2.21), using (2.8) with = r(G), as

2" —1

1
w2 X [ )~ vl ity
k=0 ZeP, Z Mcontinuous
2n—1

n—1
<23 33 [ 2ho PG ~ho FIGP  uraduty)
7

k=0 ZeP, j=0

n—1 7
) - ) . ) 3|k
<Y Y Muy / oo Iy + ho FI()) duly) < D20
7=0

) ps(y1,y2)
( L yr.y2)
y Y]
by F-invariance of ;1 and property (a) to bound uj o < 27"V |y — yo| < [V[~1o5Wrv2),
Discontinuities in 1, (y, u) occur when ®7(y, u) lies on the horizontal line {u = 1} for some

j < n, and the jump in the value of 1) o ®7 is h o F(FJ(y)). There is also a difference in value
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between 1 o ®7(y, 0) with 1) o ®7(y, 1). Therefore, to estimate the “discontinuous part” of (2.21),
we need to integrate over all pieces Q1 of G(y]) and Q2 of G(y5) that:

(i) touch a line {u = a2*(j+1)}, 0 < j < n and odd integer a, from opposite sides (because here
the discontinuity line {u = %} is reached after j iterates), or

(ii) @1 touches {u = 0} while Q5 touches {u = 1} (because these are the only pieces of G(y)
and G (y5) that are not the vertical translations of each other by 27" ).

There are precisely 2 points u = a2~ 1) g odd, such that 28y mod 1 = % For each of
these, the pieces @)1, Q2, touching the line {u = a2*(k+1)} contribute to the discontinuous part
for iterate j = k,...,n — 1, namely for n — k iterates.

Let U = [y1,y2] and U; = F~7(U); these are unions of intervals of combined measure u(U).
Since h € LP (), the Holder inequality implies that the 1ntegra1 of h o F over any set of measure
p(U) s at most < [[Al] oguy(U)' "% < B o Ci p 2 — 1'% < [RllooCa T getunan)
by the choice of # in property 6. This gives
| hePtlan) = | (e Fye P duty)

n

- - _1
= [ ho @ duts) < Il G .
n—j
Therefore, the “discontinuous part” of (2.21) is bounded as
271
— Z > / [9n (', ur () = n(y's ua(y)| d(y’)

k=0 ZeP, Z Mdiscontinuous

n

"1 . ~ : ~ 1-1
<> puln= )24 m) [ o P < 2l GO,
7=0
Combining the two, we find by (2.12)

~ ~ 11
I < |s| Cylloll% (3|rh|p<u>/r¥r + 2||A Lo () Co ) g2,

To estimate I2, we majorize \e*S‘P”(y@V Lo (y'W))| by 1, and then we have the difference of the inte-
grals of v taken over the preimage curves ®~"(G(y1)) and 7" (G(y2)). By the definition of | |7,

this is less than g7 FW1v2) |y,

The || ||%,-norm poses no problem:

IR(s)vlls = sup Z /6”) WD fo(y' uly)| duly)

GeQ

< swp / oy, u(y ) du() < ol
d-1GegJY

because the sum of integrals over all W € P, after the change of coordinates y — ¢/ = Yoy

amounts to integrating over a single ®-preimage multivalued curve as in (2.8). O
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Remark 2.6. For every 0 € (3,1) and using (2.13), we have

lv(y,ur) — v(y,uz)| _ , Ov 1
Jo

sup ’v(yl(lél) _)(U(%)?Q)’ < sup
u1,u26[0,1) 98 YuL)h\y,uz u1,u26[0,1) ’ul - UQ‘

uniformly in y, where the separation time 3((y, u1), (y, uz)) is taken w.r.t. P. Together with (2.12),

this means that the norm ||v||g = |v|g + ||v||o is equivalent to ||v||p.

The following can be proved directly for the norms (|| |5, || ||,) by means of the Arzela Ascoli
Theorem. But passing to the equivalent pair of norms (|| ||g, || ||oc), We can also refer to known
results (for instance [7, Proposition 3.5(b)]) to conclude that the Theorem of Ionescu-Tulcea and

Marinescu applies. That is, there is a uniform constant K such that
1)~ [ vdus)ls < K6"ols, 2.22)

and in particular, R(s) acts quasi-compactly on (B, || ||5). Since (Y, ®, ug) is ergodic, the eigen-
value 1 of R = R(O) is simple. This verifies (H2) ii).

2.6 Verifying (H6): the Dolgopyat type inequality

For the verification of hypothesis (H6) we refer to [7, Lemma 5.2]. However, let us sketch the
argument for obtaining the weak form of the Dolgopyat type inequality. For details we refer to [5]
(see also [7] for a different setting of the arguments in [5]).

For b € R, define My, : L®(ug) — L™(us), Myv = v o . We say that there are
approximate eigenfunctions on a subset Z C Y if there exist constants o > 0 arbitrarily large,
B > 0and C > 1, and sequences |b;| — oo, ¢y € [0, 27), O-Holder u, with |ug| = 1, such that
setting g, = [51n |bgl],

| My up(§) — € ug, ()] < Clog| =,

forall j € Z and all k > 1. A subset Z, C Y is called a finite subsystem if Z, = N0 @72
where Z is a finite union of partition elements W € P. )

By [2, Section 13], the Diophantine condition (&) ensures that there exists a finite subsystem
such that there are no approximate eigenfunctions on Zy. Together with [5, Lemma 3.13], which
can be applied to our setting because || ||z and || ||¢ are equivalent (see Remark 2.6) and because
the technical estimates in [7, Lemma 4.1] hold with exactly same proof since ® is Gibbs Markov,
this implies that (H6) holds.
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